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In tro duction

This paper is the last of three articles designedto stabilize the trace formula. Our
goal is to stabilize the global trace formula for a general connected group, subject to a
condition on the fundamental lemma that has been establishedin somespecial cases.In
the rst article [I], we laid out the foundations of the process. We also stated a seriesof
local and global theorems, which together amount to a stabilization of ead of the terms
in the trace formula. In the secondpaper [I1], we establisheda key reduction in the proof
of one of the global theorems. In this paper, we shall complete the proof of the theorems.
We shall combine the global reduction of [I1] with the expansionsthat were establishedin

x10 of [I].

We refer the readerto the introduction of [I] for a generaldiscussionof the problem of
stabilization. The introduction of [I] contains further discussionof the trace formula, with
emphasison the \elliptic" coe cien ts a$ (_s). These objects are basic ingredierts of the
geometric side of the trace formula. Howewer, it is really the dual \discrete" coe cien ts
a$.. () that are the ultimate objects of study. These coe cien ts are basic ingredierts of
the spectral side of the trace formula. Any relationship amongthem can be regarded, at
leastin theory, asa reciprocity law for the arithmetic data that is encaded in automorphic

represemations.

The relationships among the coe cien ts a$..(_) are given by Global Theorem 2.
This theorem was stated in [, x7], together with a companion, Global Theorem 2° which
more closely describes the relevant coe cien ts in the trace formula. The proof of Global
Theorem 2 is indirect. It will be a consequenceof a parallel set of theorems for all the

other terms in the trace formula, together with the trace formula itself.

Let G be a connectedreductive group over a number eld F. For simplicity, we can
assumefor the introduction that the derived group Gger is Simply connected. Let V be a

nite set of valuations of F that contains the set of placesat which G rami es. The trace
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formula is the identit y obtained from two di erent expansionsof a certain linear form
I (f); f 2H(G;V);
on the Hede algebra of G(Fy ). The geometric expansion
X H M G; 1 X M
1) I(f)= Wo jiWg] a” ()m( ;f)
M 2 (MyV)
is a linear combination of distributions parametrized by conjugacy classes in Levi sub-

groups M (Fy ). The spectral expansion

Z
X
() 1(f)=" wgjiwgij * a' ( )w( ;f)d
M ( MV)

is a cortinuous linear combination of distributions parametrized by represemations  of
Levi subgroupsM (Fy). (We have written (2) slightly incorrectly, in order to emphasize
its symmetry with (1). The right hand side of (2) really represens an integral over f M g

( M;V) that is known at presert only to corverge conditionally.) Local Theorems1° and
29 were stated in [l, x6], and apply to the distributions Iy ( ;f) and Iy ( ;f). Global
Theorems1° and 20, stated in [I, x7], apply to the coe cients aM ( ) and aV ( ).

Each of the theorems consists of two parts (a) and (b). Parts (b) are particular to
the casethat G is quasisplit, and apply to \stable" analoguesof the various terms in the
trace formula. Our use of the word \stable" here (and in [I] and [I1]) is actually slightly
premature. It anticipates the assertions(b), which say essetially that the \stable" variants
of the terms do indeed give rise to stable distributions. It is theseassertions,together with
the corresponding pair of expansionsobtained from (1) and (2), that yield a stable trace
formula. Parts (a) of the theorems apply to \endoscopic" analoguesof the terms in the
trace formula. They assertthat the endoscopicterms, a priori linear combinations of
stable terms attached to endoscopicgroups, actually reduceto the original terms. These
assertionsmay be combined with the corresponding endoscopicexpansionsobtained from
(1) and (2). They yield a decomposition of the original trace formula into stable trace

formulas for the endoscopicgroups of G.



Various reductions in the proofs of the theoremswere carried out in [I] and [II] (and
other papers) by methods that are not directly related to the trace formula. The rest
of the argumert requires a direct comparison of trace formulas. We are assuming at
this point that G satis es the condition [I, Assumption 5.2] on the fundamertal lemma.
For the assertions(a), we shall compare the expansions(1) and (2) with the endoscopic
expansionsestablishedin [I, x10]. The aim is to show that (1) and (2) are equal to their
endoscopiccourterparts for any function f. For the assertions(b), we shall study the
\stable" expansionsestablishedin [l, x10]. The aim hereis to show that the expansions
both vanish for any function f whose stable orbital integrals vanish. The assertions(a)
and (b) of Global Theorem 2 will be establishedin x9, at the very end of the process.They
will be a consequencef a term by term cancellation of the complemenrary componerts in
the relevant trace formulas.

Many of the techniques of this paper are extensionsof those in Chapter 2 of [AC]. In
particular, Sections2{5 here correspond quite closelyto Sections2.13{2.16 of [AC]. As in

[AC], we shall establish the theoremsby a double induction argument, basedon integers

dger = diM(Gger)

and

Fder = diM(Am \ Gger);

for a xed Levi subgroupM of G. In x1, we shall summarize what remainsto be proved
of the theorems. We shall then state formally the induction hypotheseson which the
argumert rests.

In x2, we shall apply the induction hypothesesto the endoscopicand stable expansions
of [I, x10]. This will allow usto remove a number of inessemial terms from the comparison.
Among the most di cult of the remaining terms will be the distributions that originate
with weighted orbital integrals. We shall begin their study in x3. In particular, we shall

apply the technique of cancellation of singularities, introduced in the special caseof divi-
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sion algebrasby Langlandsin 1984, in two lectures at the Institute for Advanced Study.
The technique allows us to transfer the terms in question from the geometric side to the
spectral side, by meansof an application of the trace formula for M. The cancellation
of singularities comesin shawing that for suitable v 2 V and f, 2 H G(F,) , a certain

di erence of functions

v ! |,a(v;fv) Im (v fyv); v2 G-reg M(Fy) ;

can be expressedas an invariant orbital integral on M (F,). In x4, we shall make use
of another technique, which comesfrom the Paley-Wiener theorem for real groups. We
shall apply a weak estimate for the growth of spectral terms under the action on f of an

archimedeanmultiplier . This serwesas a substitute for the lack of absolute corvergence
of the spectral side of the trace formula. In particular, it allows us to isolate terms that

are discrete in the spectral variable. The results of x4 do come with certain restrictions

on f. Howewer, we will be able to remove the most seriousof theserestrictions in x5 by a
standard comparison of distributions on a lattice.

The secondhalf of the paper beginsin x6 with a digression. In this section, we
shall extend our results to the local trace formula. The aim is to complete the process
initiated in [A10] of stabilizing the local trace formula. In particular, we shall seehow
such a stabilization is a natural consequenceof the theorems we are trying to prove.
The local trace formula has also to be applied in its own right. We shall useit to es-
tablish an unprepossessingidentity (Lemma 6.5) that will be critical for our proof of
Local Theorem 1. Local Theorem 1 actually implies all of the local theorems,accordingto
reductions from other papers. We shall prove it in x7 and x8. Following a familiar line of
argumert, we can represen the local group to which the theorem applies as a completion
of a global group. We will then make use of the global argumerts of x2{5. By choosing
appropriate functions in the given expansions,we will be able to establish assertion (a)

of Local Theorem 1 in x7, and to reduce assertion (b) to a property of weak approxima-
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tion. We will prove the approximation property in x8, while at the sametime taking the
opportunity to Il a minor gap at the end of the argument in [AC, x2.17].

We shall establish the global theoremsin x9. With the proof of Local Theorem 1 in
hand, we will seethat the expansionsof x2{5 reduceimmediately to two pairs of simple
identities. The rst pair leadsdirectly to a proof of Global Theorem 1 on the coe cien ts
aS (_s). The secondpair of identities appliesto the dual coe cien ts a. (). It leads
directly to a proof of Global Theorem 2.

In the last section, we shall summarize some of the conclusions of the paper. In
particular, we shall review in more precise terms the stablization processfor both the
global and local trace formulas. The readermight nd it usefulto read this sectionbefore

going on with the main part of the paper.



x1. The induction hyp otheses

Our goal is to prove the generaltheorems stated in [I, x6,7]. This will yield both a
stable trace formula, and a decomposition of the ordinary trace formula into stable trace
formulas for endoscopicgroups. Various reductions of the proof have beencarried out in
other papers, by methods that are generally independert of the trace formula. The rest of
the proof will have to be establishedby an induction argumert that dependsintrinsically
on the trace formula. In this section, we shall recall what remainsto be proved. We shall
then state the formal induction hypothesesthat will be in force throughout the paper.

We shall follow the notation of the papers|[l] and [I1]. We will recall a few of the basic
ideasin a momert. For the most part, howewer, we shall have to assumethat the reader
is familiar with the various de nitions and constructions of these papers.

Throughout the presen paper, F will be alocal or global eld of characteristic 0. The

theoremsapply to a K -group G over F that satis es Assumption 5.2 of [I]. In particular,

G= G; 2 o(G);

is a disjoint union of connectedreductive groups over F, equipped with someextra struc-
ture [A10, x2], [l, x4]. The disconnectedK -group G is a conveniert device for treating
trace formulas of seweral connectedgroups at the sametime. Any connectedgroup G; is
a componert of an (essemially) unique K -group G [l, x4], and most of the basic objects
that can be attached to G; extend to G in an obvious manner.

The study of endoscoy for G dependson a quasisplit inner twist : G! G [A10,

x1,2]. Recallthat is a compatible family of inner twists

G I G 2 o(G);

from the componerts of G to a connectedquasisplit group G over F. Unlessotherwise

stated, will be assumedto be xed. We alsoassumeimplicitly that if M is a given Levi
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sub(K -)group of G, then restricts to an inner twist from M to a Levi subgroupM of
G.

It is conveniert to x certral data (Z; ) for G. We de ne the center of G to be
a diagonalizable group Z(G) over F, together with a compatible family of embeddings
Z(G) G that identify Z(G) with the certer Z(G ) of any componert G . The rst
object Z is an induced torus over F that is contained in Z(G). The secondobject
is a character on either Z(F) or Z(A)=Z(F), according to whether F is local or global.
The pair (Z; ) obviously determinesa corresponding pair of certral data (Z ; ) for the
connectedgroup G .

Central data are neededfor the application of induction argumerts to endoscopic
groups. Supposethat G° 2 Ey (G) represeits an elliptic endoscopicdatum (G%G*s% 9
for G over F [l, x4]. We assumeimplicitly that G° has been equipped with the auxiliary
data (€% ©) required for transfer [A7, x2]. Then G°! GYis a certral extension of G° by
an induced torus €° over F, while € G! L @&°is an L-embedding. The preimage 2°
of Z in @%is an induced certral torus over F. The constructions of [LS, (4.4)] provide a
character €° on either ZYF) on 2YA)=EYF), according to whether F is local or global.
We write € for the product of €° with the pullback of from Z to 2% The pair (2% €9
then serwesas certral data for the connectedquasisplit group &°. (The notation from [I]
and [l1] we are using hereis slightly at odds with that of [A7] and [A10].)

The trace formula appliesto the caseof a global eld, andto a nite set of valuations
V of F that contains Viam (G; ). We recall that Viam (G; ) denotesthe set of placesat
which G, Z or areramied. AsaglobalK -group, G comeswith alocal product structure.

This provides a product

Y Y a a
Gy = Gy = Gy; = Gv;

v2V Vv v v

of local K -groups G, over F,, and a corresponding product

Y Y a a
Gv(Fyv) = Gy(Fy) = c':‘v; v (Fv) = GV; v (Fv)

v2V Vv v v



of setsof F,-valued points. Following the practice in [I] and [I1], we shall generally avoid
using separate notation for the latter. In other words, G, will be allowed to stand for
both alocal K -group, and its set of F, - valued points. The certral data (Z; ) for G yield

certral data
Y Y a
(Zy; v) = Zy, v = (Zv: i v )

v v v

for Gy, with respect to which we can form the , !_equivariant Hede space

a
H(Gv; v)=  H(Gv i vi )

\

The terms in the trace formula are linear formsin afunction f in H(Gy; v ), which depend

only on the restriction of f to the subset
Gi = x2Gy: Hg(x)2az

of Gy . They can therefore be regardedas linear forms on the Hedke space

a
H(G;V; )= H(GS; v)= H(GE ,; v )

\

We recall that someof the terms depend alsoon a choice of hyperspecial maximal compact

subgroup
Y
KV = Ky
v62x/
of the restricted direct product
Y
GY(AY) = Gy:
v62/

In the introduction, we referred to Local Theorems 1° and 2° and Global Theorems
1% and 2°. Theseare the four theorems stated in [l, x6,7] that are directly related to the
four kinds of terms in the trace formula. We shall investigate them by comparing the trace

formula with the endoscopicand stable expansionsin [l, x10]. In the end, howewer, it will
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not be thesetheoremsthat we prove directly. We shall focusinstead on the complemertary
theorems, stated alsoin [I, x6,7]. The complemenary theoremsimply the four theorems
in question, but they are in somesensemore elemenary.

Local Theorems1 and 2 were stated in [I, x6], in parallel with Local Theorems1°and
2° They apply to the more elemenary situation of a local eld. Howewer, as we noted
in [I, Propositions 6.1 and 6.3], they can ead be showvn to imply their lesselemerary
cournterparts. In the paper [All], it will be establishedthat Local Theorem 1 implies
Local Theorem 1% In the paper [A12], it will be shavn that Local Theorem 2 implies
Local Theorem 2° and also that Local Theorem 1 implies Local Theorem 2. A proof of
Local Theorem 1 would therefore su ce to establish all the theorems stated in [I, x6].
Sinceit represerns the fundamertal local result, we ought to recall the formal statemert

of this theorem from [I, x6].

Local Theorem 1. Suppmsethat F is local, and that M is a Levi sulgroup of G.

(@) If G is arbitrary,
'5( E)=1m( ;f); 2 G-reg;eII(M; ), £ 2H(G; ):

(b) Supmsethat G is quasisplit, and that ° belongsto the set G-reg;e”(ﬁ/l 0 €9 for some
MO2 Ey(M). Then the linear form

for sgmM% %f); f 2 H(G; );

vanishesunlessM °= M , in which caseit is stable.

The notation here is, naturally, that of [I]. For example, g-reg;en(M; ) stands for
the subsetof elemerts in ( M; ) of strongly G-regular, elliptic support in M (F), while
( M; )itselfisa xed basisof the spaceD(M; ) of distributions on M (F) intro ducedin [l,
x1]. Similarly, G-reg:en (f12 ) stands for the subsetof elemers in ( £ € of strongly

G-regular, elliptic support in £ 9F), while ( f1%€) is a xed basis of the subspace
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SD(f1 % €) of stable distributions in D(f1 % €). Werecall that G is de ned to be quasisplit
if it hasa connectedcomponert G that is quasisplit. In this case,the Levi sub(K -)group
M is also quasisplit, and there is a bijection ! from ( M; )onto ( M ; ). The
linear forms 15 ( ;f) and SG (M % ©%f) arede ned in [l, x6], by a construction that relies
on the solution [Sh] [W] of the Langlands-Shelstadtransfer conjecture. For p-adic F, this
in turn depends on the Lie algebravariant of the fundamertal lemma that is part of [l,
Assumption 5.2]. If G is quasisplit (which is the only circumstancein which SS (M % %f)

is de ned), the notation
Su(:f)=syM ; f); 2 Goregiet (M5 );

of [A10] and [I] is usefulin treating the casethat M %= M .

If M = G, there is nothing to prove. The assertionsof the theorem in this casefollow
immediately from the de nitions in [l, x6]. In the caseof archimedeanF, we shall prove
the generaltheorem in [A13], by purely local means. We can therefore concerrate on the
casethat F is p-adicand M 6 G. We shall prove Local Theorem 1 under these conditions
in x8. (One can alsoapply the global methods of this paper to the caseof archimedeanF,
asin [AC]. Howewer, someof the local results of [A13] would still be required in order to
extend the cancellation of singularities in x3 to this case.)

Global Theorems 1 and 2 were stated in [I, x7], in parallel with Global Theorems
1° and 2° They apply to the basic building blocks from which the global coe cien ts in
the trace formula are constructed. According to Corollary 10.4 of [l], Global Theorem
1 implies Global Theorem 1° while by Corollary 10.8 of [I], Global Theorem 2 implies
Global Theorem 2°. It would therefore be su cien t to establishthe more fundamertal pair
of global theorems. We recall their formal statemerts, in terms of the objects constructed

in [I, x7].

Global Theorem 1. Supmsethat F is glotal, and that S is a large nite set of valuations

that contains Viam (G; ).
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(@) If G is arbitrary,

aSi®(s) = a5 (Ls);

for any admissibleelement s in  §(G;S; ).
(b) If G is quasisplit, b (-s) vanishesfor any admissibleelement s in the complementof

a(G:S; )in E(G;S; ).

Global Theorem 2. Supmsethat F is glokal, andthatt O.

(@) If G is arbitrary,
e () = @fec ()

for any element _in £ (G; ).
(b) If G is quasisplit, b () vanishesfor any _in the complement of gisc(G; ) in

Edisc(G; )

The notation g, s, _and —from [I] was meart to emphasizethe essetial global
role of the objects in question. The rst two elemers are attached to Ggs, while the last
two are attached to G(A). The objects they index in eat caseare basic constituents of

the global coe cien ts for Gy, for any V with
Viam(G; ) V  S;

that actually occur in the relevant trace formulas. The domains EH(G; S; ), tdisc(G; ),
etc., werede ned in [l, x2,3,7], while the objects they parametrize were constructed in [l,
X7]. The notion of an admissible elemen in Global Theorem 1 is taken from [I, x1]. We
shall establish Global Theorems1 and 2 in x9, asthe last step in our induction argumert.

We comenow to the formal induction hypotheses.The argument will be one of double

induction on a pair of integersdger and rger, with

(1:1) 0 < rger < dger:
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Theseintegersare to remain xed until we complete the argumernt at the end of x9. The

hypotheseswill be stated in terms of theseintegers, the derived multiple group
a

Gger = G .der;
and the split componert

AM\ Gy = Am \ Gger

of the Levi subgroup of Gger corresponding to M .
Local Theorem 1 appliesto a local eld F, alocal K-group G over F that satis es
Assumption 5.2(2) of [1], and a Levi subgroup M of G. We assumeinductiv ely that this

theorem holds if

and also if

We are taking for granted the proof of the theorem for archimedeanF [A13]. We have
therefore to carry the hypothesesonly for p-adic F, in which caseG is just a connected
reductive group. Global Theorems1 and 2 apply to a global eld F, and a global K -group

G over F that satis es Assumption 5.2(1) of [I]. We assumethat thesetheoremshold if
(1.4) dim(Gger) < dger, (F global):
In both the local and global caseswe also assumethat if G is not quasisplit, and

(1.5) dim(Gger) = dger, (F local or global);

the relevant theorems hold for the quasisplit inner K -form of G. We have thus taken
on four induction hypotheses,which are represetied by the four conditions (1.2){(1.5).
The induction hypothesesimply that the remaining theoremsalso hold. According to the
results cited above, any of the theorems stated in [I, x6,7] is actually valid under any of

the relevant conditions (1.2){(1.5).
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x2.  Application to endoscopic and stable expansions

We now begin the induction argumert that will culminate in x9 with the proof of the
global theorems. We have xed the integersdger and rger in (1.1). In this section, we shall
apply the induction hypotheses(1.2){(1.5) to the terms in the main expansionsof [l, x10].
The conclusionswe readh will then be re ned over the ensuingthree sections. For all of
this discussion,F will be global.

We x the global eld F. We also x a global K-group G over F that satis es
Assumption 5.2(1) of [l], sud that

dim(Gger) = dger:

Given G, we choosea correspnding pair of certral data (Z; ). Wethen x a nite setV
of valuations of F that contains V,am (G; ). As we apply the induction hypothesesover the
next few sections, we shall establish a seriesof identities that occur in pairs (a) and (b),
and approximate what is required for the main theorems. The identities (b) apply to the
casethat G is quasisplit, and often to functions f 2 H(Gy; v) sud that f ¢ = 0. We call
such functions unstable,and we write H'"S(Gy ; v ) for the subspaceof unstable functions
in H(Gy; v). It isclearthat H"$(Gy; v) canbede ned by imposinga condition at any
of the placesv in V. It is the subspaceof H(Gy ; v) spannedby functions f = Q fy sud

\"
that for somev 2 V, f, belongsto the local subspace

HU"S(Gy; v)= fy2H(Gy; v): =0

of unstable functions.

Our rst step will be to apply the global descen theorem of [I1], in the form taken
by [Il, Proposition 2.1] and its corollaries. Sincethe induction hypotheses(1.4) and (1.5)
include the conditions imposedafter the statemernt of Theorem 1.1 of [I1], theseresults are
valid for G. Let f be a xed function in H(Gy; v). Givenf, we take S to be a large

nite set of valuations of F corntaining V. To be precise,we require that S be sud that
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the product of the support of f with the hyperspecial maximal compact subgroupK v of
GY (AY) is an S-admissiblesubsetof G(A), in the senseof [I, x1]. In [I, x8], we de ned the

linear form
len(f;S) = len(fs); fs=f uy:

We also de ned endoscopicand stable analoguesl § (f ; S) and S& (f; S) of I (f;S). The

ell ell

role of the resultsin [I1] will be to reducethe study of theseobjects to that of distributions
supported on unipotent classes.

Let us use the subscript unip to denote the unipotent variant of any object with
the subscript ell. Thus, uip (G;V; ) denotesthe subsetof classesn ¢ (G;V; ) whose
semisimple parts are trivial. Applying this corvertion to the \elliptic" objects of [I, x8],

we obtain linear forms

X
(2:1) Lunip (f;S) = agip (3 S)fa( );
2 uip (GV;)
with coe cien ts
G X G
Qunip (; S)= e ( K)rg(k); 2 wip (GV; ):
k2K ¥V (G:S)

unip

We also obtain endoscopicand stable analoguesl £ anip (f3S) and Sump (f;S) of ynip (F;S).
Theseare de ned inductiv ely by the usual formula
X 0.
| ip (F5S) = (G; GY8E, (F29) + "(G)SGyp (F:9);
GR2EQ (G;S)
with the requiremernt that Iunlp (f;S) = lunip (f;S) in caseG is quasisplit. The natural

variant of [I, Lemma 7.2] provides expansions

X
(22) un|p (f S) = ump S)fG( )
2 Emp (G;V; )
and
X
(2:3) Sqip (f3S) = Gnip ( :S)FG( );

2 B (GV;)

unip
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with coe cien ts

X
auip (5 S) = agi ( Kre(k); 2 Ghip (G35 );
k2K 1= (GiS)
and
G LQ) — X G . - E EVARY
nip (S) = i )re(); 2 Gip (GV;):
2L V:E (G:S)

unip
(Seell, (8.4){(8.9)].)

The global descen theorem of [I1] allows us to restrict our study of the \elliptic"
coe cien ts to the special casein which the argumerts have semisimplepart that is certral.
Recallthat the certer of G is a diagonalizablegroup Z (G) over F, together with a family of
embeddingsZ(G) G . Let uswrite Z(G)y., for the subgroup of elemers z in Z(G;F)
such that for every v 62V, the elemen z, is boundedin Z(G;F,), which is to say that its
imagein Gy liesin the compactsubgroupK,. The group Z(G)v:, then acts discortin uously

on Gy . Its quotient

in turn acts discortinuously on Gy = Gy =Zy . If z belongsto Z(G)v.o, and f ;(x) = f (zx),

we set

I z:unip (F3S) = lunip (F2; S);

If;unip (f ; S) = ILIJEnip (fz; S);
and

S?;unip (f : S) = Sl(JSnip (fz; S):

Lemma 2.1. (a) In geneal, we have

X
l6i(f:S)  la(f;S) = 1Enip (F5S)  Daaunip (F5S)
22Z(G)v.o

16



(b) If G is quasisplitand f is unstable,we have

X
S (f;S) = Sgunip (F1S):
22Z(G)v;o

Pro of. Considerthe expressionin (a). It follows from the expansions]l, (8.5), (8.8)]

that
X G E
1§F:S) la(f;S) = agi (;S) ag(;S) fe():

2 5(GV;)
The coe cien ts canin turn be expandedas

X
agit(:S) a§(;:9) = agt( k) aS( k) re(k);

ell ell
V;E /~.
k2K Y (G:s)

G, E
ell

by [l, (8.4), (8.6)]. Proposition 2.1(a) of [I1] assertsthat a k) equalsa$, k),

wheneer the semisimplepart of k is not certral in G. It followsthat if the semisimple

G;

e”E( ;S) equalsaS,( ;S). If the semisimplepart of is

part of is not certral in G, a

certral in G, hasa Jordan decomposition that can be written
=z; 22 Z(G)vios 2 mip(GV; )
The trivial caseof the generaldescen formula [I1, Corollary 2.2(a)] then implies that

agt(;S) ag(:S)=agc(;S) &S, (; S):

ell unip

The formula (a) follows.

To deal with (b), we write

X
Sai(f:S) = Gi(9)S();
2 5(GV;)
and
G( .oy — X G N .
1(5S) = i ( e();
2L VE(G:S)
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accordingto [l, (8.9), (8.7)]. Sincef is unstable, f E( ) vanisheson the subset ¢;(G;V; )
of E,/(G;V; ). On the other hand, if liesin the complemen of ¢ (G;V; ), and the
semisimplepart of isnot certral in G, Proposition 2.1(b) of [I1] implies that bS,( ;S) = 0.

If the semisimplepart of is certral in G, hasa Jordan decomposition
=z 22 Z(G)vioi 2 Gip(GV; ):
The simplest caseof the descem formula [II, Corollary 2.2(b)] then implies that
bGi( :S) = K (; S):

The formula (b) follows.

We have relied on our global induction hypothesesin making useof the descem formu-
las of [I1]. The next stage of the argumert dependson both the local and global induction

hypotheses.We are going to study the expressions

X H M - G: 1 X M
lpar () = JWo' JIWg] a()Mm( )
M 2L © 2 (MV;)

E X H M :: G; 1 X M E E
|l par (F) = iWo' jjWg'j a’=( )y (f);
M 2L © 2 E(MyV; )

and

G X MG 1 X X 0 G 0 O
So (f) = W WS (M;M9 0% 9SG (M % of);
M 2L 0 M 02E o (M V) 0 ( MOV E)
that comprisethe three geometricexpansionsin [l, x2,10]. Howewer, we shall rst study the
complemerary terms in the correspnding trace formulas. Theseinclude constituents of
the three spectral expansionsfrom [l, x3,10]. We shall shav how to eliminate all the terms
in the spectral expansionsexcept for the discrete parts |+. gisc (f ), 't;Edisc (f) and St?disc(f ).

As in [I, x3], the nonnegative real numbers t that parametrize these distributions are

obtained from the imaginary parts of archimedeanin nitesimal characters.
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Prop osition 2.2(a). (a) In geneal, we have

X X
(2:4) 15(f) lpar(f)= | Eaisc (F)  Teaisc () 1 Zunip (F5S) 1z (F5S)

t z
(b) If G is quasisplitand f is unstable,we have
G X G X G
(2:5) Sp:.-;\r (f)= St; disc (T) Sz;unip (f;9):
t

z

The sumsovert in (a) and (b) satisfy the glokal multiplier estimate [I, (3.3)], and in
particular, converge absolutely.
Pro of. We beginwith the assertion(a). By the geometric expansions[l, Proposition

2.2 and Theorem 10.1(a)], we can write

I () Tpar(F)= 1B(F) 1(F)  1G(f) Tom(f) ;

in the notation of [I]. Now

X
orb(f) lorb (F) = aG;E( ) aG( ) fe( );

2 BE(GV;)

by the de nition [I, (2.11)] and the formula [I, Lemma 7.2(a)]. If we apply the global

induction hypothesis(1.4) to the terms in the expansions[l, (2.8), (10.10)], we seethat
a®F() a%()=ag (:S) ag( ;s):
It follows from [I, (8.5), (8.8)] that
I (f)  Tow(f) = 15(f;S) le(f;S):
Combining this with Lemma 2.1, we seethat
e X
par(f) lpar(f)z 1=(f) 1(f) zump (f) | Z;unip (f) :
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The secondstep is to apply the spectral expansionsfor | E(f) and I (f). It follows
from Propositions 3.1 and 10.5 of [I] that

E _X E .
1E(E) 1(E)= 1EE) () ;

t

where the sums over t satisfy the global multiplier estimate [l, (3.3)]. We have to show
that the summandsreduceto the corresponding summandsin (2.4).
By Proposition 3.3 and Theorem 10.6 of [I], we canwrite | E(f) 1(f) asthe sum of

a distribution
ItI;Eunit (f ) It; unit (f )

de ned in [lI, x3,7], and an expression

X Z

iwg'jjwgj * aE()G(f) @ ()Im( sf) d

M 2L O tE(M Vi)
Consider the terms in the expansion. The indices M are by de nition proper Levi sub-
groups of G. For any such M, the global induction hypothesis (1.4) implies that aM&( )
equalsaV ( ). Local Theorem 2° would also tell us that the distributions I ( ;f) and
Im ( ;) are equal. At this point, we do not know that the theorem holds for arbitrary

. In the caseat hand, howewver, belongsto E. (M;V; ), and therefore has unitary

certral character. In this case,the identity follows from the study of these distributions
in terms of their geometric courterparts [A12], and the local induction hypothesis (1.2).
(For special casesof this argumert, the reader can consult the proof of Lemma 5.2 of [A2]

and the discussionat the end of x10 of [AC].) The terms in the expansiontherefore vanish.

The remaining distribution hasits own expansion
Z

ItI;Eunit (f) lyunie (F) = a®E() a®( ) fg( )d
E(Givi)

accordingto [I, (3.16) and Lemma 7.3(a)]. Applying the global induction hypothesis(1.4)

to the terms in the expansions[l, (3.12), (10.21)], we deducethat

a®E( ) a%( )= ag( ) age( ):
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It follows from [I, (8.13), (8.16)] that

ItI;Eunit (f ) It; unit (f ) = ItI;Edisc (f ) lt; disc (f ):

This givesthe reduction we wanted. Summing over t, we conclude that
E X E
1=(f) 1(f) = laisc(F)  Teaisc(f)

and that the identit y of (a) is valid.
The argumert in (b) is similar. Assumethat G is quasisplit, and that f is unstable.

The geometric expansion[l, Theorem 10.1(b)] assertsthat
Spur (F) = S8(f)  Sqw (f):

in the notation of [I]. Now, S&, (f) hasa simple expansion

X
Saw () = B ()FEC);
2 E(GV;)
accordingto [I, Lemma 7.2(b)]. Sincef is unstable, the function f § vanisheson the subset
( G;V; )of E(G;V; ). It follows from [I, Proposition 10.3(b) and (8.9)] that
G X G E G
Sorb(f)= II( ;S)fG( ): Sell(f;s):
2 E(GV;)
Combining this with Lemma 2.1, we seethat

X
S;();ar (f ) = SG (f ) SSunip (f ):

z

The secondstep again is to apply the appropriate spectral expansion. It follows from

[I, Proposition 10.5]that
X
Se(f)y= SE(f);

t
where the sums over t satisfy the global multiplier estimate [I, (3.3)]. For a givent,
Theorem 10.6 of [I] expressesSE (f ) as the sum of a distribution St?umt de ned in [I, x7],

and an expansionin terms of distributions
SG(M% %f); M 2L% M%2 Eq(M;V); °2 (f5%V;e):
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Local Theorem 2° would tell us that the distribution SS (M9 9 vanishesif M°6 M,
and is stable if M%= M. Sincef is unstable, SG (M % ©f) ought then to vanish for any
MO Giventhat the elemert °2 (f1%V;€) at hand has unitary certral character, this
again follows from the study of the distributions in terms of their geometric courterparts
[A12], and the local induction hypothesis (1.2), even though we have not yet established
the theorem in general. The terms in the expansion therefore vanish. The remaining

distribution hasits own expansion
z

Stunit (F) = b°( )f&( )d;
E(Giv;)
provided by [I, Lemma 7.3(b)]. We can then deducethat
X
St(;Sunit (f) = Gisc( )fg( ) = St(;Sdisc (f );
2 Eunil (G;V; )
from [I, Proposition 10.7(b) and (8.17)], and the fact that f is unstable. Summing over t,
we concludethat
X
Se(f) = It gisc (f ):
The identity in (b) follows.

We shall now study the expressionson the left hand sidesof (2.4) and (2.5). If M
belongsto L°, the global induction hypothesis (1.4) implies that the coe cien ts aVE( )
and aV () are equal. We can therefore write the left hand side of (2.4) as

E X MG 1 X M E
lpar (F)  Tpar (f) = JWo' JJWq’) a’ () Iw(;f) Im(:f):
M 2L © 2(M3V;)
There are splitting formulasfor I 5 ( ;f) and 1y ( ;f) that decomposethesedistributions
into individual cortributions at ead placev in V [A10, (4.6), (6.2)], [A11]. The decom-
positions are ertirely parallel. It follows from the induction hypothesis (1.2) that any of
the crossterms in the two expansionscancel. To describe the remaining terms, we may as

Q

well assumethat f = = f,. In particular,
\"

f=f,fY fv= fw;
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for any v. The left hand side of (2.4) then reducesto

X MG 1 X X M E
(2:6) JWo" liWg'] a' () Iw(wify) ImCwfe) T ()
M 2L © V2V 2 (MV;)
where = Y isthe decomposition of relative to the product Gy = G,Gy,. Similarly,
there are splitting formulas [A10, (6.3), (6:39], [A11] for the distributions S& (M % Cf)
that occur in the expansionof left hand sideSffar (f) of (2.5). Applying the local induction
hypothesis(1.2), one seesthat Sgar (f) equals
X . M . G. 1 x
(2:7) IWo" JIWg’) (M;M9
M2L 0 M O2E ¢ (M V)
X X 0 G 0. 0 vyim ° v
0®°( 9SG MY HEEYMT ()Y ;
V2V o0y ( pgov;e)
for any function f = f, such that f © = 0, and for the decomposition °= 2( 9V of ©

We have not yet usedthe induction hypothesis(1.3) that dependson the integer r ger -

In order to apply it, we haveto x a Levi subgroupM 2 L sudh that
dlm(AM \ Gder) = rder:

Sincerger is positive, M actually lies in the subsetL® of proper Levi subgroups. The pair
(G; M) will remain xed until the end of x5.

If v belongsto V, M determinesan element M, in the set Lf,) L, of (equivalence
classesf) proper Levi subgroupsof G, that contain a xed minimal Levi subgroup of G, .
The real vector space

ay, = Hom X(M)g,;R

then maps onto the corresponding spaceay for M. As usual,we write a,(f,lvv for the kernel
in ayv, of the projection of ay, onto ag,. We shall also write V, (G; M) for the set of

p-adic valuations v in V sud that

dim(ay ) = dim(ag, ):
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This condition implies that the canonical map from aﬁ“v to a5 is an isomorphism.

If vis any placein V, we shall say that a function f, 2 H(G,; ) is M -cuspidal if
fy., = Ofor any elemen L, 2 L, that does not cortain a G,-conjugate of M. Let
Hm (Gyv; v) denotethe subspaceof H(Gy ; v) spannedby functions f = Q fyv sud that

\
fy is M -cuspidal at two placesv in V. In the casethat G is quasisplit, we also set

HM°(Gv; v) = Hu(Gyv; v)\ HYS(Gy; v):

We write W (M) for the Weyl group of (G; M) [Al10, x1]. As in the caseof connected

reductive groups, W (M) is a nite group that actson L.

Lemma 2.3. (a) If G is arbitrary, IEar (f) lpar(f) equals

X X
(2:8) jwmMm)j * a' () IgCwify) ImCuify) TR (YY)
V2Vin (GM ) 2 ( M;V5)

for any function f = Q fyin Hy (Gy; v).
A\

(b) If G is quasisplit, S5, (f) equals

X
(2:9) jw(Mm)j * (M;M9
M O2E g1 (M V)

Be°( 9SS (M2 % )(EVM° (9 ;

V2Vin (GM ) 02 ( @0V )

for any function f = Q fvin HY®(Gy; v).
\%

Pro of. To establish (a), we write the expression(2.6) as

X . 1X X L .
JW(L)j a()IcCw:fy) 1o(vify) fI\_/( V);
L v2V 2 (LV;)

where L is summed over a set of represetativ es of W§ -orbits in L°. This is possible
becausethe factors on the right depend only on the W -orbit of L, and the stabilizer of

L in W& equalsW{ W (L). If L doesnot cortain a conjugate of M, our condition on f
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implies that f\Y( Y) = O for any v. The correspnding summand therefore vanishes. If L

doescortain a conjugate of M, but is not actually equalto sud a conjugate, we have
dim(AL \ Gger) < dim(Am \ Gger) = I'der:

In this case,the induction hypothesis (1.3) implies that | £( y;fy) equalsl ( y;fy), for
any v. The corresponding summand again vanishes. This leavesonly the elemen L that
represens the orbit of M. The earlier expression(2.6) for IpEar (f) lpar(f) therefore

reducesto

H i1 X X M E \Y \Y

JW(M)j a'()IyCwvify) ImCuw:ify) fu(C7):

v2V 2 ( MyV;)
This is the sameasthe given expression(2.8), exceptthat v is summedover V instead of
the subsetV,, (G;M) of V.
Supposethat v belongsto the complemen of V,, (G;M) in V. If v is archimedean,

15 ( v;fy) equalsiy ( v;fy), by [A13] and [A11]. If v is p-adic, the map from af,lvv to af

has a nontrivial kernel. In this case,the descen formulas [A10, (4.5), (7.2)] (and their

analogues[A11] for singular elemerns) provide an expansion
ECif) Iw(wif)= dg, (ML) BB wifun,) B Cuifuc,)
Lv2l v(My)
in which the coe cien ts d,‘E,IV(M ;Ly) vanish unlessL, is a proper Levi subgroup of G,.
But if L, is proper, our local induction hypothesis(1.2) tells usthat p,\L,lVV;E( v:fv:L,) equals
H‘AVV( v:fv:.L,). The summand for v in the expressionabove therefore vanishesin either

case.We concludethat ||§ar (f) Tloar(f) equals(2.8), asrequired.

The proof of (b) is similar. We rst write the expression(2.7) as
X f1 X X X 0 G 0. 0 vyL? v
W (L)] (L L9 B OSE(LY: SfEYE (9
L LO2E ¢ (L;V ) v2V 02 ( eo;v;e))
where L is summedover a set of represettativ esof W -orbits in L°. If L doesnot corntain
a conjugate of M,
(-9 = () (9 =0 V2V
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so the corresponding summand vanishes. If L strictly contains a conjugate of M, our
induction hypothesis (1.3) implies that the distribution SE(LY; 2;f,) vanishesif L°6 L,

and is stable if L= L. Sincethe function f is unstable, the product
SS(LY: SN (Y ; V2V

vanishesfor any L% v and ° The correspnding summand again vanishes. The earlier
expression(2.7) for S&,. (f ) therefore reducesto
; i1 X X X 0 G 0. 0 vyM © v
iW(M)j (M;M9 0®°( 9SG MY HEEYMT ()Y
M 02Ee|| (M ;V) v2V 02 ( I‘QO;V;@)
This is the sameas the required expression(2.9), exceptthat v is summedover V instead
of the subsetV, (G;M). But if v belongsto the complement of V, (G;M) in V, the

condition that f be unstable again allows us to deducethat the products
ST (MO &M (9

all vanish. If v is archimedean, this follows from [A13] and [Al1l]. If v is p-adic, it is
a simple consequenceof the descen formulas [A10, (7.3), (7:39] (and their analogues
[A1l1] for singular elemerns), and the local induction hypothesis (1.2). The summand

corresponding to v therefore vanishes. We concludethat Sr?ar (f) equals(2.9), asrequired.

Weremark that if M °and v areasin (2.9), the local endoscopicdatum M 2 for M, need
not be elliptic. However, in this case,[A10, Lemma 7.1(b%] (together with our induction
hypotheses)implies that

Sy (MY %ify) =0
It follows that v could actually be summed over the subset
Vih (GiM9Y = v2V,(G;M): ayo = ay,
= v2V, : dim(ay%) = dim(ag )
of V, (G; M) in (2.9).
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x3.  Cancellation of p-adic singularities

To proceedfurther, we require more information about the linear forms in f, that
occur in (2.8) and (2.9). We shall extend the method of cancellation of singularities that
was applied to the generallinear group in [AC, x2.14]. In this paper, we needconsideronly
the p-adic form of the theory, sincethe problemsfor archimedeanplaceswill be treated by
local meansin [A13] and [A11].

As in the last section, G is a xed K -group over the global eld F, with a xed Levi
subgroup M. Supposethat v belongsto the setV,, of p-adic valuations in V. Then G,
is a connectedreductive group over the eld F,. We are going to de ne two subspacesof
the Hede algebraH (G, ; ).

Let H(Gy; ) be the subspaceof functions in H(Gy; ) whose strongly regular
orbital integrals vanish near the certer of G. Equivalertly, H(G,; )% is the null spacein

H(Gy; v) of the family of orbital integrals
fv 1 fue(zv v); fv 2 H(Gy; v);
in which z, rangesover the certer
Z(Gy) = Z(G;Fy)=Z(Fy)

of Gy = G,=Z,, and , rangesover unip (Gv; v). For the latter description, we could
equally well have replaced ynip (Gyv; v) by the abstract set Rynip (Gy; v) introduced in
[A11]. This setis a secondbasis of the spaceof distributions spannedby the unipotent
orbital integrals that has the advantage of behaving well under induction. More pre-
cisely, Runip (Gv; v) is the disjoint union of the set Rynip ;e (Gy; v) of elliptic elemerts in

Runip (Gv; v), together with the subset
Runip;par(Gv; v) = \(/;V ov 2 Runip;ell(l-v; v):; Lv ( Gy

of parabolic elemerns, induced from elliptic elemens for proper parabolic subgroups of

Gy. (See[All1].) We have resened the symbol H(G,; ,)° to denote the larger subspace
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annihilated by just the parabolic elemeris. That is, H(Gy; )° is the subspaceof functions

fy in H(Gy; ) sud that
fvic(zy v) =0 z, 2 Z(év); v 2 Runip ;par (Gy; v):

Supposenow that v liesin our subsetV, (G; M) of valuations v in V, sud that ag’
maps isomorphically onto a$ . We are going to de ne a map from H(G,; )° to another
space,which represeits an obstruction to the assertionof Local Theorem 1(a). In the case
that G, is quasisplit, we shall construct somefurther maps, one of which is de ned on the
space

HUS(Gy; v)° = HYS(Gy; v)\ H(Gy; )%

and represens an obstruction to the stability assertionof Local Theorem 1(b). The maps
will take valuesin the function spacesl ;c(My; v) and Sl 5c(My; ) introducedin earlier
papers. (Seefor example [Al, x1].) We recall that | ;,c(My; ) and Sl oc(My; ) are
modest generalizations of the spacesl (My; ) and SI (M,; ), necessitatedby the fact
that weighted characters have singularities in the complex domain. They are given by
invariant and stable orbital integrals of functions in a spaceH .(My; ). By de nition,
Hac(My; v) is the spaceof uniformly smooth, | Lequivariant functions f, on M, sud

that for any X, in the group
avy = av,F, = Hu, (My);

the restriction of f, to the preimage of X, in M, has compact support. By uniformly
smooth, we mean that the function f, is bi-invariant under an open compact subgroup
of Gy. An elemern in | ;c(My; ) can be identied with a function on either of the sets
(My; v) orR(My; ) (by meansof orbital integrals) or with a function on the product of
( My; v) with ay v =az.v (by meansof characters). Similarly, an elemen in Sl ;c(My; )
canbeidentied with afunction on ( My; ) (by meansof stable orbital integrals) or with

a function on the product of ( My; ) with ay.,=az., (by meansof \stable characters").
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We emphasizethat the setsR(My; ), ( My; ) and ( My; ) are all abstract basesof
one sort or another. In particular, the generaltheory is not su cien tly re ned to be able
to identify the elemens in ( M,; ) with stable charactersin the usual sense.

The mapswill actually take valuesin the appropriate subspaceof cuspidal functions.

We recall that a function in | .c(My; ) is cuspidal if it vanisheson any induced elemern
v — \,)AV; v2 (Ry; v);

in ( My; ), where R, is a proper Levi subgroup of M,. Similarly, a function in

Sl ac(My; ) is cuspidalif it vanisheson any properly induced elemen
v= 0 v2 ((Ry; v);
in ( My; v).
Prop osition 3.1. (a) Thereis a map
"moi HGY V) Tae(My; )i
which takesvaluesin the subs@ce of cuspidal functions, such that
(3:1) "mvi )= Cvfy) I Cuify);

for any fy 2 H(Gy; )% and 2 ( My; V).

(b) If Gy is quasisplit, there is a map

M= M HYS(G; V)0 L Shae(My; )
which takesvaluesin the subsmce of cuspidal functions, such that
(3:2) "Mt V) =S (i)

for any f, 2 HI"S(Gy; )% and 2 ( My; ).

29



(b9 If Gy is quasisplitand M © belongsto EJ, (M), there is a map

MTUHGE W ! Slac(M)€);
which takesvaluesin the subs@ce of cuspidal functions, such that
(3:29 Mt )= SEMG %),

for any f, 2 H(Gy; v)? and 22 ( f0;€0).

Pro of. The main point will be to establish that the assertionsof the lemma hold
locally around a singular point. To beginthe proof of (a), we x afunction f, 2 H(Gy; +)°.
Considera semisimpleconjugacyclassc, 2 ss(My) in M, = M, =Z,. We shall show that
the right hand side of (3.1) represens an invariant orbital integral of somefunction, for
those strongly G-regular elemens 2 g-reg(My; v) in someneighbourhood of c,. To
do so, we shall usethe results in [A11] on the comparison of germs of weighted orbital
integrals.

According to the germ expansionsfor I ( v;fy) and I ( v;fy) in [A11], the right

hand side of (3.1) equals

X X L; E E L
(3:3) O Cvi WICCwfy) ow v DILCvify)
L2L (M) v2Rg,(Lv; v)

for any elemert , 2 g-reg(My; v) that is near c,. Here, d, 2 ss(My) is the stable
conjugacy classof c¢,, and Ry, (Ly; v) denotesthe set of elemernts in the basisR(Ly; v)
whosesemisimplepart mapsto the imageof dy in  ss(Ly). One might expect to be able
to sum  over only the subsetR, (Ly; v) of elemens in Ry, (Ly; v) whosesemisimple
part mapsto c,. Indeed, g ( v; v) vanishesby de nition, unless , liesin Re, (Ly; v).
Local Theorem 1 implies that the germs g,b; £ and gy are equal [A11], so we would ex-
pect g,bj E( v, v) alsoto have this property. For the momert, we have to leave open the

possibility that g,\L,; E represen a larger family of germs, but we shall soon rule this out.
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We shall show that the summandwith any L 6 M in (3.3) vanishes. If L is distinct
from G, the rst local induction hypothesis (1.2) tells us that the distributions I,\L,l;E( v)
and 15 ( v) are equal. It follows from [A11] that the germsgy “( v; v) and g ( v; v)
are also equal. In particular, the corresponding inner sum in (3.3) can be taken over the
subsetR, (Ly; v) of Ry, (Ly; v). If L is alsodistinct from M, the secondlocal induction
hypothesis(1.3) implies that | £( ;fy) equalsl( v;fy). It followsthat the summandsin
(3.3) with L distinct from M and G all vanish. Consider next the summand with L = G.

Then
|g( wvif)=lc( vify) =fvc( v):

Suppose rst that c, is not certral in G,. The descen formulas in [A11] provide parallel
expansionsfor g,\(j;E( vi v)andgS ( v; v) in terms of germsattached to the certralizer of
¢y in G,. The induction hypothesis(1.2) again implies that the germsare equal. In the

remaining casethat c, is certral in G,, we have

Rdv(Gv; v) = RCV(GV; v)= C v:i 2 Runip (Gyv; v)

If , belongsto the subsetRunip el (Gyv; v) Of Runip (Gv; v), the germsge 5( v;c, ) and

g5 ( v;c, v) areequal. This is asimple consequencgAl11] of the results of [A10, x10]. If
belongsto the complement Runip ;par (Gv; v) Of Runip e (Gv; v) in Runip (Gv; v), fuic (e v)
equalsO, sincef, belongsto H(G,; ,)°. In either case,the term in (3.3) corresponding to
v = €, v vanishes. This takescare of the summandwith L = G.
We have shown that (3.3) reducesto the summandwith L = M. We obtain
X
@4 15wty Im(wify) = o (v W) I Cvife) Tty
v2Re, (My; v)
for elemens 2 g-eg(My; ) that are closeto c,. Sincegh ( v; v) is an ordinary
Shalika germ, the right hand side of (3.4) represens an invariant orbital integral in . We

concludethat there exists a function "y (fy) in 1 (My; ) such that (3.1) holds locally for

any strongly G-regular element , in someneighbourhood of c, .
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To establish the full assertion(a), we have to let ¢, vary. The obvious technique to
useis a partition of unity. Howewer, something more is required, since we have to shav
that a function of noncompactsupport is uniformly smooth. We shall use constructions of
[Al] and [A12] to represen "y (fy) in terms of someauxiliary functionsin | ;c(My; ).

Supposethat  is any elemen in  g-reg(My; v). Then we can write
X
v (vify) = CIm(vify) Bovic oy
L2L °(M)

in the notation of [A1, Lemma 4.8]. One of the purposesof the paper [A12] is to establish
endoscopicand stable versionsof formulas sud asthis. The endoscopicform is

E c| E X E c E

I Cvify) = 15 (vify) Bi5 vic By

L2L O(M)

where®l £ () and ¢ F are endoscopicanaloguesof, respectively, the supplemerary linear

form €Iy ( v) and the map ¢ | from H,(Gy; ) to | 5c(Ly; ). Therefore, the di erence

Ila(v;fv) IM(v;fv)

can be expressedas
c| E c X E c E c
I Cvif) Sl (vify) RS o) R vty
L2L O(M)
Supposethat L 2 L°%(M). Sincel is distinct from G, the induction hypothesis(1.2) tells
us that p,\LA;E( v) = pM( v). If L is also distinct from M, it follows from the induction

hypothesis(1.3) and the results of [A12] that ¢ E(f,) = ¢ | (fy). Thereforethe summands

with L 6 M in the last expressionall vanish. We obtain

Iﬁ( vify) Im(Cvify) = “"m(fy; V) ¢ l\sl(fv; v) o Swmfy; V)

where
“'m (fv; v) = Clﬁ( vify) ClM( vify):
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We can of courserestrict the variable  to the strongly G-regular elemerts in someneigh-
bourhood of c,. Since the left hand side of the last formula represerts a function in
| (My; v) in sudh a neighbourhood, and since® E (f,; ) and ¢ y (fy; ) represen func-
tionsin | ;c(My; ) forall , “"m (fy; v) must represen a function in I (My; ), for all
strongly G-regular elemens  nearc,. The advantage of the auxiliary function "y (fy; v)
is that it hasboundedsupport in . This followsfrom [Al, Lemma4.4]and its endoscopic
analoguein [A12]. We can therefore usea nite partition of unity to construct a function
¢v (fy)inl (My; ) whosevalue at any strongly G-regular element |, equals®'y (fv; v).

Having de ned "y (f\), we set
"mf)=wE) SR S m(fy):

Then "y (fy) is a function in 1, (My; ) sud that (3.1) holds for ewery  in
G-reg(Mvy; v). To shaw that (3.1) is valid for elemens that are not strongly G-regular,

we considerthe ordinary Shalika germ expansion

X
"m(fv; v) = QM( vi v)"'m(fv; v)
v2R¢, (My; v)

of "m (fv), for v 2 g-reg(My; v) nearc,. The left hand side of this expressionequals
the left hand side of (3.4) by construction, so the two right hand sidesmust be equal. It

follows from the linear independenceof the germs

ov (vi V)i v2Re,(My; v);
that
"m(fv; v) = I&( vitv) Im(vify); v 2 RCV(Mv; v):
This is equivalent to the identity
"m (f; v)zlla(v;fv) Im (vify); v2 ¢, (My; v);
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since ¢, (My; v) andR¢, (My; v) represem basesof the samespace.But the set ( My; )
is by de nition a disjoint union of subsets ., (My; ). We concludethat (3.1) holds in
general.

The last step in the proof of (a) is to showv that the function "y, (f,) is cuspidal.

Consider an elemen

v = \“,/'V; v2 (Ry; v);

induced from a proper Levi subgroup R, of M. Applying the descemn formulas [A10,

(4.5), (7.2)] (or rather their generalizations[A11] to singular elemerts), we seethat

"M (fv; v) = ||\I§|( v;fv) IM( v;fv)
X
= d3, (ML) BRYECwifun,) B (uiful,)

Lv2L (My)
The coe cien t dgv (M;Ly) is dened in [A10, x4], and actually equalsthe correspnding
coe cien't dg’z (My;Ly) in this case,sincev belongsto V, (G;M). In any case,sinceR, is
properin M, the coe cien t vanishesunlessL, is a proper Levi subgroupof G,. But if L,
is proper, the induction hypothesis(1.2) tells us that HLQJ‘E( vifvl,) equalsp,;:( vifuL,)
The summand corresponding to L, vanishes,sothat "y (fy; ) = 0. Therefore"y (fy) is
a cuspidal function in I ;c(My; ).

The proofs of (b) and (b% proceedalong similar lines. Assume that G, is quasi-
split, and that f, belongsto H(Gy; +)°. We x an endoscopicdatum M°in Ey (M),
and a semisimple stable conjugacy classd? in  s(MQ) = Ss(ﬁf}). We shall study
SS (M 0:,), for strongly G-regular elemens 02  g-req(M2; &) that are closeto df.
In the special casethat M °= M , weassumethat f, belongsto the subspaceH s (G,; )°
of H(Gy; 1), and we write d, = d® and , = 0. In general,we take d, to be the image
of ddin  ss(My).

We shall apply the stable germ expansion of [A11]. According to this expansion,
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S (M 9:f,) equalsthe sum of

X
(35) hG (Mva va V)f G( V)
v2 EV(GV; v)
and
X X X
(3:6) MO(L L(bh (v; V)SL (Lv' v V)

L2L O(M ) LO2E o(L) o9 40 (B9;€0)
v v vVi1Tv

for any element 02 - re@,(K/I ?; &) that is closeto d9. Here § (Gy; v) denotesthe set
of elemens in  B(G,; ) whosesemisimplepart mapsto the imageof d, in <(Gy), and

do(EV, €9) is a similarly de ned subsetof ( E?;€). The functions
Vol ohgMys Yy

in (3.5) are the \stable" germsof [A11]. If M°=M and 2= ,, andif , belongsto the

subset 4, (Gy; v) of § (Gy; v), we generally write
hF\S/I( V; V): hG (M\S)! \(/)! \'

The germs he ( 9: 9y in (3.6) follow this notation.
Consider the sum in (3.5). Suppose rst that d, is not certral in G,. The descen
formula of [A11] then assertsthat h$ (M?; 2; ) = 0, unlessM®= M and  liesin the

subset ¢, (Gy; v) of Ev (Gy; v). Howewer this last condition implies that
f\I/E;G( v) = f\?( v) =0

sincef, is unstable. Therefore (3.5) vanishesin this case.In the remaining casethat d, is

certral in G, we have

EV(GV; v)= oy v v 2 Enip (Gy; v)
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If  belongsto the subset Enip el (Gv; v) of elliptic elemerts in Enip (Gy; v), we apply
the results on cuspidal functions in [A10, x10]. It is a simple consequenc¢A11] of thesere-
sults that hG (M9 %d, ,)=0,unlessM%= M and \, liesin the subset unip ;e (Gv; v)

of 1(Gy; v). But the last condition implies that

ump el
f\/E;G(dv v) = f\?(dv v) = 0;

again becausef, is unstable. On the other hand, if , belongsto the complemen

Enip;par(G\,; v) of Emp a(Gvi v), fEg(dy v) = 0, by virtue of the fact that f, lies
in H(Gy; v)°. The sum (3.5) therefore vanishesin this caseas well.

We have shavn that SG (M?; 0;f,) equalsthe expansion(3.6). Turning our attention

to (3.6), we consideran outer summand in this expressioncorrespnding to any L 6 M.

If LOis an endoscopicdatum for L that is distinct from L , SS(L9; 9;f,) = 0O, by the

induction assumption (1.3). This takes care of all the elemers in the inner sum over

Ewv o(L), provided that M°6 M . If M%®= M , the set Eyo(L) alsocortains L . In this

case,however, the induction hypothesis(1.3) implies that the distributions
SC( vifv) = SC(Ly; vify); v o= 8

are stable. Sincef, is unstable, the distributions vanish at f,. It follows that the terms

in (3.6) with L 6 M vanish. We concludethat

X 0
(3:7) SE(MZ %:f,) = (0 DS (MY it

forall 02 - reg(M 0 €0) that are closeto d2. Sinceh®’( 0; 0) is a stabilized Shalika

RO
germ, the right hand side of (3.7) represens a stable orbital integral in 2. We conclude
that there is a function "M’ (fy) in SI (If/lw €9) such that (3.2) or (3:29 holds (according
to whether M % equalsM or not) for every strongly G-regular elemert 0 that is closeto
do.
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To establishthe full assertions(3.2) and (3:29, we have to let d2 vary. We again use
the constructions of [A12]. GivenM %2 Ey (M) and 02 G-reg(lf/l 9. €0y, we can express
Se (MY %:fy) as

°Su(My; vif) § 4§ AN (RH D
L2L O(M) LO2E,, o(L)
where ¢SG (M9 0) and © | (LY) are \stable" analoguesof ®Iy ( ) and ¢ | respectively.
Supposethat L 2 L%(M) is distinct from M . It follows from the induction hypothesis(1.3)
and [A12] that ¢ | (L9;f,) = Ofor any L%2 E(L) distinct from L , and that ¢ _(L,;f\)
dependsonly on f¢. But if L liesin Eyo(L), M%hasto equalM , and f& = 0 by

assumption. The term correspnding L therefore vanishes. We obtain

0
SE (MY %ty = Mt O Mty O);

where
M2(fy; )= °SG (M Oify):
We have already shavn that SS (M0 0;f,) represetts a function in SI (f19; €) for 0

vy v

neard?. Since® y (M0 f,; 0) represetts afunction in Sl o (#19; €) for all 2, we seethat
cM°(f,: 0) represetts a function in SI (£19;€) for © near . As in (a), the auxiliary
function ©"M°(f,: 0) has bounded support in 0 [A12]. We can therefore use a nite
partition of unity to construct a function ¢"M°(f,) in SI (f19;€) whose value at any

strongly G-regular elemen 0 equalsc"™°(f,; 9).

Having de ned ¢"M°(f,), we set
M) = M) S M (MET):

Then "M°(f,) is a function in Sl (M 9; €) such that the relevant identity (3.2) or (3:29
holds for every 0 in  g-req(M9;€0). To shaw that the identity holds for elemerts that
are not strongly G-regular, we compare (3.7) with the Shalika germ expansionof "™ 0(f\,)

around any d9. It follows from the linear independenceof the germs

hreo 0. o); \(/)2 de(MO.eo);

NB O vy v vy v
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that the required identity is valid for elemerts in dg(ﬁ/l\?; €). It is therefore valid in
general.

The nal point to ched is that the function "M 0(f\,) is cuspidal. Consideran elemert

0= ( 0%y, 02 ( RY; €,

v v

induced from a proper Levi subgroup R? of M?. We can represen R? as an elemert in
Eai(Ry), for a proper Levi subgroupR,, of M, that is uniquely determined up to conjugacy
We shall usethe extension[Al11] to singular elemerts of the relevant descen formula [A10,
(7.3), (7:39], with the elemens F;, G;, M1, and Ry of [A10, x7] taken to be Fy, Gy, My,
and Ry, respectively. Suppose rst that M°= M . ThenR, = RY, and , = ?isinduced
from the elemen , = 2in ( Ry; y). The descen formula in this caseis
X
Sy (vifv) = &R, (M; L8R (vif

Lv2L (Ry)
The coe cien t eg (M;L,) vanishesby de nition [A10, (6.1)], unlessL, is a proper Levi
subgroup of G,. But if L, is proper, our induction hypothesis(1.2) implies that SFLQX(SV)
is stable, and sincef, is assumedto be unstable in this case,@kz( v;flv) = 0. The sum
therefore vanishes. In the other casethat M°6 M , the descen formula is simply the
identit y

Se (MY )= 0

VARRA

(The hypothesesin [A10, x7] on which this identity rests are included in the induction
hypothesis(1.2) and (1.3).) We have shawvn in both casesthat

MU D) = S5 MY it = o

Therefore "M °(f,) is a cuspidal function in Sl ac(f12: €). This completesthe proof of the

v v

proposition.
Corollary 3.2. The mappingsof the proposition satisfy formulas

(3:8) "w(fy)= mE) SR S m(fy)
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and
(3:9) MIfy) = MOE) C (MO,

in the notation of the proof. As alove, f is any function in H(Gy; ,)° that is unstablein

the casethat M%= M .

We now return to the discussionof x2. Recallthat V is a nite set of valuations of F
that cortains Viam (G; ). Let H(Gy; v)° denote the subspaceof H(Gy; v) spannedby
functions of the form
(3.10) f = fy; fv2 H(Gy; )°:

v2V

For any sud function, we can obviously write
f=f,fY v2V; fY2H(GY; V)%

with the superscript as usual being usedto denote an object assaiatedto V  fvg. If G

is quasisplit, we set
H'(Gy; v)° = H"™(Gy; v)\ H(Gyv; v)%

Then HU"S(Gy; v)° is spannedby functions of the form (3.10) such that f& = 0 for some
V.
We extend the maps of Lemma 3.1 to functions on Gy sothat they are parallel to the

expansions(2.8) and (2.9). Thus
"w i H(Gv; v)° ! lac(Mv; v)

is a map sud that
X
(3:11) "w(f; )= "w(fv; Vim ()

v2Vin (GM )
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for any elemen = Q vin (M;V; ), and any function f 2 H(Gy; v)° of the form

Vv

(3.10). If G is quasisplit,

"Mo= M HYS(Gy; V)Y D Slac(Mys v)

is de ned by
X .
(3:12) M) = M (v DEM(Y);
V2 Viin (GM )
for = Q vin ( M;V; ) andforf 2 HI"S(Gy; v)° of the form (3.10). (This is well

\%
de ned, sinceif f, doesnot belongto H'"S(G,; ), (fY)M = 0, and the corresponding

summand vanishes.) Finally, if G is quasisplit and M °2 ES, (M),

"M% H(Gy; v)® ! Slac(f9;€0)

is de ned by
0 X 0 . 0
(3:12) "M 9 = M DEYMT 9V
v2Vin (GIM )
for 0 = Q Oin ( M%Vv;€) and f 2 H(Gy; v)° asin (3.10). The co-domains

\%
lac(Mv v), Slac(My; v) and Sl 4 (f1 9;€0) are natural variants of the spacediscussed
for v at the beginning of this section. For example, | ,c(Mvy; v) is de ned by orbital in-
tegrals in terms of the spaceH a.(Mv ; v) of uniformly smooth, L_equivariant functions

on My whoserestrictions to eadh set
My =fm2 My : Hy(m) = Xg; X 2 ay;

have compact support.

In x2, we also de ned the spaceHy (Gy; v) of functions in H(Gy; v) that are M -
cuspidal at two places. Let Hy (Gy; v)° and H{'S(Gy; v)° denote the intersections of
Hum (Gy; v) with H(Gy; v)? and H'"S(Gy ; v)° respectively. The following result is a

corollary of Lemma 2.3 and Lemma 3.1.
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Corollary 3.3. (a) If G is arbitrary, we have
(3:13) I (F)  Tpar (F) = jW(M)j TP "y (F) ;

for any function f in Hy (Gy; v)°.

(b) If G is quasisplit, we have

X
(3:14) SS.(f) = jw(M)j * (M;M9g*®° "M%ty
M O2E o (M;V)

for any function f in H{PS(Gy; v)°.
Pro of. To establish (a), we combine the expansion (2.8) of Lemma 2.3 with the

de nition (3.1) and (3.11) of "\ (f ). We obtain

loar (F) Tpar (F) = (W(M)j * : a" ()m(f; )
2 (M)
We are assumingthat f is M -cuspidal at two places. It then follows from Corollary 3.2
that the function "y (f) in 1,(M;V; ) is actually cuspidal at two places. This means
that the geometric side of the trace formula for M, formulated asin [I, Proposition 2.2],
simpli es at the function "y (f) [A2, Theorem 7.1(b)]. We obtain
o) = A
2(M;V;)
The identit y (3.13) follows.
To deal with (b), we begin with the stable expansion(2.9) of Lemma 2.3. Combining

this with the de nitions (3.2), (3:29, (3.12) and (3:129, we obtain

x X 0 0
Spar (f) = jW(M)j * (M;M9) He°( €% O
M O2E ¢ (M;V) 0 ( NBOV:E)

Corollary 3.2 implies that the function "M °(f ) in Sl 4(£19;€) is cuspidal at two places.

This meansthat the geometric side of the stable trace formula for f10 simplies at the
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function " 0(f ). There is no direct referenceto sud a simplied formula, but it is easily

derived from the generalstable expansionin [I, Theorem 10.1(b)]. Indeed, we can write

Ge° M) G M)
X RO 80 1 X er Qr@" 0.uM? .
= Wo™ iiWg" ] (98g "M ()
IR02 (L ¥0%)0 02 ( RoV;ED)
by [I, (10.5)]. From the local induction hypothesis (1.2) and the splitting formula for
ng 0. "Mo(f) , Wwe deducethat this expressionequals zero. Combining the global in-
duction hypothesis(1.4) with the expansion[l, Lemma 7.2(b)] for e’ M 0(f) , we then

orb

obtained the simplied expansion

ge Mty = g9 o

02 ( NBOV;ED)

The identit y (3.14) follows.
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x4.  Separation by innitesimal character

Proposition 2.2 and Corollary 3.3 are the main results so far. Together, they provide
a pair of identities (a) and (b) that will be objects of study for the rest of the paper. We
shall now apply the theory of archimedean multipliers, following the argumert in [AC,

x2.15]. We are going to replacethe function

f = f; f 2H(Gv: ,; v: )i
2 o(G)

by its transform f = - f . under a multiplier 2 C (h?)W: . We will then study the
resulting identities in terms of the function b( ). Our goal is to show that ead side of
the identity in question vanishes,by the comparison of a distribution that is discrete in
with onethat is cortinuous. This is a crucial step that goesbadk to the comparison of

distributions in [L3, x11] by Langlands.
We are following notation at the beginning of [I, x3]. In particular, his a split Cartan

subalgebraof a split form of the real group Gy, - for any component 2 (G), and

vy ?

W, is the corresponding Weyl group. Any elemen in the spaceE(h)W: of compactly

supported, W; -invariant distributions on h determinesan endomorphism

of H(Gy; v). Weshalltake to bein the subspaceC! (h%)W: of E(h)W: . Asin [l, x3],
h? denotesthe subspaceof points in h whoseprojection onto ag liesin a; (relativeto the
canonical embeddinga; ag). Then b( ) is a W; -invariant Paley-Wiener function on
the complexdual spaceh.=a5.; .c, Whereag, isthe annihilator of az in a;. Werecall that
it is the Wy -orbits in h.=a5; .. that parametrize archimedeanin nitesimal characters

of elements in the set

a
(GG v)= (GG i v y)

\%
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of irreducible represetations of (componerts of) G4 . We recall alsothat there is a natural
subseth, of he=ias, , which embedsinto h.=a;; .., and whoseW; -orbits cortain the
in nitesimal characters of all unitary represenations. (See[A2, p. 536]and [A7, p. 558].)

It will sometimesbe cornveniert to index \discrete" distributions in the trace formula
by an archimedeanin nitesimal character , rather than the norm t = kim( )k. For this
purpose, stands for an elemen in the set h,=W; of W; -orbits in h,. We recall that
k k is the restriction to h, of the Hermitian norm on h.=a;., .c that is dual to a Xxed,
W, -invariant Euclidean inner product on h?. We shall use a double subscript ( ; disc)
to denote the cortribution of to any object that has been indexed by (t; disc). For
example,if t = KIm( )k, . 4isc(G;V; ) denotesthe setof represemations in ¢ gisc (G; V; )
whose archimedean in nitesimal character equals . It is empty unlessthe projection of

onto a, .. coincideswith the dierential of the archimedeanin nitesimal character of

Moreover,
X
| disc () = atcj;isc( e()
2 ; disc (G;V; )
and
X
It disc () = I gisc ():
f :kim( )k=tg

Following [l, x3], and earlier papers [A2], [AC] and [A7], we write
h,(r) = h,(r;0) = 2h,: kRe( )k r
and
h,(r;T)= 2hy(r): Kim( )k T ;
for any nonnegative numbersr and T.

Lemma 4.1. For any function f 2 H(Gy; v), we can chaoser so that for every 2
Cg (h?)W1 | the distributions |, gisc(f ), 154s.(f ) and SSy. (f ) vanishif  does not

belongto h,(r)=wW; .
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Pro of. As varies,the functionsf areuniformly K; - nite, whereK; = Ky .,
is a union of maximal compact subgroups. It follows from Harish-Chandra's Plancherel

formula that the tempered characters

fo () 2 temp(Gv; v);

are supported on represerations whose archimedean in nitesimal characters have
bounded real part. The sameproperty for the larger family of unitary charactersis then
easyto establish from the Langlands classi cation. In particular, we can nd an r sud
that the function | . gisc(f ) of is supported on h,(r)=W; . The correspnding assertions

for the functions I £, (f ) and S®

" disc (f ) then follow from their inductive de nitions in

disc
terms of | . gisc (f ), and standard properties of archimedeantransfer factors.

We now recall the spacesHy (Gy; v)° and Hu'®(Gv; v)?, de ned near the end of
the last section. Let uswrite Hy (Gy; v)® andHy (Gy; v) for the subspacespanned
by functions f = Q fyinHu (Gy; v)%andHIS(Gy; v)° respectively, suc that for some

\"
v2 V,, f, belongsto the spaceH (G,; ) de ned at the beginning of the last section.

Prop osition 4.2. (a) If G is arbitrary,
(4:1) | Paisc(F) 1 aisc(f) = 0;

forany andanyf 2 Hy (Gv; v)%.
(b) If G is quasisplit,

(4:2) S%uisc(f) = O;

for any andanyf 2 HIS(Gy; v)%.
Pro of. The proposition is a generalanalogueof the results in [AC, x2.15]for GL (n).
(Seealso [A7, Lemmas 8.1 and 9.1].) To prove it, we shall combine the global multiplier

estimate [l, (3.3)] with Proposition 2.2 and Corollary 3.3. This will allow usto expressthe
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left hand sidesof (4.1) and (4.2) ead as the value of a certain limit. We shall then showv
that the two limits vanish.
To deal with (a), we x the function f in Hy(Gy; v)%. Suppose that
2 Cl (h*)W: is a multiplier. The function f certainly liesin H(Gy; v). It therefore
satis es the identity (2.4) of Proposition 2.2. In fact, f belongsto Hy (Gy; v)%, since
the conditions that de ne this subspaceof H(Gy ; ) are not a ected by multipliers. We
can therefore apply Corollary 3.3(a) to the value takenat f by the linear form on the left
hand side of (2.4). Moreover, the sum
IE;unip (f 5S)  lzunip (f 5S)
z
obtained from the right hand side of (2.4) is equalto zero, sincethe functions f ., . vanish
on Enip (G;V; ). The identity reducesto
X
W(M)j TRy (f ) = lEaisc(f ) Tedise(f )
t
For the linear form on the left hand side, we note that sinceW; contains the corresponding
Weyl group attached to M,  determines a multiplier for My . It acts on the spaces
H(My; v) and Hyc(My; v), and as explained on p. 530 of [A2], alsoon | .c(Mvy; v).
The various de nitions tell usthat the function "y (f ) equals"y (f) . Sincethis function
is cuspidal at someplace, we can expand the linear form on the left hand side as
B () = Bl ()
t
by the simple version [A2, Lemma 7.1(a)] of the spectral expansion. The distribution
H';V'disc depends (through t) on a Euclidean norm on the analoguehM# for M of the space
h? = h®Z | We assumethat this is the restriction of the Euclidean norm we xed on h?.
We have obtained an identit y
X X
WMt Bl ") = 1) Traisc(f )
t t
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between two absolutely corvergernt sumsover t. The right hand sum satis es the global
multiplier estimate [l, (3.3)]. It happens the left hand sum also satis es this stronger
estimate, but the justi cation requiresfurther commern.

The spectral expansionfor functions in the standard Hedke algebra does satisfy the
required estimate. This follows from Proposition 3.1 of [I], which is in turn a direct
consequenceof the proof of Lemma 6.3 of [A2]. Howewer, the function "y (f) belongs
to | 5c(My; v) rather than | (My; v). Moreover, the multiplier is supported on the
spaceh? = h®Z | rather than the subspacehM# attachedto M. With only thesegeneral
conditions on "y (f) and , the estimate of [A2, Lemma 6.3] would actually fail. The
estimate was carried out for the special caseof what were called moderate functions. In
the presen corntext, the moderate functions form a spacethat lies betweenl (My; v)
and | .c(My; v). They are dened as on p. 531 of [A2] by a mild support condition,
and a similarly mild growth condition. We shall prove that "\, (f ) is a moderate function
inla(Mvy; v), in order to shav that the left hand side of the identit y does satisfy the
desired estimate.

To establishthat "\ (f ) is moderate, it will be enoughto verify that forv 2 V, (G; M)
andf, 2 H(Gy; )Y, the function "y (f,) satis es the local form of the two conditions on
p. 531 of [A2]. The fact that "y (fy) is cuspidal meansthat the support condition is

vacuous. To ched the growth condition, we recall that

"m(fv) = “"m(fyv) chE) S wmfy);

by Corollary 3.2 As we saw in the proof of Proposition 3.1, the function ¢\, (f,) actually
belongsto | (My; ). It is therefore compactly supported on ( My; ). The functions
¢ E(fy) and ¢ y (fy) belongto the larger spacel 5(My; ). However, according to the
assertionin [Al, Lemma 5.2] for ¢ y (fy), and its analogue[A12] for ¢ £ (fy), the two
functions have a property of rapid decrease.More precisely as functions on the product

of  temp (My; v) with ayyv=az.y, ¢ m(fy) and © E (fy) are both rapidly decreasingin
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the secondvariable. Therefore "\ (f,) hasthe sameproperty. The required condition of
moderate growth pertains to "y (fy) asa function on ( M; ). Howewer, since"y (fy)
is cuspidal, the condition is an obvious consequenceof what we have just established.
Therefore™y (fy) satis es both conditions. It follows from (3.11) that "y, (f ) is a moderate
function in I ;c(Mv; v). Oncewe know that "\ (f) is moderate, the relevant part of the
proof of Lemma 6.3 of [A2] tells us that the spectral expansion of vy (f) satises
the global multiplier estimate. But the spectral expansionof vy (f) isjust the sum
on the left hand side of the identit y we have been considering. Therefore, the left hand
side does satisfy the global multiplier estimate.

We have establishedan identit y

1Ehsc(f ) lease(f ) IWM)j] e "m(F) = 0;
t O

in which the sum over t satis es the global multiplier estimate [I, (3.3)]. The estimate

itself dependson the choice of a positive number T. Before applying it, we recall that
E X E
ledise (F ) Tedisc(f) = | Shisc(f ) 1iaisc(f)

where is summedover orbits 2 h,=W; with kim( )k = t. In fact, by Lemma 4.1, we
canrestrict to the orbits in h,(r)=W, , for somer > 0 that is independert of t and

We can therefore expressthe sum

X
(4:3) II;Edisc(f ) I ;disc(f ) ;
taken over the orbits 2 h,(r)=W; with kim( )k T, asa dierence between
(4:4) W (M)] Pisc “m (F)
t T
and the expressionobtained from the left hand side of the last identity by restricting

the sum to thoset with t > T. It is to the last expressionthat we apply the global
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multiplier estimate. The resulting conclusion is that we may chooser, together with
positive constarts C and k, with the property that for any N > 0, 2 C} (h4)V: and
T, the di erence between(4.3) and (4.4) has absolute value that is bounded by

ceN sup  jb( )
2h,(r;T)

(Seell, (3.3)].) We note that for any given T, the sumsin (4.3) and (4.4) can be taken
over nite setsthat are independert of

Let ;1 2 h,(r)=W; be a xed innitesimal character. According to [AC, Lemma
2.15.2],we can nd a function 1 2 C! (h*)W: suc that b; maps h,(r) to the unit
interval, and sud that the inverseimage of 1 under b, is simply the set of points in the
Wi -orbit of ;. We x 1, and then chooseN; > O such that ; belongsto C{ (h%)": .
Assuming that r and k have beenchosenas above, we can nd a positive number T suc

that

jibi( )i e HN;

for all points in the seth,(r; T). This is possiblebecauseb; is rapidly decreasingon the
vertical strips. For ead positive integer m, let , bethe corvolution of ; with itself m

times. Then , belongsto Cr . (h*)"* , and

bm( )= bi() ™

Taking = . in the estimate above, we seethat (4.3) equalsthe sum of (4.4) and an

expressionwhoseabsolute value is bounded by
Ce kN 1m.

It follows that the di erence between (4.3) and (4.4) approades zero as m approades
innit y.

49



Supposethat is any point in h,(r)=W; . Then

l I;Edisc (f m ) I ; disc (f m )
X G, E G
= adi:sc( ) a‘disc( )f m;G( )
2 B (GV;)

; disc

X :
= () aFsc( ) fo( )bm( )
= by() " | hisc(F) 1 disc(f) :

This equalsl El;disc(f) I ,.gqisc(f)if = 1, andotherwiseapproadeszeroasm approadies
innit y. Sincethere are only nitely many nonzeroterms in (4.3), we concludethat the

value of (4.3) at = |, approadesthe dierence

| El;disc (f ) | 1;disc (f )
asm approadiesin nit y. This di erence therefore approadesthe corresponding limit

. . . 1X n
(4:5) dim W) T Bl ()
t T

of (4.4). We have reducedthe proof of (a) to showing that the limit (4.5) is zero.
Todealwith (b), weassumethat G is quasisplit, andthat f belongsto H{"(Gy; v)%.
We shall retrace the stepsin the argumert for (a) above, making modi cations asnecessary
If 2 Cl (h*)W: is a multiplier, the function f remains unstable. This follows from
Shelstad'scharacterization of stability at the archimedeanplacesin terms of temperedL -
padkets [Sh]. (This point is not essetial to the argumert, sincewe could have insisted at
the outset that f be unstable at some nite place.) In particular, f satis es the identity
(2.5) of Proposition 2.2. The function f actually belongsto H{"(Gy; v)%, since the
conditions that de ne this subspaceof H'"*(Gy,; ) are not changedby multipliers. We
can therefore apply Corollary 3.3(b) to the value at f of linear form on the left hand side

of (2.5). Moreover, the sum

SzG;unip (f )
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obtained from the right hand side of (2.5) is equalto 0. The identit y becomes
. . X 0 0 X
wMm)j (M;MOEE Mot ) = STy (f ):
M 92E ¢ (M V) t
For the linear forms on the left hand side, we recall that for any M ©, there is a multiplier

Ofor 19 such that
b 9= b( ); 2 he=ag; ¢

Here

0_— 0
! = +dej

is the ane linear embedding of h. into the corresponding space(f%.  h. attached to

£1 2 We also write
t=kim( )k ! t°= kim( 9k = t+ kim(de? )k

for the assaiated change of norms. (See[A7, p. 561]and [I, X7].) The action of °on
1 ac(M9; €) is uniquely determined by the given condition, even though °itself is not.)
The correspondence ! %is compatible with the archimedeantransfer map, from which
it follows that "M 0(f )y ="M 0(f) o. We can therefore expand the linear forms on the left

hand side as
X
gy = M) o

t
by [I, Proposition 10.5].
We have obtained an identit y
w2 (VM OBE (1) o = Saisc (F );
t MO2Eg (M;V) t
between two absolutely corvergernt sumsover t. The right hand sum satis es the global
multiplier estimate [l, (3.3)]. We would like to show that the left sum over t satis es this

stronger estimate, and also that the linear forms Q{?o can be replacedby their \discrete"

analogues.
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The stronger estimate would follow from the proof of [I, Proposition 10.5] and [AZ2,
Lemma 6.3], if it could be shown that for any M, the function "™ °(f) in Sl 4 (£19;€9)
was moderate. This amourts to showing that "M 0(f) satis es the analoguesof the weak
support and growth conditions on p. 531 of [A2]. Asin (@), it is enoughto verify that for
any v 2 V, (G;M), the function "M 0(f\,) satis es the relevant form of these conditions.
The fact that " 0(f\,) is cuspidal meansthat the support condition is vacuous. The growth

condition is a consequencef the identit y
MU= M) w (M)

of Corollary 3.2. For as we saw in the proof of Proposition 3.1, the function ¢" 0(f\,)

belongsto SI (#12; €), and therefore hascompact support on ( #19; €). By the analogue

Y
[A11] of [A1l, Lemma 5.2], the function ¢ y (M?;f,) is rapidly decreasing(in the sense
of [A2, Lemma 5.2]). It follows easily that ¢ y (M2;f,) satis es the relevant growth
condition, at least on the elliptic elemeris on which "Mo(fv) is supported. The same
condition therefore holds for the original function " 0(f\,). Recalling the de nitions (3.12)
and (3:129), we concludethat "M °(f ) is a moderate function in Sl ,(f19;€). Therefore

the sum
X
gF M) o
t
doessatisfy the global multiplier estimate.

For any t, the generalspectral expansion[l, (10.18)] for Q{?o "M 0(f) o Is easily seen
to simplify. Guided by the proof of [A2, Theorem 7.1(a)], one applies the splitting formula

in [A12] to the terms
§e oMf) o ; 02 (L'8)%; 02 o(E%V; ),

in this expansion. Since"V 0(f) o is actually cuspidal at two places, the local induction
hypothesis(1.2) implies immediately that theseterms all vanish. It followsfrom [I, (10.18)]
that

§E M) o = 88 MU(E) o
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Recall that Lemma 7.3(b) of [I] provides an expansionfor Q{?;Bnit "M 0(f) o , aswell asan

expansionfor the more elemerary linear form @{ﬁ?gisc "M®(f) o . One can compare the
coe cien ts of the two expansionsby meansof the formula (10.22) of Proposition 10.7(b)
of [I]. If we combine this formula with the global induction hypothesis(1.4), and the fact

that "M°(f) o is cuspidal at someplace,we nd that
0 0 0 0
S "™ (F) 0 = 84ec ™M (F) o

The right hand side here represens a simple version of the stable spectral expansion of
the original linear form Q{?o "M 0(f) o . This is the secondpoint we wanted to ched.
We have establishedthat
G ; Pl X B0 m°
SCaisc(f ) JW(M)j (M;MI8EGee "M (F) o =0
t 0 M O2E ¢ (M V)
where the sum over t satis es the global multiplier estimate [I, (3.3)]. The rest of the

argumert is entirely similar to the discussionabove for (a). By Lemma 4.1, we can write
G X G
St; disc (f ) = S; disc (f )’

where is summedover the orbits in a seth (r)=W; with kim( )k = t. We x an orbit
1 2 h,(r)=W, , and then choosea correspnding function ; 2 C§_ (h?)"* asabove.

Following the discussionof (a), we deducethat the linear form
SG1;disc (f )

may be represened by the limit

X X
(4:6) lim - jw(M)j (M;MOGE "™M(F) o
' t TMO2Eg (M;V)
for somet > 0. This reducesthe proof of (b) to showing that the limit (4.6) is zero.

To deal with the limits (4.5) and (4.6), we rst write
X
Rlgse "m(F) » = Plyse "w(f)
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and

X
,@0 " 0 _ ,\@o " 0 .
Fase "M (F) o = 8hee ™M) o
where is summedin ead caseover the in nitesimal charactersfor My with kim( )k = t.

Lemma 4.3. (a) If is any in nitesimal character for My, there is a Schwartzfunction

! "M; (f; ); 2 ia'M;Z:iaG;Z;

suchthat for any 2 C! (h?)W: ,
Z
p;wonsc "m(f) = “m; (f; )b( + )d:

lay z =l aG;Z

(b) Suppmsethat G is quasisplit. Then for any in nitesimal character for My and any

MO92 Ey(M;V), there is a Schwartz function

M) 2 iay; =idgy ;

suchthat for any 2 C! (h?)W:,
Z
8% e "M () o = "MP(F: )b( + )d:

iay , =iag,
Pro of. Consider part (a). Any elemennt in | o(My; v) can be regarded as a
function on the product of ( My ; v) with ay =az. For example,if is the image of a

function h2 Hyc(Mvy; v), the value of is de ned by an integral
Z

(:X)= Yy h(m)  (m)dm; (;X)2 (My; v) aw=az;

over a compact set, in which is the character of , and
My = m2My: Hy(m)+az = X

Now the given elemen 2 C! (h?)W: is to be regarded as a multiplier for My . It

transforms any function in 1, (My; v) to the function
Z
(:X)= (X Y) m( Y)Y,
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where aﬁ;z is the subspaceof elemerts in ay whoseimagein ag liesin az, and

Z
m(3Y)= b( + )e Md; Y 2a3”:

|aM;Z:|aGZ

This follows easily from the fact that iay, , =iag, is isomorphic to the dual group of
aﬁ;z =az . (See[A2, (6.1)].) We are most interested in the casethat is unitary, and the
elemen X 2 ay =az is trivial. Then M\>,< equalsthe set we have denoted by M\%. In
order to match earlier notation, we generally resene the symbol for the restriction of the
represeration to this subsetof My . Then may beidentied with anorbit f gofiay, .,
in it (My; v), or if one prefers, the represenation in that orbit whose in nitesimal

character has minimal norm. We shall usually suppressthe elemert X = 0 from the

notation in this case,and write
()= ( ;0
We usetheseremarks to expressthe value of p;vldisc at "m (f) . We obtain a sum
X M
Plasc "m (F) = alisc( ) () ();
2 ;(MC(M;V;)

which can be taken over a nite setthat is independent of , and in which

Z
"m(f) ()= "m (oY) m(Y)dY:

Gz _
aM =az

It would be enoughto show that for any in . gsc(M;V; ), the function
X 0w X); X 2 ag’ =ay;

is rapidly decreasing.For assertion(a) would then follow, with
X M 2 X
"my (f5 )= agisc( ) "w(f; ;X)e KdX;
2 disc (M3V;) ay  Taz

from an interchange of integrals in the last formula. As in the special case proved in

[AC, Lemma 2.15.3],we shall combine the cuspidal property of the map "y with the fact
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that is unitary. (The proof of [AC, Lemma 2.15.3]is a little hard to decipher, because
of an unfortunate typographical error in the assertion of an earlier result [AC, Corollary
2.14.2]. The symbol * M (Fs) in the secondsertence of that assertion should actually
be :emp M (Fs) . The earlier result wasmeart to serwe asthe special caseof [AC, Lemma
2.15.3]in which is tempered.)

We can assumethat f is a product of Q fy, asin (3.10). It is then not hard to see

Vv

from the de nition (3.11) that "y (f; ;X) equals
X z
f|\\;| ( V;X\\;)"M (fv; v;xv)dXV;
V2V (GM ) By Bz

where = Vv, and &), isthe setofvectorsXy = Xy X, in
M
av ;v = am ;w
w2V

whoseprojection onto ayy equalsX . For any v,

Y
Xy 1 fw( VX)) = fmy C wi Xw);
w2VWw
is a smooth function of compact support on the quotient of ay .vw by az.yw. The growth

of "w (f; ;X) is therefore re ected ertirely in the growth of the functions "w (fv; viXy).

It would be enoughto shaw that forany v2 V, (G;M) and 2 nit (My; V),

Xv U "m(fy; viXy)

is a rapidly decreasingfunction on the quotient of the lattice ay., by az.y.

To exploit the fact that "\ (fy) is a cuspidal function, we expand "y (fy; v;Xy) in
terms of the basis T(M,) of nontempered virtual characters discussedin [Al1l], among
other places. (The notation herediers slightly from that of the earlier papers [A5] and
[A7], where the elemens in T(M,) were taken to be tempered. For example, if G is an
inner form of GL(n), T(M,) now represets the basis of standard characters usedin the

proof of [AC, Lemma 2.15.3].) We obtain a nite linear combination

X
"M (fv; V;XV)= ( Vi v)"M (fv; V;XV);
v2T(My; v)
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where T(M,; ) denotesthe subsetof elemens in T(M,) with Z,-certral character equal
to . Recall that T(M,; ) conains the subset T (M,; ) of elliptic elemers. If |
belongsto the complemen of Tgy(My; ) iIn T(My; ), v is properly induced. In this
case

"M (fv; V;XV) =0

since"y (fy) is cuspidal. We can therefore expand "y (fy; v;Xy) asa nite linear conbi-

nation
X

"m(fv; viXy)= (v v)"m(Fys v Xy);
v2Ter (My; v)

for complexnumbers ( ; ). The original represenation  for M, is unitary, and in par-
ticular, hasunitary certral character. We canthereforerestrict the last sumto the setof el-
emens in Tg;(My; ) with unitary certral character. But the setof elemensin Tgy(My; V)
with unitary certral character is preciselythe subsetTiemp el (My; v) of temperedelemerts.

It is therefore su cien t to prove that for any elemernt  in Tiemp;en (My; v), the function
Xy U "m(fvs viXy); Xy 2 ayy=azy;

is rapidly decreasing.
For the caseof tempered ,, we have only to refer badk to our proof that "y, (fy) is

moderate. Indeed, we can write

"m(fv; viXy) = C"M( vi viXy) ¢ l\sl( vi viXy) ¢ m(fvs viXy) s

by Corollary 3.2. As we obsened in the proof of Proposition 3.1, "y (f,) belongsto

I (My; v). In particular, the function
Xy | C"M( Vi Vs v) Xy 2 am v =az.v,

is actually of compact support. Moreover, [Al, Lemma 5.2] and its endoscopicanalogue

[A12] imply that the function

Xy ! Cl\a vi viXy) ¢ m(Fvs viXy); Xy 2ayy=azy;
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is rapidly decreasing. It follows that the original function "y (fy; v;Xy) is rapidly de-
creasing in X,, as required. This completesthe proof of assertion (a). Obsere that
the argumert dependsin an essetial way on the original represemations being unitary.
For it would otherwise be necessaryto contend with nonunitary twists of elemens  in

Tiemp :en(My; v), and since

"M (fvs v Xy) = e(XV)" (fvi viXv); 28y

the functions in question could then have exponertial growth.

For the secondhalf (b) of the lemma, we x the endoscopicdatum M %2 Ey(M;V).
We canregard any elemert in SI (f19 ; € ) asafunction on the product of ( 19 ; €9) with
Apo=ago- SinceM Ois elliptic, there is a canonicalisomorphismX %! X from Ao, ONO
the spaceay =az . We can therefore take the secondvariable of a function in Sl (If/l 9,€0)

to lie in ay =az. If a%% denotesthe subspaceof elemerts in Ao whoseprOJectlon onto

Mg
ag liesin az, X! X restricts to an isomorphism from a _aeo onto ay, :az. This is
. . O . _ —
dual to an isomorphism ! from iay, , =iag.; onto |amo;20—|a@0;20 with the property

that ( + )%= 0+ ©

The role of . gsc(M;V; ) in the proof of (a) is taken by the set  o.gisc (M1 % V; €9)
attached to M %. The elemers in this set belongto ( f19 9;€), and have unitary certral
character. When they occur asthe rst componert of a point in the domain of a function
in Sl aC(M 9:€9), we suppressthe secondcomponert from the notation if it is equal to

zero. Then

0 X 0 0
SMise "M(F) o = HE.( 9™ (F) o 9:

02 0; disc (MO,V;€)

One veri es that the distributions on the right can be expandedas

Z
MUY (Y= M S YY) el SY9dY;

aM’ =az
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where

Z Z
mo( %Y9 = by °+ 9e "™Od = b( + )e Md:

lay .z =1ag; 1ay .z =18g,;;

It would be enoughto show that for any %in  o.gisc (% V; €9), the function
X1 MAEs X, X 2 a” =az;
is rapidly decreasing.For assertion(b) would then follow, with

M © X 0 £ M © 0 Y
MU(F; ) = bE.( 9 "ME(E; %Y%e (Mdy;
a

Gz =ay
02 0. disc (l\eo;v ; eJ) M

from an interchange of integrals.

We can assumethat f equalsa product Q fy, asin (3.10). We write °= N 9, for
elemens 02 ( M9;€)) with unitary certra;/ characters, and then apply the d(\; nitions
(3.12) and (3:129) of "M °(f,). We seewithout dicult y that it would su ce to prove that

for any v 2 V,, (G; M), the function
Xy ! IIMo(fv; S;X\?); szaM;v:aZ;v;

is rapidly decreasing.The function f, 2 H(G,; \)° is of course xed. In the special case
that M%= M , we can assumethat it liesin the subspace= H""S(G,; \)° of H(Gy; v)°,
sincethere can be at most one nonzeroterm on the right hand side of (3.12).

By construction [A7], [A12], the set ( f1 9. €0y of abstract stable charactersis a union
of the subset e||(M 9. €0 of elliptic elemerts with the subsetof elemerts induced from

proper Levi subgroupsof #1 9. If € is properly induced,
M XD =0

since "Mo(f\,) is cuspidal. We may therefore assumethat 9 is elliptic. But the set of

elemeris in ¢ (M9; €) with unitary certral character is the subset tempen(f19; €0)
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of tempered elemens. It is therefore sucient to prove that for any elemen 0 2

\

temp ;ell (lt/| 8; e\(,)), the function
XV ! IINIO(fV; \(/);x\(/)); X\/ZaMyvzaZ’V;

is rapidly decreasing.

For the caseof tempered 2, we write
0 0
MU XY = MUE UXY M %XD);

by Corollary 3.2. We can then argue as in the earlier proof that "Mo(fv) IS moderate.
Since"M°(f,) belongsto SI (f10; €), aswe obsened in the proof of Proposition 3.1, the

function

0
Xy ! crM (fv; \c,);x\(,)); Xy 2 ayy=az.y;

actually has compact support. Moreover, the stable analogue[A12] of [Al, Lemma 5.2]

implies that the function
Xy o€ M(M\E);fv; S;X\?); X 2 ayyv=az.y;

is rapidly decreasing. Therefore the original function "M °(f,; 2;X9) is also rapidly de-

creasing,asrequired. This completesthe proof of the remaining assertion(b) of the lemma.

With Lemma 4.3 in hand, we can now nish the proof of Proposition 4.2. We have to
shaw that the limits (4.5) and (4.6) are both zero. According to the lemma, we can write

the rst limit (4.5) as

x Z
lim jw(Mm)j * “m; (f5 )bm( + )d
mi iay , =lag,

where is summedover the in nitesimal charactersfor My with kim( )k T. The sum

may betakenovera nite subsetof h,(r), which isindependert of m, and which represens
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a setof Weyl orbits in h,(r)=ia ., . Moreover, the integral corvergesabsolutely uniformly
inm. If + liesoutside the W; -orbit of 1, we seethat

mlign om (- + ) = mli!gn bi( + )" =0

since0 b( + )< 1. We concludethat the limit (4.5) vanishes. The treatment of the

secondlimit (4.6) is identical. By the lemma, it equals

X X z .
Tim jwW(M)j ¢ MiM9 M Yom( + )d

M 02E g (M V) 8y 2 =13,
where is summed over the set of in nitesimal characters of My with kim( )k  T.
Using the sameargumerts, we deducethat this limit also vanishes. We have shavn that

the required limits vanish, and therefore that the identities (4.1) and (4.2) hold, with

= 1. The proof of the proposition is complete.
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5. Elimination of restrictions on f

The next step will be to remove the local restrictions on f. We shall show that the
identities of Proposition 4.2 remain valid without the constraints on the p-adic unipotent
orbital integrals. This section can be regarded as a general (untwisted) analogue of the
special casein [AC, x16] of inner forms of GL(n). As in the earlier special case,we shall
relax the constraints one p-adic place at a time.

Let v2 V, bea xed p-adic valuation. We have at our disposal three sets ( G,),
T(Gy), and E(G,), consistingof virtual charactersthat are respectively irreducible, stan-
dard and endoscopic.The setsrepreset three di erent basesof the complex vector space
of virtual characters on the connectedp-adic group G,. Likewise,we have three subsets

temp (Gv), Ttemp (Gv) and tEemp (Gyv), which represen three separate basesof the space
of tempered virtual characterson G, . It will be bestto work with the latter two pairs of
bases,sincethey behase well under induction. We shall of coursealsorestrict ourselesto
the subbasesof elemerts that have certral character on Z, equalto .

We shall consider a xed connected componert  in either of the two sets
Tiemp (Gv; v) OF  emp (Gy; v). Then  is aquotient of a compacttorus under the action
of some nite group. As sud, it acquiresa measured! from the Haar measureon the
torus. Given , wewrite .c for the complexi ed connectedcomponert in the assaiated
set T(Gy; v) or E(Gy; v). The next lemma will be stated in terms of a spaceH( ),
which we de ne to be the subspaceof functions f, 2 H(G,; ) sud that the assaiated
function fy.c( v) or f\EG( v) (on either Temp (Gy; v) or tEemp (Gy; v)) Is supported on

v. At the beginning of x3, we de ned two subspacef H(G,; ) by imposingconstraints

on the unipotent orbital integrals. These provide corresponding subspaces
H( v)°=H( v)\ H(Gy; )°

and

H( )% =H( )\ H(Gy; )%
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of H( ). We shall say that  is elliptic or paralolic accordingto whether the functions
in H( ) are cuspidal or not. Then  is parabolic if and only if it is induced from an
elliptic componert  , (in either Tiemp :en(Lv; v) Or E (Ly; v)) attachedto a proper

temp ;ell

Levi subgroupL, of G, over F,.

Lemma 5.1. (a) Supmsethat  is a paralolic componentin Tiemp (Gyv; v), and that fV
is a function in H(GY,; V) suchthat the identity (4.1) holdsfor any function f = fVf,,
with fy 2 H( )%. Then (4.1) also holdsfor any f = f Vf,, with f, 2 H( ).

(b) Supmsethat G is quasisplit, that  is a paralolic component in tEemp (Gy; v), and
that ¥ 2 H(GY,; ) is suchthat the identity (4.2) holdsfor any function f = f Vf,, with
fv 2 H( )%. Then (4.2) holdsfor any f = fVf,, with f, 2 H( ).

Pro of. The basicidea is quite simple, and is familiar from the special casesin [AC]
and [A7]. To treat the generalcasehere, we have to deal with the usual minor technical
complications. In particular, we needto accourt for the split componert of the certer of
Gy, or rather, its quotient by the split componert of Z,. As in the last section, we shall
work with the vector spacesas, and az,, and the canonical lattices that they cortain.

Supposethat X, is a point in the quotient
agy =azy = Hg, (Gy)=Hz, (Zv)

of these lattices. Let H(GXv; ) be the subspaceof functions in H(G,; ) that are sup-

ported on the subset
Glv= x2Gy: Hg,(X)+ azy = Xy
of G,. We canthen de ne the intersections
H( viXy) = H( W)\ H(GY; V)

and

H( v;xv)oo: H( V)OO\ H( v;Xy):
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Any function in H( ) is obviously a nite sum of functions in the various spaces
H( v;Xy). It is therefore enoughto establish the assertions(a) and (b) for functions
fvin H( y;X,), fora xed elemen X,.

To deal with (a), we considerthe pairs of elemers
= (zv; v); zy 2 Z(Gv); v 2 Runip (Gv; v);

that parametrize Shalika germs near the certer of G,. Any sud i givesrise to the linear

form

Ji(fv) = fv;G(Zv v); fy 2 H(Gv; v);

onH(Gy; ). Having xed  andX,,weletl( ,;X,) bea xed maximal setof pairsfig
for which the restrictions to H( ;X,) of the linear forms f J;g are linearly independert.

By the trivial (abelian) caseof the Howe conjecture, I ( ;X,) is a nite set. (The set
is actually empty unless Z(G,) intersects the group Gf,(“ = GJv=Z,.) The subspace

H( v;Xv)% of H( y;X,) equalsthe intersection
fv2HC viXy) s Ji(fy) =01 21( v;Xy)
of the kernelsof linear forms in this nite set. We x functions
FU2H( viXy) 1 21( viXy)

with the property that
1, ifi=j,

J(h= g if i 6

foranyiandj inl( y;Xy). The map

X .
i

is then a projection from H( ;Xy) onto H( ; X,)%.
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Consider the distribution on the left hand side of (4.1). It hasan expansion
X

1Ehisc (F) 1. disc(f) = age( ) a5 () fal )
2 P (GIV3)

disc
for any function f 2 H(Gy; v). Wetakef = fVf,, and then considerthe distribution as
a linear form in f,. As sud, it hasa further expansionassaiated to the basisT(G,; ).
To seethis explicitly, we write
X
fvic( v) = (vi Wivie( )
v2T(Gy; v)

for coecients ( y; y) attached to any represetation 2 ( Gy; y). We assumethat
f, belongsto the subspaceH (G}v; ) of H(Gy; ). Following our general convertions,
we write ag ., ~for the annihilator in ag of the subspaceaz, ag,. Then f, hasan
equivariance property

fve(v; ,)=¢€ "(XV)fv;G( v)i v2iag, .z, ;

with respect to the action ofiag , onT(Gy; y). Let T(Gy; v) denotethe spaceof orbits

ofiag,., in T(Gy; v). The expansionbecomes

X
(5:1) I I;Edisc(f) I disc () = ( Vfvie(v);
VZT(GV; v)

wherethe coe cien t

(v)= ;disc(fV; v)

equals
X

) @) R (i e
disc disc G Vi Vi .
v2iag 7,

Since

(v;)=e "0 ()

the summandin (5.1) doesindeed depend only on the imageof , in T(G,; ). Obsene

alsothat while the last sum is over represenations 2 £, (G;V; ) for the subsetGg
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of Gy, the factors in a given summand depend on a choice of a represenative Y v of
in  unit (Gv; v). However, the product of thesefactors dependsonly on . Finally, we
note that for xed fV, the sumover , in (5.1) canbetakenover a nite setthat depends
only on the support of f,.¢ (as a function on T(Gy; v)).
Supposethat fV is asin (a), and that f, belongsto H( ;X,). We shall write
and .c for the spacesof orbits of iag, .z, in y and .c respectively. By assumption,

the linear form
X

(! )fv;G (! )

! 2_v;C
on the right hand side of (5.1) vanishesif f liesin the subspaceH ( ;X)) of H( v; Xy).

Therefore
X

Mffs(t) =0

! 2_v;C
It follows from the de nition of f° that
X .
(! )fv;G(! ) = aIJi(fv);
12" y.c i21( viXy)
where

: X .
a = Dy ():

127 yie
The function (') on the left hand side of this identity is supported on nitely many
elemens in _V;C. To dealwith the right hand side, we recall that the Fourier transform of
any p-adic orbital integral, as a distribution on Tiemp (Gv; v), is a smooth function. This
is a special caseof [A6, Theorem 4.1]. (See Remark 4(c) on p. 185 of [A6], as well as

Corollary 9.1 of that paper.) Therefore

Z
Jifv) = _ Ai(D)fve(t)d!; fu2 H( v;Xy);

v

where eath A;(! ) is a smooth function on  sud that

Ai(! )=e CVIA (), v2iag, .z,
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Setting
X
A()= aA();

we concludethat
X Z
(5.2) Mfve()= _ A(M)fve()d!; fv2H( viXy):
127 y.c Y

We shall completethe proof of (a) by shawving that the discretedistribution on the left
hand side of (5.2) can be compatible with the cortinuous distribution on the right hand
side only if both sidesequal zero. This is a p-adic variant of the comparisonwe applied to
archimedean multipliers in the last section. The argumerts are essetially those of [AC,
p. 191]and [A7, p. 567].

By assumption,the componert  is parabolic. It is thereforeinduced from an elliptic

componert

Ly Ttemp ;eII(Lv; v)

attachedto a proper Levi subgroupL, of G, over F,. We canthen identify , with the set
of orbits |, =W( ,), where W( ) is the stabilizer of |, in the Weyl group W (L)
of (Gy;AL,). Now the real vector spaceia,_ ., actstransitiv ely on the elliptic componert

L,- Leti  bethe stabilizer in ia ., ofany point!oin ,. Theni |, is alattice in

ia_ .z, . For any choice of basepoint ! o, we canidentify |, with the compact torus
la, = la 7 =i

The smoothness condition for the function A(!) in (5.2) pertains of courseto the co-
ordinates de ned by the torus, and aswe noted earlier, the measured! is induced from a
Haar measureon the torus.
It is a simple consequencef the trace Paley-Wiener theorem [BDK] that the image
of H( v;Xy) under the map
fv I fus(l); 12 v
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is the iag ., -equivariant Paley-Wiener spaceon . In other words, the image can be
identi ed with the spaceof W( _,)-invariant functions , on |, which coincide with

nite Fourier serieson the torus ia,, and which satisfy the condition

v )= v(!)eV(xV); 12 V2iaGV;Zv:

We can obviously identify ead side of (5.2) with a linear form in . We obtain

x Z
(5:3) W LGDIEWC L) T () )= W L) A W)Y

— Ly
'2 Ly.c

where ,,c and |, arethe quotients of | ,.cand ., byiag , ,andW(  ;!)is
the stabilizer of ! in W( ). This identity holds for any function  that lies in the
iag, .z, -equivariant Paley-Wiener spaceon ,, and is symmetric under W( ). But
as equivariant functions on | ,.c and 6 respectively, both (!) and A(!) are also
symmetric under W( ). It follows that (5.3) actually holds for any  in the full
equivariant Paley-Wiener spaceon |, .

To exploit (5.3), we identify |, with ia, by choosing a basepoint ! . Then
ranges over the spaceof nite, iag ., -equivariant Fourier serieson the torus ia,. We
shall consider the Fourier transform of eat side of (5.3) as a distribution on the dual
group

v = Hom( ;2):

Let \)f v bethe preimageof X, under the canonicalmap from  to ag,=az.y. Then

Xvisanane sublattice of , onwhichthe kernel 9 of the map acts simply transitiv ely.
The imageof the spaceof test functions  under Fourier transform is the spaceof functions
of nite support on Xv. The Fourier transform of the distribution (! ) on the left hand
side of (5.3) is a nite linear combination of (nonunitary) exponertial functions on v
(relativ e to the action of ). The Fourier transform of the distribution A(! ) on the right

hand side of (5.3) is a rapidly decreasingfunction on Xv. The resulting two distributions

68



on v areincompatible. They can be equal only if they are both simultaneously equal
to zero. It follows that the left hand side of (5.3) vanishes,and hence,that the left hand
side of (5.2) also vanishes.

We have establishedthat

X
(Mfve()=0; fv2H( v; Xy);
! 2_V;C
It follows from (5.1) that
E X
I;disc(f) I disc () = (Wfve(v) =0
2?(Gv§ v)

for any function f = fVf, with f, 2 H( ;X,). The sameformula therefore holds for any
such function with f, 2 H( ). This completesthe proof of part (a) of Lemma4.1.

We needonly add a few remarks in the caseof part (b), sincethe proof is essetially
the same. In this case, G is quasisplit, and  is a parabolic connected componert in

Femp (Gy; v). Here,wetakel ( ;X,) to be a maximal set of pairs
i = (zv; V) 2,2Z(Gv); v2 goip(Gy; v);
such that the endoscopicorbital integrals
Ji(fv) = foa(zv v); fu 2 H( v; v);

onH( y;X,) arelinearly independert. We then de ne a projection

X .
fy | f\s)o:fv Ji(fv)f\lli

i
from H( ;Xy) onto H( v;X,)%, asin (a).

The distribution on the left hand side of (4.2) has an expansion

X
S(;Sdisc(f) = Gisc( )fg( ):
2 F e (GV5)

; disc
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Assumethat f = fVf,, wheref, belongsto H(G\>,<V; v). We can then considerthe distri-

bution asa linear form in f,. We seethat

X
(5:4) SPaisc(f) = ( Wfve( v

—E
v2 (Gv; v)

wherethe set_E(GV; v) = E(GZv; ) equalsthe spaceof orbits ofiag, ., In E(Gy; v),

and the coe cien t
( v): ;disc(fv; v)

is de ned as a double sum
X X VE, v
Gisc( Ve (")

\

over elemens 2 £, (G;V; ) and 2 iag, , sud that has a represenativ e

v v: , In ( Gy; v). Supposethat f" is asin (b), and that f, belongsto H( ; ).

\

Combining (5.4) with the projection f, ! {90, we obtain an identity

X ,
(Mfre(t) = bJi(fy);

12 y.c i21( viXy)
where
_ X
b= (1)(Fue)E():
! 2_v;C
Since the endoscopicorbital integrals J;(f,) are nite linear combinations of invariant
orbital integrals, their Fourier transforms are also given by smooth functions. Therefore

Z
Ji(fv) = Bi()fy G(' yd!; fv2H(C v; Xy);

v

where eadh B (! ) is a smooth function on  sud that
Bi(! ,)=e *®vB(1):

It follows that

X Z
(5.5) Mfee) = (is()d; fv 2 H( viXy);

- v
12 yv.c
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where

X
B(!)= B(1):

The rest of the proof of (b) is the sameasthat of (a). We identify , with a set of

orbits | ,=W( _,), for an elliptic componert

E .
Lv temp;ell(l—v, v)

attached to a proper Levi subgroupL, G,. For any basepoint ! o 2 |, we identify

L, in turn with a compact torus
la, =la .z =i

The proof of (b) is then establishedby transforming (5.5) into an identit y betweendistri-

butions on a corresponding a ne lattice .

Corollary 5.2(a). (a) The identity (4.1) of Proposition 4.2(a) holds for any function f
in Hu (Gv; v).
(b) If G is quasisplit, the identity (4.2) of Proposition 4.2(b) holds for any function f in
Hy®(Gy; v).

Pro of. Proposition 4.2(a) appliesto any function in Hy (Gy; v)°. We have to show
that it remainsvalid for functions in the larger spaceHy (Gyv; v). Now Hy (Gy; v)% is

spannedby functions f = Q fy that satisfy the following conditions.
v2V

(i) For ead placev 2 V, (G;M), f, belongsto H(Gy; v)°.
(i) At someplacev?2 V, , f, belongsto H(G,; ).

(iif) At two placesv 2 V, f is M -cuspidal.

The larger spaceH )y (Gy; v) is spannedby functionsf = f, that satisfy only condition
(iii). Notice that if f, is M -cuspidal, the restriction of the function f,.c to any connected
componert of Tiemp (Gyv; v) is also M -cuspidal. We can therefore span Hy (Gy; v) by

functions that satisfy (iii), and the following support condition.
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(sa) For ead placev 2 V, , there is a connectedcomponert  of Tiemp (Gv; v) sud that

fy belongsto H( ).
Q

We consider a function f = ~ f, that satis es (iii) and (sy), for xed componerts

v In the sets Tiemp (Gy; v). To e\;tablish part (a) of the corollary, it is enoughto show
that any sudh f satis es the identity (4.1). We are free to enlargethe setV if we choose.
In particular, the left hand side of (4.1) remains unchangedif V is replaced by a larger
setVi = V[ fvig, and f is replacedby a function f; = fuy,. The local componert uy,
here stands for the unit in an unrami ed Hede algebraat v;. It liesin H( v,; v,), where

v, IS an unramied character on Z,,, and , is the parabolic componert of unrami ed

represemations in Tiemp (Gv,; v,). We may therefore assumethat the set
Voar = Vpar (f) = Vv2V, :  isparabolic

iS nonempty.

Supposethat f satis es the extra constraint that f, belongsto H(G,; )%, for eat
V2 Vpar- Then f satis es the condition (ii). If v liesin the complemen of Vo in Vi,
is elliptic, and H(Gy; ) equalsH( ; +)° by de nition. Therefore f satis es condition
(i) aswell as (i) and (iii). In other words, f belongsto Hy (Gv; v)°, and consequetly
satis es the identity (4.1). To remove the extra constraints, we apply Lemma 5.1(a) to
eat of the placesv 2 Vp, . We thereby deducethat the identit y remainsin force without
the requiremert that f, liein H( ; ). This establishesthat (4.1) holds for any f that
satis es (iii) and (sz), which in turn yields the required assertionof part (a).

The sameargumert appliesto part (b), exceptthat H{'(Gy; )% and H{M(Gy; v)
play the rolesof Hy (Gy; v)® andHy (Gy; v). The spaceH s (Gy; v)% is spannedby
functions f = Q fy that satisfy conditions (i){(iii), and alsothe following supplemenary

v2V
condition.

(iv) At someplacev2 V, f& = 0.
The larger spaceH i (Gy; v) is spannedby functionsf = f, that satisfy only conditions
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(i) and (iv). Obsene that if f, is either M -cuspidal or unstable, the restriction of the
function f\EG to any connectedcomponert of tEemp (Gy; v) hasthe sameproperty. We can

therefore spanH ;" (Gy; v) by functions that satisfy (iii), (iv), and the following support

condition.

(sp) For ead placev 2 V,, , thereis a connectedcomponert  of t%mp (Gy; v) sud that
fy belongsto H( ; V).

We can then derive the assertionof part (b) as above.
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X6. Local trace form ulas

Our concern has been the global trace formula, and the stabilization of its various
terms. Howewer, there will come a point in the next section when we have to apply the
local trace formula. In the presen section, we shall lay the groundwork for this. In
particular, we shall take up the study begunin [A10, x9] of how to stabilize the local trace
formula.

For the next three sections, F will be a local eld. We take G to be a reductive
K -group over F, which for the momert is arbitrary . In this context, Z standsfor a certral
induced torus in G over F, and is a character on Z(F). Before we discussstabilization,
we have rst to reformulate the invariant local trace formula of [A5] sothat it is compatible
with the canonically normalized weighted characters of [A8]. As might be expected from
the global constructions in [I, x2{3], the result will be a little simpler than the formula of
[A5, x4] that dependson a noncanonicalchoice of normalizing factors.

We temporarily adopt notation from [A10, x8{9], in which V = fv;;v,q is reducedto
the role of an index set of order two. Then Fy = F  F, Gy = G(Fy) = G(F) G(F),

and y = 1 while
f=f T, fi 2 JG; )= CG(F), ;

is a function in the Schwartz spaceC(Gy ; v). The geometricsideof the local trace formula

will be the linear form

Z
X .
(6:1) I(f)= W' [jWgj t( 1)dmCAm =Ae) Im ( 5f)d ;
M 2L G -reg ;ell (M3V; )

de ned [A10, (9.2)] in terms of the invariant distributions Iy ( ;f) in [A10, x4]. We have
written  g-reg:ell (M ;V; ) for the subsetof strongly G-regular, elliptic elemerts in the basis

(M; )= M(F); ,identied with its diagonalimage

(;): 2 G-reg;eII(M; )
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in (My; v). (The set g-reg:ei(M;V; ) is bijective with the family g-reg:el (M) of
strongly G-regular, elliptic conjugacy classesn M (F) = M (F)=Z(F) usedto state [A10,
(9.2)].) The spectral side will be a distribution

Z
(6:2) laisc () = iS())fg()d

Taisc (GIV; )

that is essetially discrete. Here we are following notation of [A5, x3] (with obvious mod-

i cations for the character ). We have written Tgisc (G;V; ) for the diagonal image
(=) 2 Tahisc(G; )

iN Tiemp (Gv; v) of the subset Tgisc (G; ) Of Tiemp (G; ) = Tiemp G(F); dened ason
p. 96 of [A5]. As on the geometric side, we do not generally distinguish between the
elemen attached to G(F) and the corresponding pair ( ; -) assaiated to Gy . Thus,
i®( ) is the function [A5, (3.2)] on Tgisc(G; ), and d is a measureon Tyisc (G; ) de ned

asin [A5, (3.5)] (with iag., playing the role of iag), while

fe( )= (f)e( )F)a( -)=fic( )ac():

Prop osition 6.1. I (f) = lgisc(f).

Pro of. We canaord to be brief, sincethe proof is similar to that of [A5, Theorem
4.2]. The discussionof [A5, x4] appliesonly to a function in the Hede space,but it extends
easily to the Scwartz spaceby the argumerts of [A6, x5]. We note in passingthat while
the formula of [A5, x4] is closeto the assertionof this proposition, the invariant local trace
formula establishedin the paper [A6, x5] is of a rather dierent nature. The latter was
designedto prove the qualitativ e theoremsin [A6, x4] for distributions on G(F), rather
than for the comparison of distributions on di erent groups.

The starting point is the noninvariant trace formula, which consistsof two di erent

expansionsof a noninvariant linear form J(f ). As formulated in [A5, Proposition 4.1], the

75



expansionsare

Z
X .
(6:3) J(f) = W' jiwgj H( 1)dmCAm FAe) v (:f)d
M 2L G'reg;eII(M;V; )
and
X | z
(6:4) J(f) = W' jiwgj T 1)dmCAm FAe) iM()Im(f)d:
M 2L Taisc (M;V; )

The point hereis that the distribution Jy ( ;f), de ned for exampleasin [A5, x4], actually

equalsa canonically normalized weighted character. To put it another way,

Iv(f)= m(f)= m(fr fy -);

where

M- CGyv; v) ! IT(My; v)

is the mapping of [A8, x3] and [A10, x4]. This property is not hard to establish from

the de nitions just cited. Since we have already proved the analogousglobal property

in [l, x3], we shall leave the details to the reader. (The property is closely related to

the analyticity assertionsof [A4, Lemma 12.1] and [A8, Proposition 2.3]. Unnormalized

weighted characters are generally only meromorphic.)

Following the usual recipe, we de ne invariant linear forms
I QLyv; v) ! C;

inductiv ely by setting

X . _
J(F)= JWEWE] L pdm(AcFA P ()

L2l
It follows by induction from (6.3) and the de nition
X
Iu( ;f)= KoL)
L2L (M)
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that 1 ©(f) is equal to the expansion (6.1) for I (f). On the other hand, if we de ne

invariant linear forms

i (): CLlv; v) ! G L2L;
inductiv ely by setting
X
Iu( )= B @)
L2L (M)

then

G, .en_ fo(); ifM =G,
i (51)= 0; if M 6 G.

It follows by induction from (6.4) that | ©(f ) is alsoequalto the expansion(6.2) for I gisc (f ).

We have shown that | (f ) equalsl gisc (f ), asrequired.

The proposition assertsthat the expansionson the right hand sidesof (6.1) and (6.2)
are equal. This is the invariant local trace formula we were seeking. It diers from the
earlier formula in [A5, Theorem 4.2] as follows. On the geometric side, the invariant
distributions Iy ( ;f) in (6.1) are de ned in terms of the weighted characters of [A8],
while their counterparts in [A5, (4.10)] usethe weighted characters on p. 101 of [A5]. On
the spectral side, the distribution |g4isc(f) in (6.2) is essetially discretein the variable |
while its courterpart [A5, (4.11)] contains cortinuous terms that arise from normalizing
factors for intertwining operators.

We turn now to the question of stabilizing the terms in (6.1) and (6.2). Supposethat
Glis an endoscopicdatum for G. Following the corvertion in [A10, x9], we shall identify

G°with the diagonal endoscopicdatum
G) =G G°

forGy = G G. Werecallthat if G°represers the datum (G% G*s% 9, then G°represers
the adjoint datum G%G%(s9) !; ©. Recall that the Langlands-Shelstadtransfer factor

attached to (G; G% dependson a choice of auxiliary data €°! GP%and & G°! L@&Pfor
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G°% We would like to choose compatible auxiliary data for G° Since G° equals G as a

quasisplit group, we can set 8= &% The choice of L-embedding
®. ®=¢ | 8= Le°

is then dictated by the following lemma, which was suggestedto me by Kott witz.

Lemma 6.2. Given € we can choose® so that the relative transfer factor for (G;G9) is
the inverse of the relative transfer factor for (G; G9.

Pro of. This is Lemma 8.1 of [A10], which was stated essetially without proof.
Howewer, there is one point that ought to be veri ed in detail. In fact, the description of €o
given on p. 258 0f [A10] is not correct, sincethe map €0 de ned there is not an embedding
of the required type. (Its restriction to the subgroup®°= &0is not the identit y embedding
of this group into Eo= éo.) We needto seehow the choice of € is forced on us by the
transfer factor for (G; G9).

We may assumethat the group €° = &° equals G° [LS, (4.4)]. Then € is simply
an L-isomorphism, which we useto identify G°with -G® We canthen treat ®asan L-
embedding of - G%into - G. With this assumption, the relativ e transfer factor for (G; G9 is
de ned asa product of four terms [LS, (3.2){(3.5)]. The relative transfer factor for (G; GY
is de ned by a similar product, exceptthat the elemen s®in the factors | and  [LS,
(3.2), (3.4)] hasto bereplacedby its inverse(s® 1. If f garethe -datafor G°on which
the other two factors |, and » [LS, (3.3), (3.5)] depend, we are free to takef 1gto
be the -data for G% It is then clear from the de nitions [LS, (3.2){(3.4)] that the three
factors 1, |, and  for GPare all inversesof the corresponding factors |, ;, and 1

for G% The remaining factor
o= _2( o ); 02 G-reg(GO); 2 1eq(G);

for G0 is absolute, in the sensethat it can be de ned without referenceto a base point.

It is alsothe only factor that dependson the choice of €. We are now treating € as an
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L -automorphism of - G°. The choice of ®is therefore equivalert to that of an L-embedding
“0_- O (eO) l: LGO I LG,

which coincideswith 2on &% We can assumethat the restriction of ® to the Weil group

We of F presenesa -splitting of ®° Then Cis of the form
A w) = 2qw) Ag® w); P°2 6% w2 W ;

where 20 is a 1-cocycle from We to the certer Z (89 of 8° We have to show that z° can
be chosensothat »( % ) equalsthe inverseof the corresponding factor ,( % ) for G°.
This is the point that is not immediately obvious from the de nitions.

The assertionis not in itself hard to verify, but it doesrequire a recapitulation of the
variousobjects[LS, (2.5), (2.6), (3.5)] that gointo the constructionof ,( % ). The -data
are attached to the maximal torus T in G (the underlying quasisplit inner form of G) that
is the imageof the certralizer of (a represetativ eof) °undera xed admissibleembedding.
Their role is to provide two L-embeddings 2: :!T! LGPand +:'T! 'G. The factor

2 isde ned in terms of theseembeddingsby the local Langlandscorrespondenceon T (F).
To consene notation, we assumethat the restrictions of ¢, %and 1 to the relevant dual
groupsare simply the trivial injections oferrbeddedsubgroups‘b 808 dandP 6.
The factor is then de ned by

2(% )= ha; i
where is the imageof °in T(F), and a is the 1-cocycle from Wg to P de ned by

0 0 — .
T—aT.

Our task is to choose °sothat the corresponding cocycle a for G° mapsto the image of
a lin HY(Wg: D).
The value of the L-embedding 1 at an element w 2 WE is given by a product
(W) = r(w)n(w):
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Herer: Wg | P is the 1-chain de ned in [LS, (2.5)] in terms of the -dataf ganda

xed gaugeon the roots of (@; 'b), while
nw)=n'!s() w
is the elemert in "G de ned in [LS, (2.1)] in terms of a xed  -splitting
P:B;fx 2 ( @;'b)g

for (@;'b). We recall that is the image of w in the Galois group ¢ = Gal(F=F), while
I 1( ) is the element in the Weyl group  of (8; P) de ned by the action of ¢ on T, and
n'!s( ) isarepresemative of ! t( ) in the normalizer N of Pin @. The value at w of

the secondenbedding ¢ is given by a corresponding product
9(w) = rqw)nw):
In this product, nY! ) is de ned in terms of a xed splitting
PBAfX 2 ( B%P)g

for (8% P) such that B°= 8%\ B [LS, (3.1)]. The two elemerts n(w) and ° n%qw) in LG

have the sameaction by conjugation on P. Their quotient
bw) = °nqw) n(w) *
therefore lies in P. Sincethe guotient
o(w) = rq{wjr(w) *
alsoliesin P, we obtain a decomposition

a(w) = b(w)c(w):
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We must comparethis with the corresponding decomposition for a(w). Now a(w) is de ned
by replacing °with ©= z°© for a 1-cacycle z°2 z! We;Z (89 to be chosen,and by
replacingthe -dataf gbyf g This hasthe e ect of replacing b(w) by z%(w)b(w),

and c(w) by c(w) !, asoneseeseasily from the construction in [LS, (2.5)]. It follows that
a(w)a(w) = bw)c(w) zY(w)bw)e(w) * = zYw)b(w)?:

It would be enoughto shaw that the 1-cocycle b(w)?2 in Z1(Wg ; P) mapsinto the image
of HX We;Z(8% in HY(Wg;P). For we could then take zw) to be any elemer in
Z1 We:Z(8% whoseimage in H1(Wg;P) equalsthat of b(w) 2. This would in turn
yield a formula

(%)) (% Y=tma =X i=1

that givesthe desiredrelation betweenthe two factors.
Themap :w! !1( ) wisahomomorphismfrom W to the groupt = o WE.

The mapw ! n(w) is the composition of this homomorphism with a function
coow b on(t) w

from - to the group "N = N o W, where Wg acts on N by meansof the xed -

splitting of (8; ). To de ne n(! ), Langlands and Shelstad rst set

n(® )=n()=exp(X )exp( X )exp(X );

for any simpleroot , andfor the root vectorsX andX  givenby the splitting. Following

[Sp], they then de ne
n(*)=n( 1) n(n);

for an arbitrary elemenn ! 2  with reduceddecomposition ! = ! ! into simple

1 " n

re ections. There are of coursesimilar maps % Wg ! L %and %L 91 LNOfor G°
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We therefore have a diagram

L o !° LNO
% 5 2
? ?
WF yO yO
&
L ! LN

with vertical arrows obtained from the L-embedding ¢ “G°! L'G. The squareis not

generally commutativ e. Howewer, the obstruction
(9= °99 A9 & o2 L0
doesbelongto P. Since
bw) = qw) ; W2 We:

it would obviously be enoughto arrange things sothat forany °2 - 9 ( 92 liesin
Z(89.

The map dependson our xed splitting P ®:fX g for (@;‘b). We shall expand
the set f X g into a complete family of root vectors f X g, where runs over the set

( @;‘b) of all roots of (@;'b). We claim that this can be donein suc a way that if
= : 2 ( @;-b); 2L

then

Ad ()X = Ad(u)X :

for someelemen u 2 P with u2= 1. It is clearly enoughto show that the condition holds

if = ,and X = X is any assiated root vector. In the special casethat =

is simple, the condition follows (with u = 1) from [Sp, Proposition 11.2.11]. If = s

arbitrary , we choose! 2 sothat =1! issimple.Then(! t!) = ,and
X =X :
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SinceLemma 2.1.A of [LS] implies that

() (M)=u )ty
for someelemen u 2 P with u2 = 1, the condition holds in this caseaswell. The claim
follows. Having chosenthe family f X g, we take
PBoEX 2 ( BP)g; Bo= &%\ B;
to be the splitting for (@0; 'b). To ensurethat this is a ¢-splitting, we might have to
replace ° by an L-embedding whose restriction to Wg diers from that of ° by some
'b-conjugate. Sud a changesenesonly to multiply a by a 1-coboundary from Weg to b,

and therefore has no e ect on the image of a in H (W ;'b).

We can now complete the argumert. Supposethat Cis anelemer in - © Then

(9 ()= A%
where = 9 9 andn®= 9% 9. Assume rst that ©belongsto the subgroupWg of - ©
Let beasimpleroot of (B%P), andset = ! .ThenAd 9n9 X equalsX , since

n° presenesthe splitting for (8% ) and °is a homomorphism. Therefore
X =Ad MY X =Ad (9)YAd ()X =Ad (Yu X ;
for an elemen u 2 P with u?2 = 1. It follows that ( 92 equals1 for any simple root
of (8% ). We concludethat ( 92 belongsto Z (89, asrequired. Assumenow that °
belongsto the subgroup %oft 2 Then Yn% =n°=nq 9, and ()= (9 =n(9,
since O restricts to the trivial embedding of 8% Consider the special casethat %=1 |
for a simple root  of (8% P). In this case,we choose! 2 sothat = ! isa simple

root for (@; 'b). It then follows from [LS, Lemma 2.1.A] and the de nitions above that

exp(X )exp( X )exp(X )

n( 9 =n()

Int(u)int (') * exp(X )exp( X )expX

Int(u) n(!) *n( )n(!)

Int(u)int(un(t 1) = (uud! (uu® *n();
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for elemens u;u®2 P of square 1. Therefore ( 9 equalsthe product uu® (uu9 1, an
elemen whosesquareis alsoequalto 1. Finally, if %is an arbitrary elemert in ©, we write
%asa product ! |, ! of simple re ections in % It then follows from [LS, Lemma

n

2.1.A], and what we have just proved, that

n )=n% ) n%Y )
= un(t Huzn(t ;) uan(t )
=un(! ) n( ,)=uuh();
where us;:::;Un, u and u® are all elemerts in P of square 1. Therefore ( 9 equalsuu®,

an elemen whose square is again equal to 1. We have now only to recall that - ©is
a semidirect product of the two subgroups °©and Wg. We concludethat ( 9? lies in
Z(89 for any elemen °in - © This is what we set out to prove. As explained above,
the embedding

wy = qw) 9w W2 We;

provides a factor ,( % ) that is the inverseof »( % ).

We return to the setting of Proposition 6.1, in which f 2 C(Gy; v) is a function of

the form f; f,. Lemma 6.2 applies directly to the transfer

of f to an endoscopicgroup GY = G° G° According to the discussionon p. 269 of [A10],

which is basedon the assertionof Lemma 6.2, f 9 is equal to the product

0%

No

— £G° Go.
=f; f>

In particular, f%is a function in SI (€9;€%), where €& = € (€% 1 The transfer
mappingswere usedin [A10, x9] to construct supplemenary linear forms 1 E(f ) and S®(f)
from | (f ). They are de ned by the familiar formula
X
15(f) = (G;GH8A Y + "(G)SO(f);
G%2EY (G)
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in which the linear forms 8° = 8€° on S| (€%;€) are determined inductively by the

further requiremert that 1 5(f) = I (f) in caseG is quasisplit. We recall that
(G;GY = jOutee(G)j jZ(8%) =Z(8)j *;

and that "(G) equalsl or 0, accordingto whether or not G is quasisplit. One of the main

results of [A10] was Theorem 9.1. This theorem provides geometric expansions
z

X .
(6:5) 15(f) = W iWg ) (o 1)dmCAu Ae) g ( ;f)d
M 2L G'reg;eII(M;V; )
and
X o X
(6:6) Se(f)y= Wo'jjwgj *( 1)dm(AmAe) (M;M9
M 2L M 02E ¢ (M)

Z
n(9 sg Mm% %f)d ¢
G -reg ;e (NEOV;©)
in casethat G is quasisplit, that are reminiscert of the global geometric expansionsof [I,
Proposition 10.1].
In [A10, x10], we alsostabilized a special caseof the spectral side,in which the function

f1 was cuspidal. (The results were usedin the cancellation of p-adic singularities in x3.)

The formal aspects of the processwork in general,being no di erent from the construction

above. For any function f = f; f,, weset

(G; GO8e (F ) + "(G)SSec (F);
(G)

E
l disc (f )
GO2E ¢

ell

for linear forms 2., = 8%’ on SI (€Y ; &) that are de ned inductively by the condition
that 15..(f) = laisc(f) in caseG is quasisplit. The linear form S§.. is de ned as usual
only when G is quasisplit. It follows inductively from Proposition 6.1 and the two sets of

de nitions that

(6:7) 1E(f) = 1gse (F)
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in general,and that
(6:8) S°(f) = Sgisc(f);

in caseG is quasisplit.

The linear forms I 5. (f) and S§. (f ) have expansionsthat are parallel to (6.2). To
state them, we have rst to de ne the relevant coe cien ts by local analoguesof the global
de nitions [I, (7.7), (7.8)]. If belongsto Tiemp (Gv; v), we set

X X X
(6:9)  i%F()= GiGYS®( ) (% )+"(G) () oli );
Go o
with G% ©and summedover the setsEQ (G), temp (€); %) and &, (Gv; v), re-

spectively, and with coe cien ts s@o( 9 de ned inductively by the requiremert that
(6:10) iSE()=i%();

in the casethat G is quasisplit. It is understood that i®( ) is de ned to be 0 for any

in the complemert of Tgisc (G;V; ) in Temp (Gv; v). Like the original coe cien ts ic(),
both i®E( ) and s®( ) are supported on setsthat are discrete modulo the diagonal action
of iag, . Following the generalprescription in [I, x7], we can de ne iag., -discrete subsets
Tisc(GiV: ) Tuisc(G:V; ) and G (G:V; ) of Temp (Gv; v) and g, (Gv; v), re-
spectively, which cortain the support of the respective coe cien ts i®5( ) and s®( ). The

sumsover %and in (6.9) may then be restricted to the subsets
disc(@(); V; eO) = Eisc(@(); V; eO) \ temp (@9/ ; ee/)

and G (G;V; ) of temp (6); %)) and g, (Gv: v) respectively. We note that the
Haar measureon ias, determinesnatural measuresd , d ° and d on the respective

spacesTE (G;V; ), aisc(B%V;€) and 5. (G;V; ).

Prop osition 6.3. (a) If G is arbitrary,
Z

(6:11) | gisc (F) = i%E()fa()d:
T (GIV5 )

disc
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(b) If G is quasisplit,
Z

(6:12) Sgiec (f) = s®()f&()d:
tIiEisc (GVi)

Pro of. The assertionsof the proposition have the sameform asthose of Lemmas7.2

and Lemma 7.3 of [I]. The proofs are similar.

Corollary 6.4. (a) Assumethat Local Theorem 1(a) holds for G and its Levi sub-

groups. Then

iSE(Yy=1i%(); 2 TE (GV; ):

(b) Assume that G is quasisplit, and that Local Theorem 1(b) holds for G and its Levi
sulgroups. Then the coe cient s®( ) vanisheson the complement of s (G;V; ) in

disc (G V5 ).
Pro of. Considerpart (a). We rst combine the assertionof Local Theorem 1(a) with

the splitting formulas [A10, (4.6), (6.2)] for the product f = f; f,. We obtain
'5( H)=1m(f); 2 G-regiell (M;V; );

in the usual way. It follows from the expansions(6.1) and (6.5) that I5(f) = 1(f).
Therefore

s (F) = 15(F) = 1(f) = laisc(F):

The identit y betweenthe coe cien ts i®E( ) and i®( ) then follows from a comparison of
the expansions(6.2) and (6.11) for | gisc (f ) and 1 &, (f ). The proof of (b) is similar.

Remarks. 1. Part (a) of Corollary 6.4 is equivalert to the assertionthat 15 (f) =

laisc (f ). Part (b) is equivalert to the assertionthat the distribution S¢(f) is stable. This
secondassertionis of courserequired to complete the inductiv e de nition of | . (f).

2. If F is archimedean, Corollary 6.4 could be established directly from Langlands's
parametrization of temperedrepresenations [L2], the character identities of Shelstad[Sh],

and local analoguesof the results in [A3].
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We now return to the induction hypothesis of x1, with xed integers dger and rger.
Since our intention is to apply the local trace formula to the proof of Local Theorem 1,
and sincethe archimedeancaseis treated in [A13], we take F to be a p-adic eld. The K -
group G is then just a connectedreductive group over F. We assumethat (G;F) satis es
Assumption 5.2(2) of [I], and that dim(Gger) = dger. Given G, we x a Levi subgroup M
with dim(Am \ Gger) = rger. For simplicity, we shall assumethat Gge, is simply connected,
and that the certral induced torus Z in G is trivial. If G%is any endoscopicgroup for G,
we can then take the certral extension °to be G itself.

We recall that  §_ .o (M) denotesthe set of isomorphism classesof pairs (M % 9),
whereM %is an elliptic endoscopicdatum for M, and °belongsto the set  G-reg:en (M 9 of

G-regular, elliptic stable conjugacyclassesn M (F). Then (E;_reg;e”(M) canbeidenti ed

with the quotient of
(M O; 0) : MO2 Eel (M); 02 G-reg;eII(MO) ;

under the action of the nite group Outy (M9 on G-reg;ell (M 9. If is the image in

G-reg:el (M) of apair (M% 9, we shall write ~ and * for the imagesof the respective

pairs (M% 9 and M%( 9 1. Werecallalsothat G-req:en(M) canbeidentied with a

subsetof  G_req.eq(M). It will be corveniert to set
G-regiel (M); if G is not quasisplit,
G reg ell (M )

If G is quasisplit and is the imagein &_oq.¢ (M) of (M 9, Lemma 3.1 of [A10]
tells us that the linear form

"(fi)=SaMS S ); f 2H(G);

dependsonly on . Local Theorem 1(b) assertsthat this linear form vanishesif lies in

E;O

G-reg:e (M ). The local trace formula allows a modest step in this direction.

Lemma 6.5. Supmsethat G is quasisplit, and that

(6.13) "(f;)="0)f E;M( ); 2 G reg a(M); 2 H(G);
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for a smooth function "( ) on the complement 5. ../ (M) of G-reg;en(M). Then

(6:14) ")+ hH=o

Pro of. The lemma will be a simple consequenceof the local trace formula, in the
form of a local analogue of Lemma 2.3(b). Let H{®*(G;V) be the subspaceof H(G;V)
spannedby functions f = f; f, sud that both f; and f, are M -cuspidal, and such
that either fS = Oor f$ = 0. If f belongsto this space,the expression(6.6) simpli es.
Arguing asin the proof of Lemma 2.3(b), we seethat S®(f) equals

WM} DImAN AT (M
7 M 02E o (M)

(9 1 SE(M® %f )y (9+ SS(MC CF,)fM°(9 d

G ~reg ;ell (M O)

If isthe imageof (M% 9 in  &_..(M), the last integrand equals

N(Y L (e ) om O+ (2 ) Ew ()

According to the de nitions [A7, x1,3],

1

(M;M9n( ) = joutu (M9} 4z =Z(@) j (P =Z (@9
= joutm (M9j *n() %

whereT%= M o,and

n()=i(Py =Z@) j:

Setting

Qu = JW(M)j 1 1) (An A,

and noting that Outy (M9 acts freely on  g-reg:en (M 9, we seethat S€(f) equals

z

G0 T O (0 (O d

G ~reg ;ell
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Supposethat, in addition to the conditions above, both f, and f, are unstable. Then
fEw and f_iM are both supported on the subset 5. (M) of E_ . (M). Our
expressionfor S€(f ) reducesto

Z

(6:15) Gy MO OO e Ofzw Od

G ~reg ;ell

Since S¢(f ) equalsS§,. (f ), this in turn equalsthe expansion

Z

(6:16) sC( )fg( )d
fsc (GV)

disc
for S§.. (f) given by (6.12).

It isnot hard to show that the equality between(6.15) and (6.16) forcesead expression
to vanish. The argumert is similar to that of x5, except simpler, sincethe linear forms in
(6.15) and (6.16) are tempered. We shall give a brief sketch. Let f, be xed, and consider

(6.15) and (6.16) as linear forms on the spaceof functions
1! g (1) 12 Emp (G); f12 HYS(G):

The distribution corresponding to (6.15) can be identied with a smooth function on the
image of the space
Fe;r(r)lp sell (M ) = t%mp sell (M ) temp ;ell (M )

E;O0

N Gmp (G). Wenote that 1

(M) is a disjoint union of compact tori, of dimension
equalto that of Ay, . The distribution attachedto (6.16), onthe other hand, is supported on
a nite union of iag-orbits in t%mp (G). The two distributions are incompatible. Applying
the usual comparisonargumert, we seewithout di cult y that ead distribution equalszero.
Therefore, the expressiong(6.15) and (6.16) both vanish.

We have establishedthat (6.15) vanishesfor any function f = f; f,, with f; 2
Hu'® (G). The Weyl group W (M) of (G; Aw ) operatesfreely on (E;;_Oreg;e“(M ), the domain

of integration in (6.15), and the integrand in (6.15) is invariant under this action. If is
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E;O0

any W (M )-invariant function on the Paley-Wiener spaceon g_.,.qi

(M), we can choose
f sothat the function

t5 ()= 8 OFam O

equals (). It follows that the coe cien ts of f & () in (6.15) vanish. In particular,
‘O+O)=0

The last step will be to show that "( ) equals"( *!). To this end, we consider the
opposition involution o of G. By de nition, ¢ is the unique automorphism of G that
presenesa given F-splitting, and maps any strongly regular elemen x to a conjugate of
x 1. It follows easily from the de nition that , commutes with any automorphism of G
that presenesthe splitting. Since G is quasisplit, this implies that ¢ is de ned over F.

We resene the symbol for the G(F)-conjugate
= Int(Wm) o] wm 2 G(F);

of o that mapsM to itself, and restricts to the opposition involution of M. Then is also
an involution of G that is de ned over F.

As in the discussionpreceding[A10, Lemma3.1], determinesan involution °on the
setof pairs (M% 9, and an involution on  &_...;(M). From the symmetry condition

of [A10, Lemma 3.1], we obtain
(f5 )=Sa(M% P F)=SaMS% SF ) ="(F 1 );
forany f 2 H(G), where f =f 1. Since
(fmC )=FE ()
by similar considerations,we seethat

E;O0 .
G-reg;ell (M )

N

"()="( )
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Now the dual of restricts to the opposition involution of M, which restricts in turn
to the opposition involution of M9 It follows from the de nitions that (M % 9 equals

MC%( 9 1  andthereforethat = () . We concludethat
=)t =m0 =Y

The formula (6.1) follows.

For later use,we recall that elemerts in E_reg;e”(M) can be represetted in slightly
dierent form. Supposethat 2 §_.. (M) is the image of a pair (M% 9. Suppose
alsothat T°! T is an admissible embedding [LS, (1.3)] of the torus T°= MY into the
quasisplit inner form M of M, and that 2 T (F) is the corresponding image of ©.
The stable conjugacyclassof in M (F) (which we can alsodenoteby ) then depends
only on . The endoscopicdatum M ° also givesa secondpieceof information. It provides

an elemert s%, in P9 which can be pulled bac under the dual mapping P ! 1°to an

elemenn  in the group
KM )=K(T)= o (P)=zZ@®@) ; = Gal(F=F):
We have thus a correspndence
M%) v ()

If M (F) denotes the set of G-regular, elliptic elemers in M (F), we write

G-reg;ell

D&-reg:en (M) for the quotient of the set
( ; ) : 2 MG-reg;eII(F); 2 K(M )

de ned by stable conjugacy in M (F). The correspondence(M% 9 1 ( ; ) then

determinesa canonical bijection
Lod; 2 (E;-reg;eII(F);
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from = G_eq.en(M) ONtO DG _oq.e1 (M).

The bijection ! d was part of the proof of [A7, Lemma 2.2] and [A10, Lemma 2.3].
We shall useit in x7 in conjunction with a xed elliptic torus T M over F. Any sud
T can be mapped to a maximal torus T M over F by the inverseof an admissible
isomorphismi: T ! T [K2, x9]. Sincei is unique up to stable conjugacy we can therehy

identify any stable conjugacy classin Mg _q.¢ (F) that intersectsT (F) with an orbit in

Tc-reg(F) under the rational Weyl group We (M; T) of (M;T). The quotient of the set
(t ):t2 TG-reg(F); 2 K(T)

by We (M ; T) represens in this way a subset of Dg_reg;e“(M ). If t belongsto Tg-req(F),
let F(t) be the set of elemerts in  §_ 5. (M) whoseimage in D§_eq.¢(M) can be

represened by a pair of the form (t; ). There is then a canonical bijection

() 2 F(1);

from F(t) onto K(T). One obsenesthat an elemen 2 F(t) belongsto the subset
G-reg:ell (M) of E_reg;e”(M) if and only if () = 1. Moreover, for any such , s the

elemen in F(t)with ()= () ', and ?listheelemeninF(t Y)with ( H= ().
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X7. Local Theorem 1

We have readed the critical stage of our extended induction argumert. We recall
that the induction hypotheseswere stated formally at the end of x1, in terms of two xed
positive integersdger and rger. In the next two sections,we shall prove Local Theorem 1.
This will take care of the part of the induction argumert that dependson rge. We shall
establish Global Theorems1 and 2 in x9, thereby completing the induction argumert.

The setting will be that of the latter part of x6. Then G is a connectedreductive group
over the p-adic local eld F that satis es Assumption 5.2(2) of [I], with dim(Gger) = dger-
Furthermore, M is a xed Levi subgroup of G with dim(Apm \ Gger) = rger- Sincerger
is positive, M is proper in G. We have nished our discussionof the local trace formula.
We can therefore allow f to stand for a function on G(F), asin the statemen of Local
Theorem 1, rather than on G(F) G(F) (asin the last section). Our goal is to prove

Local Theorem 1 for G.

The discussionwill be simpler if we do not have to deal with certral data.

Lemma 7.1. Assumethat Local Theorem 1 is valid under the restriction that Gger IS
simply connected and Z = 1. Then it is also valid without this restriction.

Pro of. The proof is similar to that of Proposition 2.1 of [I1]. It is actually simpler,
since we are working in a local context, with elemers whosecertralizers are connected.
We shall therefore be brief.

The rst stepisto reducelLocal Theorem 1 to the casethat Gger is sSimply connected.
Given G and M, let G be a z-extension of G [K1, x1], and let f1 be the preimage of M
in & Then € is a certral extensionof G by an induced torus € over F suc that Gy,
is simply connected,and f1 is a Levi subgroup of &. The pair (G; M) then satis es the
conditions we imposedon (G; M) above. We write Z for the preimageof Z in G, and €
for the pullback of to Z(F). We have to ched that if Local Theorem 1 holds for 6, k1,

Z and € then it is alsovalid for G, M, Z and
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Recall [K1, x1] that G(F) = &(F)=€(F). We can therefore identify functions (or
distributions) on G(F) with functions (or distributions) on G(F) that are invariant under
translation by €(F). In particular, there is a canonicalisomorphismf ! € from H(G; )
onto H(®; €). We can also assumethat the xed bases g-req.en(M;©), (E;_reg;e”(lf/l :9),
etc., of €-equivariant distributions for & are the images of the corresponding bases

G-regiel (M ), cE;-reg;e”(l\/l; ), etc., for M under the canonicalmaps ! e, ! €

etc., of distributions. It follows from the de nitions that

Im ( 5F) = Ip@(e;ﬁ; 2 G-regiet(M; ), f2H(G; ):

The endoscopicand stable analoguesof thesedistributions satisfy similar formulas. As in

the proof of [I1, Proposition 2.1], we obtain identities
(i) =1g(e®
and also
Su (MG 5f) = sg (% ®); MO2 Ea(M); °2  Goregien (M5 ®);

in the casethat G is quasisplit. (The last identity is really a tautology, since we can take
0= €0) |t follows from theseformulas that the assertionsof Local Theorem 1 are valid
for G, M, Z, and if they hold for &, f, 2 and €
The secondstep is to reduce Local Theorem 1 to the casethat Z is trivial. Given G,
M, Z and , we de ne a projection

f o1 f = (2)f ,dz; f 2 H(G),
Z(F)

from H(G) onto H(G; ), wheref,(x) = f(zx) for any x 2 G(F). We have to compare
linear forms on H(G) at a given function f with the valuesof corresponding linear forms

onH(G; )atf .
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Supposethat  belongsto the xed basis g-reg;en(M; ) of -equivariant distributions
on M (F) [l, x1], and that 2 g-reg:e (M) is a conjugacy classthat mapsto . We can
then comparethe orbital integral on H(G; ) at  with the orbital integral on H(G) at

The relation is 7

fe( )=(=)" fze () (2)dz; f 2 H(G);

Z(F)
where( = ) isthe ratio of the giveninvariant measureon with the signedmeasurethat
comeswith . A similar relation holds for weighted orbital integrals, and the assaiated

invariant distributions. It follows directly from the de nitions that

Z
(7:1) Im( ;f)=(=)"1 Im ( ;f2) (2)dz:

Z(F)

If we combine this with the discussionat the end of [I, x4] and the de nitions in [l, x6], we

seethat

Z
(7:2) m( f)=(=)"1 Im (3f2) (2)dz:

Z(F)

In the casethat G is quasisplit, we also obtain

Z
(7:3) SuMS% %f)=(%=9 1 Sy (M% %f,) (2)dz;
Z(F)

forM 2 Egqy(M) and ©2 G-reg;e“(lf/l - €% and for an element °2 G-reg;e“(lf/l % €9 that
mapsto °. The ratio ( %= ©) is de ned in the obvious way [I, (1.6)]. The generalassertions
of Local Theorem 1 apply to the distributions on the left hand sidesof (7.1){(7.3). The
corresponding assertionsfor the casethat Z is trivial apply to the distributions on the right
hand sides. It follows from these formulas that Local Theorem 1 hold for arbitrary (Z; )
if it is valid in the casethat Z is trivial. This givesthe secondreduction, and completes

the proof of the lemma.

We have reducedthe proof of Local Theorem 1 for G, M, Z and to the casethat

Gger is simply connectedand Z is trivial. We assumefrom now on that these conditions
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hold. In particular, the role of the generalbasis g-req:en (M; ) canbetakensimply by the
family  G-reg:e (M) of strongly G-regular, elliptic conjugacy classesin M (F). Moreover,
if M %belongsto Ey (M), we can replacethe basis G-reg;e"(lf/l - €% py the corresponding
family  G-reg.en (M 9 of stable conjugacy classesin M (F). This is becausethe derived
group of M is alsosimply connected,sothere exists an admissibleembedding-M°! M
of L-groups[L4]. Elliptic conjugacy classesof coursemeet elliptic maximal tori. It will be
corveniert to let T denote an arbitrary, but xed elliptic maximal torus in M. We will
then work with those classeghat have represetativ esin Tg-reg(F).

The proof of Local Theorem 1 will be global. We shall useall the global information
we accunulated over the rst half of the paper. The local objects F, G, M and T have
been xed. They are assumedimplicitly to have been equipped with a quasisplit inner
twist

(GM) ! (G ;M );

by which we mean an M -inner classof isomorphismsfrom (G; M) to a quasisplit pair
(G ;M ). We are alsogoingto x a suitable nite Galois extensionE of F, over which
G, M and T split. Given E, we proposeto choose global objects corresponding to the
componerts of the local datum (F;E;G;M;T; ). We shall denote these by the same
symbols, but augmented asin [A7, x7{9] by a dot on top. Thus, (E; E; G; M; T; ) stands
for the following set of objects: a nite Galois extensionE- E-of number elds, atrio of
connectedreductive groups

™ M G

over E-that split over E, with M- being a Levi subgroupin G.and T-an elliptic maximal

torus in M., and a quasisplit inner twist
— (M) ' (&;M):

If v is any valuation of E that lies in the set V,, (G;M.), and for which E, is a eld,

the completion (Ey; Eyv; Gy; My; Ty; —) is a local datum of the kind we started with. In
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particular, it makes senseto speak of an isomorphism from (F;E;G;M;T; ) to sudh a
completion. Any sud isomorphism would of coursemap the Galois group = Gal(E=F)

isomorphically onto the decomposition group —, = Gal(E,=F,) of —= Gal(E=F).

Lemma 7.2. We can chaoseE and (F E; G M, T, ), togetherwith isomorphisms

(7.4) vt (FE;GM;T; ) 1 (Fas Bus Gus My T —); uz2u;

for a nite setU of p-adic valuations fug of E- suchthat E,, is a eld, with the following
properties.

() (& FE) satis es Assumption 5.2(1) of [I].

(i) If G is quasisplitover F, G is quasisplit over E-

(i) For any valuation v 62U, G, is quasisplit over E.

(iv) jUj 3.

(v) Thereis a place v 62U suchthat E,, is a eld.

Pro of. The lemma is a simple exercisein the approximation of local data by global
data. A lesselaborate version, with somedetails omitted, was givenin [A7, pp. 576{577].
In the discussionhere, we shall make use of [I, Lemma 5.3], which assertsthat the global
form (1) and the local form (2) of Assumption 5.2 of [I] both remain valid under inner
twists of the group, and under nite extensionsof the ground eld.

The local pair (G; F) satis es Assumption 5.2(2) of [I]. This implies that (G ;F) is
isomorphic to a completion (G, ;Fy), for a quasisplit global pair (G ;F) that satis es
Assumption 5.2(1). Let E-bea nite Galois extensionof F-suc that G splits over E, and
such that T splits over the completion of E- de ned by the valuation u of E. Replacing
FE by the xed eld of a decomposition group in Gal(E=F) over u, we can assumethat
E = Ey isa eld. Then E is a nite Galois extension of F over which G and T split.

Moreover, the assaiated Galois groups satisfy

Gal(E=F) = Gal(E,=F,) = Gal(E=F):
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It follows easily that there is a Levi subgroup M. of G over E, and an isomorphism

. (FE;G M ) 1 (R BEus Gy My):

The local eld E  F will bethe required extension. However, we shall still have to modify
the global elds E- FE in order to accommalate the extra conditions.

SinceM is quasisplit over F, the torus T M transfersto M . More precisely we
can nd a maximal torus T M over F, together with an isomorphismi: T ! T over
F that is admissiblein the senseof [K3, x9], which is to say that i is M -conjugate to the
restriction of ! to T . Let M, (T) be the set of elemernts in M,, = M- (Ey) that are
M, -conjugateto , T (F) . The set of strongly G-regular points in M,,(T) is open in
M,,, and intersects any open neighbourhood of 1 in M, in a nonempty open set. Since
the closure of M. (F) in M,, contains an open neighbourhood of 1 [KR, Lemma 1(a)],
M. (F) intersectsthe set of strongly G-regular points in M, (T). Let T be the certralizer
in M. of any point in this intersection. Then T is a maximal torus in M. over E- that
is M, -conjugateto (T ). Replacing , with an M ,-conjugate, we can assumethat

u

takesT to T.

The torus T neednot split over E. Howewer, it does split over the completion E,.
We can therefore nd a nite Galois extension E° of F- over which T splits, and which
embedsin E,. Replacing EX by the composite E°E,, if necessarywe can also assumethat
E° cortains E. If u®is the valuation in EY obtained from an embedding of EC into E,
the decomposition group for E%=F_at u®is a subgroup of Gal(E=F) that is isomorphic to
Gal(E=F). Let E9 E%bethe xed eld of this subgroup. The assaiated valuation u®on
F%hasthe property that EQ, is a eld suc that E2,=F% is isomorphic to E=F. Replacing
F Eby E®° EY if necessarywe can assumethat T doessplit over E-

We have constructed quasisplit global objects, and an isomorphism

(7:5) uo (FE;G M T ) ! (EasEus Gy My Ty):
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It is easyto modify the construction sothat there are seweral such isomorphisms. Let F9°
be a large nite extension of F-in which u splits completely, and let E°°be a composite
of E-with F% If u%is any valuation on F%over u, E%% is a eld suc that EQ=F0Y is
isomorphic to E=F. Replacing - E-by F°%E% if necessarywe can assumethat there
are isomorphisms(7.5) for eac u in an arbitrarily large nite setU™ of p-adic valuations
on .

The local inner twist

:(GM) ! (G ;M)

determinesan element ¢ in the imageof HY(F;M \ G_4) in H(F;G,,). Recall that
there is a canonical bijection from H1(F;G,,) onto the nite abelian group o Z(@SC)
[K3, Theorem 1.2]. Let ng be the order of the imageof ¢ in o Z(@SC) . We take U
to be any proper subsetof U*, with jUj 3, suc that ng divides jUj. The elemen

M
u( G)

u2U

then lies in the kernel of the composition of maps

B Guan) | 02 1 0 Z(8)
u2U u2U
According to [K3, Theorem 2.2, Corollary 2.5], we canbuild a global inner form of G from
the local inner forms of f G, : u 2 Ug assaiated to the classed ,( ¢)g. More precisely
taking [A10, Lemma 2.1] and [I, Lemma 4.1] into consideration, we seethat we can nd a
global inner twist

- (GM) ! (GIM);
where G is a reductive group over - with Levi subgroup M., together with isomorphisms
u! (FESGM) 1 (Fai By Gut My); u2u;

sud that eadh map | is M, -conjugateto -, . It is clearthat G is quasisplit over

E-if G is quasisplit over F, and that G, is quasisplit over E, in general,for ead v 62U.
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The last point is to transfer the maximal torus T- of M. to a maximal torus T-of M..

For eadh v 2 U, the map
iy= v | (v)l:-[v My

is admissible, and in particular, is de ned over E,. We may as well also x admissible
mapsiy: T, ! M, for the valuations v in the complemen of U, subject to the natural
conditions [K2, (9.2.1)] at the unrami ed places. Since M., is quasisplit for ead sud v,

this is possible. We seekan admissible global embedding
j: T ! M

over E that is M, -conjugate to i, for eadh v. There is a general obstruction to the
existenceof such an embedding, which is de ned in [K2, x9] as an elemer in the dual of
the nite abelian group K(T-). The group K(T), taken relativeto M- , is de ned to be
the subgroup of elemerns in ¢ P =Z (M ) - whoseimagein H! E;Z(® ) is locally

trivial. If v belongsto U™, it follows from the fact that E, isa eld that
K(L)= o (R)~=Z(®,)~ =K(T,):

The local group K(T,) acts simply transitively on the set of M, -conjugacy classesof
admissibleembeddingsi,. We are certainly freeto modify i, at any v outside U. Replacing
iy by its image under the appropriate elemern in K(T,) , for somev in the complemern
of U in U", we can assumethat the global obstruction vanishes. We then obtain a global
embedding j that maps T to a maximal torus T in M.. The torus T over E provides
the last component of the global datum (F E; G, M., T; 9. Replacing , by someM;-
conjugate, for eath u 2 U, we can assumethat , mapsT to T,. Thesemapsbecomethe

required isomorphisms(7.4).

We x the various objects provided by the lemma. We also x aplaceup 2 U, and use

the isomorphism , to identify the local datum (F;E;G;M;T; ) with the completion of
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(EG&GM,;T; ) at ug. Let V bea nite set of valuations that contains U, and also all

the rami ed placesfor E, G.and T. If f is a given function in H(G), we choosea function

v2V

in H(Gy) sud that fy, = f. SincejUj 3, we can x two other placesu; and u; in
U. We assumethat if v equalsu; or u,, the function f.. is supported on the open subset
of elemens in G, that are stably conjugate to points in Tg-reg(Fy). Then f_belongsto
the spaceH,, (Gy), which was introduced in the context of global K -groupsin x2. The
connectedgroup G is a componert of an (essetially) unique global K -group [I, x4], and
we can regard f—as a function on the K -group that is supported on Gy . The various
global results of x2{5 therefore makes sensefor f_. We shall apply them to our study of
the relevant linear formsin f .

As always, we have to separatethe discussioninto the two parts (a) and (b). Recall
that we are trying to prove Local Theorem 1 for (G; M ). The assertion(a) of the theorem
is trivial if G is quasisplit, while assertion (b) applies only to this case. We may as well
then treat (a) and (b) as two disjoint cases,correspnding respectively to whether G is
not, or is, quasisplit over F. This correspondsin turn to whether Gis not, or is, quasisplit
over .

To dealwith (a), we shall apply the formula (2.4) of Proposition 2.2(a). We rst recall

that our function f—2 Hy (Gy ) satis es an identit y
1 Sisc (B 1 disc(f) =0 2 ih,=W; ;

by Corollary 5.2(a). This implies that the term
E X E
ltgisc (F) Tedisc(f) = | “gisc (B 1 disc ()

t
on the right hand side of (2.4) vanishes. We also note that f_vanisheson an invariant

neighbourhood of the certer of Gy, since the correspnding property holds for f4, and
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fu,. Therefore the other term

z ;unip (f=S) ' unip (f=S)

z

on the right hand side of (2.4) vanishesaswell. It follows that the left hand side

loar (B par ()

of (2.4) equalszero. Applying the expansion (2.8) of Lemma 2.3(a) for this linear form,
we seethat
X X " c
(7:6) a () Iy (wife) Tu(oaife) fp () =0
V2Viin (GM) 2 (M)
The left hand side of (7.6) can beidenti ed with the expansion]l, (2.11)] of the linear form

| M (h), for somefunction h-2 H(M,y ). SinceM. is a proper Levi subgroup, our induction

hypothesesimply that

X
Lot (B) = 1o () = (M- M98 (h):

MLO2E (M.;V )
Giventhe expansionfor Q‘Lrbo(ho) in [I, Lemma7.2(b)], together with the induction hypoth-
esis(1.4) that the function b"(_9 is supported on the subset ( M.%V) of E(M.% V), we

can then rewrite the left hand side of (7.6) as an expansionin terms of M.° and -°. We

concludethat

X X X .
(7:7) (M; M9 (9" (Fes DEDM (Y = 0;
MO2E ¢ (M-}V) V2 Viin (GM) 92 ( MOV)
where
X
('V‘;—v)_ ( —er) I (J/r ) lM_(Jlf-V') ;
v2 (My)

for any element 0 in ( M?). (We cannot actually claim that the function
X E
_ ! IM_(J;f-v) I (i fe) T ( Bk _2 G-reg(Mv);
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belongsto | (My ), sincef—is not required to lie in H°(Gy ). However, the conditions at
u; and u, allow us to truncate the function near the singular set without changing the
value of the left hand side of (7.6). Alternativ ely, one can simply note that the proof of [I,
Lemma 7.2] is formal, and does not require that the underlying function lie in the Hedke
space.)

For the secondcase(b), in which G.is quasisplit, we have to imposethe extra condition
that f.. be unstable for somev. The function f—then lies in st(&,). In this case,we
apply the formula (2.5) of Proposition 2.2(b). It follows from Corollary 5.2(b) that the

term
X G X G
St; gisc (F) = S; aisc (F)
t

on the right hand side of (2.5) vanishes. Since f_vanisheson an invariant neighbourhood
of the center of Gy, the other term
X G
Sz;unip (f—'r S)

z

on the right hand side of (2.5) also vanishes. Therefore the left hand side

s, (1)

of (2.5) equalszero. Applying the expansion(2.9) of Lemma 2.3(b) for this linear form,

we seethat
X X X o \LO 0 \LO
(7:8) (M- MY B ("™ (fe; DEDM (DY =0
M.O2E ¢ (M-;V ) V2 Vin (GM) 92 ( MOV)
where

M ) = ST 3 ):
The formulas (7.7) and (7.8), corresponding to the two cases(a) and (b), are almost

identical. We shall analyze them together. Supposethat in addition to the conditions we

have already imposed,the function f_is admissiblein the senseof [I, x1]. The summands
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in (7.7) and (7.8) are then supported on classes_’ that are admissible. This meansthat
we cantake S = V in the expansion[l, (10.11)]for b'VLO(_O). It is then a consequencef the
de nitions that the right hand side of [I, (10.11)] vanishes. Therefore, the global coe cien t
b™°(9 in (7.7) and (7.8) reducesto the more elemerary \elliptic" coe cien t b4°( 9. We
shall apply the global descen formula [II, Corollary 2.2(b)] to this latter coe cien t.

We can assumethat the summandsin (7.7) and (7.8) corresponding to a given
22 ( M%V) are nonzero. It follows from the conditions on fy, and fy,, and the global
descen formula for ugf(_o), that 2 belongsto the subset G-reg:ei:v (M9 of elemerts in
( M%V) that lie in  G-reg:en (M%), and are V-admissible. (Recall that g-reg:en (M9
denotesthe set of strongly G-regular, elliptic stable conjugacy classesn M.(F), and can

be identied with a subsetof ( M.%V).) Since -0is strongly regular, the global descem

formula is very simple. We obtain
(9 = ™ (v G @) = (MY () P (D)= (w9,

where T is the certralizer of 2in M.% It follows from the formula [K2, Theorem 8.3.1] for

(M; M9 that

(M MO (9 = (M) (M9 Yjout, (M9) * (M9 = (M)jout, (M9 *

The Tamagava number (M) is nonzero, and is of course independert of M° and °.

Moreover, the group OutNL(M_O) acts freely on the set of pairs

(M_O; _O) - MO2 Een (M); ) G-reg;eII(M—O)

that are relevant to M.. We write E_reg;e”(M_) for the quotient. We also write
G-regell:v (M) for the subsetof orbits in  §_oq.¢ (M) for which M.° lies in ey (M-; V)

and Cliesin  G-reg:ei:v (M9. The summandsin (7.7) and (7.8) then depend only on the
image —of (M. 9 in G_oq.env (M). In order to combine the two cases(a) and (b), we
set (

w (fv 2);  if Gis not quasisplit,
"(fs w) =

"M2(f,: 0); if G is quasisplit.

105



The equations(7.7) and (7.8) can then be written together in the form

X X .
(7:9) (i )y () = 0

E X .
2 G =reg ;ell v (M-) V2Vf|n (G- M—)

To seehow to separatethe terms in (7.9), we should view the indices —in terms of
the global form of the set D§. ey (M) dened in x6. Let DG_ .o (M) be the quotient

of the set of M_-relevant pairs in

(—; _) . M‘G-reg;eII(F—); — 2 K(M—_)

that is de ned by stable conjugacyin M- (F). The group T = M. hereis of coursea
maximal torus in M. over E, and the global group K(M- ) = K(T) is de ned in [K3,
(4.6)]. As in the local case,there is a correspondence(M.% 9 I (—; ) that yields a well

de ned bijective mapping —! d-from (M) onto D§ ((M). This mapping

E
G-reg;el G-reg;el

underlies some of the basic constructions of [L5]; it is also a special caseof either [K3,
Lemma 9.7] or [Il, Proposition 3.1]. Now, supposethat T M is the elliptic torus

provided by Lemma 7.2. The quotient of the set

(L-_) S 2 -[G-reg;ell(F—); _2 K(T—)

by the rational Weyl group W (M.; T) then represerts a subsetof D(E;-reg;en (M.). We note

that if v is any valuation sud that E, is a eld, the de nition [K3, (4.6)] reducesto

K(D)= o P=Z2(M)- = o P¥=Z2@)~ = K(%):

Following notation at the end of x6, we set F (t) equal to the bre in (E;_reg;e,,(l\lL) of a
givenpoint tin Tg-eg(F), and wewrite ! (9 for the canonicalbijection from F (t) onto

K(D. Our immediate concernwill be the casethat tliesin the subset Tg-req:v (F) Of V-
admissibleelemerts in Tg-req(F). The bre F (t) will then be cortained in E_reg;e,,;v (M).

We are going to isolate the cortribution to (7.9) of those elemens —in F (t).
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The sum over —in (7.9) can be restricted to a nite set that dependsonly on the
support of f—. (Seefor example [A2, x3].) Having once chosena bound for the support of
f-. which we take to be an admissible subsetof Gy, we can shrink any of the functions f.,
without enlarging this nite setor a ecting the admissibility of f— We note that by [A10,
Lemma 3.1], the summand in (7.9) dependsonly on the W (M.)-orbit of _, relative to the
free action of the Weyl group W(M.) of (G A,,) On  Gg-reg:el:v (M). We can therefore
regard (7.9) asa sumover a nite setof W(M.)-orbits in  g-reg:e:v (M-). Let tbea xed
point in Te-req:v (). If v belongsto V, we shall write t& for the stable conjugacy classof
tin G,. Having xed t, we considerthe distribution

fo ! EE,(4)= w (i ) ()5 fv 2 H(GY);
v2 (M)
on G, assaiated to an arbitrary elemert —in  &_,..y (M). The support of this distri-
bution equalst& if w_liesin F (t) for somew 2 W (M.), and is otherwise disjoint from t&.
Now supposethat v equalsone of our two placesu; and u, in U. In this case,we assume
that the function f., is supported on a small neighbourhood of t&. If _indexesa nonzero

summandin (7.9), one of the terms
f—LIJEI ;M_(‘Ui )’

must be nonzero,from which it follows that the W (M.)-orbit of —_meetsF (t). The identity
(7.9) therefore reducesto

X X vE
(7:10) "(fei )y () = 0

2F (QVv2Vsi (GT)

We have replacedthe setV, (G; M) in (7.9) by the subset
Vo (&= v2V, : dim(a‘g;v) = dim(a%)

of placesat which T, is M., -elliptic, sincethe induction hypothesis(1.2) andthe appropriate

descem formula imply that "(f+; ) vanishesif v lies in the complemen of this subset.
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We have imposedstrict support constraints on the functions f.., when v equalsu; or

u,. Howewer, we are still free to specify the valuestaken by the functions
VIR N SV N v 2 fug; uag;

on the M, -conjugacy classesin the M, -stable conjugacy classt. To seehow to do this
in a way that exploits the conditions of Lemma 7.2, we recall an elemenary property of

the local transfer factors. If , and _2 are M, -conjugacy classesin t¥, and —belongsto

F (1), we have
wl(vi )= v )iy (s 95
where _, is the image of the elemen _= (J in K(T), and inv(_?; ) is the elemer in
the set
E(Ty) = K(T)

that measuresthe di erence between 0 and _,. Therefore
X
)

fvE;M_(—v): M_(J;_\(/) inV(_\(/); V)i v f'V;M_(J) :

v

We recall that

E(T)= Im HY(Fy; Tsey) ! HY R T) ;
where Ts. here stands for the preimageof T in the simply connectedcover of Mger. Since
v in p-adic, E(T,) equalsthe setD(T,) [L4, p. 702]that, together with with the basepoint
O, parametrizesthe M, -conjugacy classesin t™. We note that it is immaterial whether
the groups E(T,) and K(T,,) are de ned relativeto M, or G,. To put it another way, the
set of M, -conjugacy classes g in tM is bijective with the set of G, -conjugacy classesn

t&. It follows that the linear forms

v ! f'v;M_(J); fv 2 H(Gy),

form a basis of the spaceof invariant distributions on G, that are supported on t&. We

are assumingthat v equalsu; or u,. Therefore K(T) is isomorphicto K(T,), and !
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is a bijection from F (t) onto K(T,). SinceK(T,) is dual to E(T,), we concludethat the

linear forms

- b g () ~2 F(1); fv 2 H(GY);

are also a basis of the spaceof invariant distributions on G, that are supported on t&.
Let _bea xed elemer in F(t), andset = _,,. Supposethat the original function
f = fu, in H(G) is sud that
fy()=0:

For eadh u in fuy;u,g, we x fy sothat

f_E ( ): l’ If -
UMt 0; otherwise,

for any —2 F(t). This is possibleby the discussionabove. If v liesin the complemen

of fug;us;u2g in V, we take f, to be a function suc that fVE'M_(—V) = 1. The functions

fu, and fy, are assumedto satisfy the earlier conditions, and f—= Q f is required to be
v2Vv

admissible. If G is quasisplit, we can also assumethat va(; =f&=0,if ()= 1,andthat

fo=1fg =0,if ()6 1. This is possiblebecausefor any u 2 U, the linear forms

fo | RS () 2F@®; (98 L

on HY"S(G,) are linearly independert. The function f_is then unstable. In all casesf_has
the appropriate constraints, and therefore satis es (7.10). The complemer in V of any v
of coursecontains one of the placesu; or u,. It followsthat the termsin (7.10) with _6
all vanish. If _= _, the terms with v 6 ug also vanish, while the term with v = ugy equals
a nonzeromultiple of "(f; ). The identity (7.10) therefore implies that "(f; ) = 0.

We have readed the conclusionthat "(f; ) vanishesfor any function f 2 H(G) sud
that f5 () = 0, and such that f © = 0, in caseG is quasisplitand (_) = 1. This relation
appliesto the point = _, , for any _in the bre F(t), any elemen tin Tg-req:v (F), and

any V that is large relative to the support of f. The setV at this point actually plays no
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role. For if tis any element in Tg-reg(F), We can always choosethe nite setV sud that
tliesin Tg-reg:v (F). The relation therefore holds, with the conditions on f, for any _in
F (1). Reformulated in terms of the next lemma, it will be the main step in our proof of

Local Theorem 1.

Lemma 7.3. (i) There is a smaooth function "( ) onthe set 5°_ (M) dened in x6

G-reg;ell
such that
(7.12) "(F; )= "OFG ) f2H(G): 2 ghegan(M):
(i) If G is quasisplitand liesin g-reg;en(M), the distribution

o) f 2 H(G),

is stable.

Pro of. Sincethe original elliptic torus T M was arbitrary, it would be enoughto
treat points in F(t), for elemens t 2 Tg-eg(F). Let bea xed element in K(T). For
any givent, we then take to bethe point in F(t) with ()=

E;O0

Supposethat  liesin  Gleq.e

(M). We rst considerthe special casethat t = t,
for arational elemern t2 Tg-eq(F). Then equals ,, for the elemen —2 F () sud that

(Ju, equals . The conditions on rule out the casethat G is quasisplit and (- = 1.
The relation "(f; 4,) = O'is then valid for any function f 2 H(G) with f§ (=,) = 0. This

relation in turn implies that there is a complex number "(,) sud that

"(f ; ‘Uo) = "(‘Uo)fl\ﬁ (‘Uo);

for any f 2 H(G) at all. Now the functions "(f; ) and f & ( ) vary smoothly with t.
Moreover, T(F) is densein T(F) = T(Fy,), sinceFky, is a eld for somev 6 up [KR,

Lemma 1(b)]. It follows that
"(F)="OfG )
in general,for a function "( ) that varies smoothly with t. This givesthe assertion ().
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For the assertion (ii), we assumethat G is quasisplit and = 1. The elemen then
liesin  g-reg:en(M). Let f 2 H(G) be a function with fS = 0. If tisof the form t,,, is
of the form -, for the elemen —_2 F () with (- = 1. In this case,we have established
that "(f; ) = 0. Since T(F) is densein T(F), the equation "(f; ) = 0 then holds in

general. The assertion (ii) follows.

We have establishedthe local identity (7.11) for G by represening G asa completion

Gy, of the global group G. A similar identit y can be establishedfor the other completions
Gy, V2V (GM);
of G, by enmbedding any G, in its own (possibly di erent) global group. We obtain

(s ) = "(—v)fVE;M_(—v); fv 2 H(Gy);, 2 g;g’eg?e”(M—V);

for a smooth function "(~) on g5 . (M),

Corollary 7.4. Supmsethat G is not quasisplit. Supmsealso that t_belongsto Te-reg(F),

and that —is an elementin F (t). Then
(7:12) "(4)=0:

Pro of. If u belongsto U, Gy is not quasisplit. In this case, —lies in E‘f)reg;e”(M_)
by de nition, and the function "(-) is dened. If v is a valuation outside of U, G, is

quasisplit. In this case

"(fs ) = " (fes -\(7)) = ( -3; v) I,\i_(J;f-v) Iw(vife) =0

v

again by de nition. The identity (7.10) becomes

X X .
"(w) fp(O=20:
2F (y u2u
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This formula holds for any large nite setV U, and any admissiblefunction f—in H(Gy ).
We can clearly choosef_so that

1, if = 4
O B

forany 2 F(t). The formula (7.12) follows.

We are now in a position to prove part (a) of Local Theorem 1. This corresponds to
the casethat G is not quasisplit. The assertionis that if belongsto g-req:el (M), the
distribution

1GCf) Im(sf); f 2 H(G);

vanishes. Recall that

X
GEVE C St m(sf);

2 G ~reg ;ell (M )

for any pair (M% 9 that represetts a point in  &_5.oi(M). The last formula can
be inverted by the adjoint relations [A7, Lemma 2.2] for transfer factors. It is therefore

enoughto prove that for any sud , the distribution
"w(f; =" ) f 2 H(G);

vanishes.

Since G is not quasisplit, we will be able to apply the last corollary. Supposethat
belongsto K(T). Then equals _,,, for a unique elemen _in K(T). For each u 2 U,
we choose a point t, in Tg-eg(Fy), and we let _, be the elemen in F(t,) sud that

(ty) equals ;. The group T(F) is densein T(Fy). This follows from [KR, Lemma
1(b)], and the condition (v) of Lemma 7.2 that E, is a eld for somev 62U. We can
therefore approximate the points f t,g simultaneously by an elemen tin Tg-reg:en (F), and
the points f ;g simultaneously by the elemen —2 F(t) sud that (- equals . We

now apply Corollary 7.4 to —. Sincethe functions "(-) are smooth, the identity (7.12)
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of Corollary 7.4 extendsto the generalfamily of points f .;g. The points were of course

chosenindependerily of ead other, so(7.12) implies that ead of the functions

()= "(=0); u2y;

is constart. Furthermore, from [A10, Lemma 3.1] and the existenceof the isomorphisms

(7.4), we seethat for any u 2 U, "(_,) equals”( ). The formula (7.12) then yields

X
()=t r=Eo

u2u
We concludethat
"()="()=0 t 2 Tg-reg(F);
for the elemenn = _, in F(t) with () = . But the objectst, , and T werecompletely
arbitrary . It follows that
"(f;)="()fu()=0 f 2 H(G);
for any elemen in the set (E;;_Oreg;e”(M) = (E;_reg;e”(M ). This completesthe proof of

part (a) of Local Theorem 1.

It remainsto establish part (b) of Local Theorem 1. We are now in the casethat G
is quasisplit. There are actually two assertions.One is that if belongsto g-reg;en (M),
the distribution

f 1 Sg(;f); f 2 H(G);

is stable. This has already beenproved. Since
s (:f)y=""(f; )="(f; )

the assertionis just part (ii) of Lemma 7.3. The other assertionis that if belongsto
the complement  ¢5 . ;(M) of G-regien (M), and is represetted by a pair (M % 9, the
distribution

S (M%) =""7(F; ) ="(f; ) f 2 H(G);
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vanishes. This is more di cult. It requiresa property of weak approximation on T, whose
proof we postpone until the next section. In the remaining part of this section, we shall
formulate an analogueof Corollary 7.4, which will be usedin conjunction with Lemma 6.5
to establishthe approximation property.

Supposethat V is a nite setof valuations of F-that contains U, and outside of which
G, T and E- are unramied. We assumealso that V contains the nite set Vjyng (&) of
Assumption 5.2(1) of [l], outside of which the generalizedfundamerntal is assumedto hold.
GivenV, we write S(E; V) for the set of valuations v 62V that split completely in E, and

W (E; V) for the complement of S(E; V) in the set of all valuations of E-

Corollary 7.5. Supmsethat G is quasisplit. Suppse also that t_is a point in Tg-req(F)
suchthat ty is boundel for everyv in the complementof V in W(E; V), and that —is an
elementin F(t) with () 6 1. Then "(~) is de ned for any v in V, (& T), and

X
(7:13) "(4) = O

vV2Vin (G

Pro of. If v belongsto V, (&G T, the map

G

Gy
ay oA

is an isomorphism. It follows easily that the canonical map
KM= oP=2(@)- ! KW)= o P~2(B)~ ;

which we are denoting by ! , is injective. Set = (9. Then , 6 1. Since
= (), the point -, liesin &5 .. (M), and the function "(~,) is de ned.

The required identit y (7.13) would follow directly from (7.10), wereit not for the fact
that V has been chosenhere independerily of . Given _, we choosea nite setV™ of
valuations cortaining V, sud that —is V* -admissible. We can then apply (7.10)to V*.

Isolating the element _2 F (t) by an admissiblefunction f= 2 H(Gy + ), asin the proof of
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Corollary 7.4, we seethat

V2V’

(G T)
Toestablish(7.13), it would be enoughto show that " () = Ofor every v in the complemern
of VinV, (GTD.

We rst obsenethat V'@ (G;T) is contained in W(E; V). Indeed, if v belongsto the

complemen S(E;V) of W(E; V), T, is a split torus over E,. The group
KM)= o P~Z(®)~ = o PZ(8)

is then trivial, and _y = 1. In particular, v cannot lie in V. (& T).

Supposethat v lies in the complemen of V in V. (&G T). Then v belongsto the
complemern of V in W(E; V), sothe elemen t, in T, is bounded. This implies that —; is
bounded, as is the elemen 0 attached to any pair (M.% 9 that represeits —. Let .. be
the characteristic function of a hyperspecial maximal compact subgroup of G,. We shall

apply the identity

"(fes ) = "(—v)fvE;M_(—v):

According to Assumption 5.2(1) of [l], the standard fundamertal lemma is valid for G, .

It assertsthat the factor
0
5L (w) = 15(9)

on the right hand sideof the identit y equalstho(Q), whereh, is the characteristic function
of a hyperspecial maximal compact subgroup of M. As a bounded, G-regular stable
conjugacy classin M0, 0 intersectsthe support of h9. It follows that the stable orbital
integral hV'VLO(_S) is nonzero. The factor fvE;NL(‘V) is therefore nonzero. The generalized
fundamental lemma is valid for (Gy; My ), again by Assumption 5.2(1) of [I]. It can be

applied to the term
"(fi ) = "M (e D) = SH (M i)
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on the left hand side of the identity. The generalizedfundamertal lemma was actually
formulated [I, Conjecture 5.1]in terms of the weighted orbital integralsJ,, ( ;f+). Howewer,
one seeseasily from the unrami ed local analogueof [A9, Theorem 5] (which is actually
a consequencef this theorem) that it is equivalent to the special caseof Local Theorem
1(b) in which G is unrami ed, and f is a unit in the Hedke algebra. In other words, the
generalizedfundamertal lemmaimplies that Sg (M.2; ;) vanishes. The factor "(f+; )

is therefore equal to zero. Putting the two piecesof information together, we conclude

that "(-) = 0, asrequired. This completesthe proof of the corollary.
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x8. W eak appro ximation

In this section, we shall nish the proof of Local Theorem 1. We x local data F,
G, M, T and as at the beginning of the last section. We can then make use of the
Galois extension E F and global datum (F E; G M; T, ) provided by Lemma 7.2.
We also x the placeug 2 U as before, and use the isomorphism , in (7.4) to identify
(F;E;G;M:T; ) with the completion of (F; E; G; M; T; J) at up.

We assumethat G is quasisplit over the local eld F. The group G is then quasisplit
over the global eld E. We can also assumethat the inner twists and —are ead equal
to 1. To complete the proof of Local Theorem 1, we have to show that if belongsto

E;O

G-reg:en (M), and is represened by a pair (M % 9, the linear form

S (MG SF)="M7(F; ) ="(f; ) f 2 H(G);
vanishes. This is equivalent to showing that the function

"( ); 2 CE;;-Oreg;eII(M );

of Lemma 7.3 vanishes. We shall establishthe result asa generalproperty of any family of
sudh functions that satisfy the global identit y (7.13) of Corollary 7.5, and the local identit y
(6.14) of Lemma 6.5.

Supposethat V is a nite setof valuations of E-that contains U. As usual, we assume

that G, Tand E. are unrami ed outside of V. We also assumethat

(8:1) T(A) = (A T(Fv)RY;
where
Y
RY = R,
v62/

is the maximal compact subgroup of T(AY). As at the end of x7, we write S(E;V) for
the set of valuations v 62V that split completely in E, and W (E; V) for the complemen

of S(E; V) in the set of all valuations.
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Lemma 8.1. Supmwsethat for eachv 2 V, e,(ty) is a smaoth function on Tg-req(Fy) that

dependsonly on the isomorphism classof (E,; Ey; Gy; My; Ty). Assumethat

X
(8:2) e (tv) = 0;
v2V

for any elementt 2 Tg-reg(F) suchthat for each w in the complementof V in W(E; V),

the point t,, is bounded. Assumealso that the function e= g,, satis es the formula
(8.3) et)+ et ) =0; t 2 Tg-reg(F):

Then e vanishesidentically on Tg-req(F).

Pro of. Before we can exploit the identities (8.2) and (8.3), we have rst to make
somesimple remarks relating to Langlands duality for tori. This discussionwill be quite
general. It appliesto the casethat T is any torus over £, E is any nite Galois extension
of E-that splits T, and V isany nite setof valuations of E-that satis es (8.1), and outside
of which E-is unrami ed.

Supposethat W is any set of valuations of E that contains V. Then
v Y
Ry = Ry

vV2W V

is a maximal compact subgroup of
T(AY)= tv 2 T(A): ty=1foranyv2 V[ W :

We shall write Ty. for the closurein

Y Y
Ty= T,= TR
v2Vv v2Vv
of the subgroup
(8:4) Ty \ ARy TAY):
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For example,we could take W to be the set of all valuations of . In this case,the group

(8.4) is already closed. It is equalto the discrete subgroup
~v =Ty \ (AR

of Ty . We can of coursealsotake W to be the set W (E; V), in which casewe shall write

Tve = vw ey
Obsenwe that under the stated conditions of the lemma, the identity (8.2) is valid for any
strongly G-regular elemen ty = Q ty in Ty . This is becausefor any w 6 V, an elemert
v2V

tw 2 T, is boundedif and only if it liesin Ry,.

The global Weil group W, acts on the dual torus b= E We shall considersubgroups
of the cortinuous cohomology group H *(W; 'b). If W is any set of valuations of E, we
write H (W ; b)w for the kernel of the map

M
HY(W;P) ! HY(Wg, ; P):
V62V

The quotient

HY(W; P)W = HY(W ; P)=H (W ; P)w
then maps injectively into the direct sum over v 62N of the groups H 1(WEJ;'P). If W is
the empty set, for example,H 1(WF_; 'b)w is the group H 1(WF_; 'b)\t of locally trivial classes
in HY(W¢; 'b). According to the Langlands correspondencefor tori [L1], the assaiated
quotient H(W,;P)t is dual to T(A)=T(E). Let us write H}(; ) for the subgroup of
classedn a given cohomologygroup that are unrami ed at ead place outside of V. Then

HY (W, ;P)t is dual to the group
T(A)=L(HRY = Ty=Ty\ (AR = Ty=—y:

More generally, supposethat W is any set of valuations that cortains V. We claim that

the closedsubgroup
HG (Wi Py = HY (We s P =HG (W s P)

119



of H\}(WF_; JP)‘t is the annihilator of the closed subgroup Ty.w =— of Ty =—,. Indeed,
the elemerts in HY (We; 'b);}v correspond to continuous characters on T(A)=T(F) that
are trivial on RY, T(AY), from which it follows that H} (W ; )\, annihilates Ty.w =—v .

Conversely sincethe embedding

T | TA)=L(E)

is dual to the restriction

Hi WPt t HY W P);

any elemen in H} (W;P)*t that annihilates Ty =—y belongsto H} (Wg;P),. The
claim follows. We concludethat the group H (Wg; 'b);}\, is dual to the quotient Ty =Ty .
If W = V, the assertionis a special caseof [KR, Lemma 1(a)]. We shall be concernedwith
the casethat W equalsthe set W (E; V).

The action of W, on P factors through the quotient
Gal(E=F) = Wg_p =W o = W =W, :

The in ation map embedsthe relative cohomologygroup

HY(E=FP) = H! Gal(E=F); P
into H(W,; P). We claim that H *(E=F; ) equalsthe subgroup

HY (We; P)e = HY(We; B),, (ExV)
of H1(W,; P). To seethis, we rst note that HX(E=F; P) is the kernel of the map
(8:5) HYWeP) 1 HEWe P) = HE(Wegi P);
and that H 1(WF_; 'b)E is the kernel of the map

M
(8:6) HY(WgP) ! H(Fw: P):
w2S(E5V)
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Let S (E;V) be the set of valuations of E- that divide those valuations of E- that lie in
S(E; V). The composition of (8.5) with the map
H'(Weg;P) ! ok YEw :P)
w 2S (EsV)
is then equal to the composition of (8.6) with the map
H(Fw; ) ! . HY(Ew ;P):
w2 S(E;V) w 2S (ExV)
The last two mapsare both injective. This is obviousin the caseof the secondmap. For the
rst map, it is a consequencef the analogueof the Tchebotarev density theorem for the
ideleclassgroup C. = W¢_¢ [Se,Theorem?2, p. I-23], andthe fact that S (E; V) is asetof
valuations of E- of positive density whoseassaiated Frobenius elemeris map surjectively
onto any nite quotient of C.. We have shown that the two groups H YE=F; 'b) and
HY(W; 'b)E represen the kernel of the samemap. They are therefore equal, as claimed.
In particular, the elemerts in H1(W; 'b)E are unrami ed outside of V, sincethe sameis
true of the elemens in H1(E=F; JI3). We apply what we have just obsened to the quotient
of eath group by the subgroup of locally trivial classes.We concludethat H *(E=F; 'b)‘t
equalsthe group
HY (Wes P)E = HO(Wes Py ey

It then follows from the remarks of the previous paragraph that H(E=F; 'b)\t can be
identi ed with the group of characters of Ty =—y that are trivial on the closedsubgroup
Ty.e =-v. In other words, H'(E=F; P)t isin duality with Ty =Ty.g.

At this point, we return to conditions of the lemma. In particular, we assumethat
T satis es the conditions of the earlier Lemma 7.2. Following x7, we identify the Global
Galois group Gal(E=F) with the local Galois group Gal(E=F) = Gal(Ey,=Fy,) at the

xed placeug 2 U. SinceEy, is a eld, the group H(E=F; JP)\t is trivial. Therefore

HYE=F;P)= HY(E=F;P) = HY(E=R;T):
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For any placev 2 V, we set

IWE_: IV\ IWE_: I(EV)\ IWE;

According to the local Langlands correspondencefor tori, the group H 1(Wa ; 'b) is dual
to T,. SinceH 1(E=F;JP) represets the annihilator of T,.. =—y in the group of characters

on Ty =—, T.¢ isjust the subgroup of T, annihilated by the image of the composition
HYE=FP) | HYE=R:P) | HY (W ;D)

Considerthe casethat v belongsto the subsetU of V. The restriction map of H (E =F; JP)
to HY(Ey=Fq; 'b) is then an isomorphism, which identi es H *(E=F; 13) with the character
group of Ty=T, . But H YE=F; 13) has also beenidentied with the character group of

Ty =T.p . It followsthat the canonicalinjection

(8:7) Tl ! Tle

is actually an isomorphism.
We are now ready to apply the identity (8.2). Supposethat v belongsto V, and that

ty is an elemen in Tg_ ., (Fv). Wecanthen nd a G-regular elemen ty in T, whose

reg (
image in T, equalst,. To seethis, we have only to choosea placeu 2 U distinct from v,
and then usethe bijectivit y of the map (8.7). Supposethat is a point in T, sud that
the product s, = t, is alsostrongly G-regular. The elemern sy = ty obviously remains
in Ty.g, and has the same componert asty at eah placew in V. fvg. Applying the

extension of the identity (8.2) to elemerts in T,.. , we seethat

X X
ev(sy) efty) = w (Sw) ew(tw) = 0:
w2V w2V

The function e, is thereforeinvariant under translation by T, . . In other words, it extends

to a function on T, =T, .
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The last step will be to apply the identity (8.3). Supposethat x is the trivial coset
T(F)g = Ty,.e in T(F)=T(F)g = Ty,=T;,.c. Then (8.3) yields

ex) = ex)+ekx) =4 ex) +ex ') =0

To deal with the other cosets,we choosetwo placesu; and u, in U that are distinct from

Up. Then there are isomorphisms
(FE;GM;T) ! (Ra s BusGu i My s Ty, ) =12
of local data. By assumption, we have
e(x) = ey (Xu;); X2 T(F)=T(F)g;
wherex ! x,,, denotesthe isomorphism
T(F)=T(F)g ! Tu=T; i i= 12

Suppose that x and y are points in T(F)=T(F).. For eat v in the complemen of
fup;us;usgin V, choosea point t, in T.e and set

Y
Yot v 62 Ug; U1 UsQ:

Vv

tv = Xy X,

Letting the valuations u in (8.7) run over the set fup; u;; u,g, we seethat ty belongsto

Ty.g. Set
' X

0= e (tv); v 62X Ug; Uz; UxQ:

\

It then follows from (8.3) and the extensionof (8.2) to T, that

exy) ex) ey)+"o=exy)+tex H+ely H+"o
X
= e (ty) = O

v2V

Taking x = y = 1, we deducethat "¢ = 1. Therefore

e(xy) = e(x) + e(y);
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for any points x and y in T(F)=T(F)c. In other words, e is a homomorphism from the
nite group T(F)=T(F)c to the additive group C. Any sud homomorphism must be

trivial. It follows that the original function e on Tg-reg(F) vanishesidentically .

We can now complete the proof of Local Theorem 1. Let be any elemen in K(T)
with 6 1, andlet _bethe elemen in K(T) such that = _,,. Then _6 1. If v belongs
to the subsetV,, (& T) of V, the element , 2 K(T,) is alsodistinct from 1, aswe sav at

the beginning of the proof of Corollary 7.5. In this casewe set

e (ty) = "(~); ty 2 Te-reg(Tv);

where -, is the elemen in F(ty) such that () = _y. If v liesin the complemen of
Vo (& D in V, we simply sete,(ty) = 0. The relations (8.2) and (8.3) then follow from
Corollary 7.5 and Lemma 6.5, respectively. The last lemma assertsthat e(t) vanishes

identically on Tg-reg(F). Therefore

"()=0; t2 Tg-req(F);
where is the elemer in F(t) with () = . But any elemert in (E;_oreg;e“(M) can

be expressedin this form, for somechoice of T, andt. In other words, "( ) vanishes

E;0

identically onthe set g ..o

(M). This is what we neededto show in order to establish
the remaining assertionof Local Theorem 1.
We have shown that the assertionsof Local Theorem 1 all are valid for G and M.

This completesthe part of the induction argumernt that dependson the integer

rder = dlm(AM \ Gder).

Letting rqer Vary, we concludethat Local Theorem 1 holds for any Levi subgroupM of G.
The group G was xed at the beginning of X7. The choicewas subject only to Assumption
5.2(2) of [l], and the condition that dim(Gger) = dger. Therefore, as we noted in x1, all

the local theorems stated in [l, x6] hold for any G with dim(Gger) = dger, SO long as the
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relevant half of Assumption 5.2 of [I] is valid. Of course,this last assertiondependson the
global induction assumption(1.4). To completethe induction argumert, we must establish
the global theoremsfor K -groups G with dim(Gger) = dger. We do soin x9.

The argumerts that have leadto a proof of Local Theorem 1 generalizethe techniques
of Chapter 2 of [AC]. In particular, the discussionin x7 and x8 here is loosely modeled on
[AC, x2.17]. The analoguein [AC] of Local Theorem 1 is Theorem A(i), stated in [AC,
x2.5]. There is actually a minor gap at the end of the proof of this result. The misstatemert
occurs near the top of p. 196 of [AC], with the sertence\But aslong ask is large enough

". For one cannot generally approximate elemerts in a local group by rational elemeris
that are integral almost everywhere. The gap could be lled almost immediately with
the local trace formula (and its Galois-twisted analogue)for GL (n). We shall resolwe the
problem instead by more elemenary means. We shall establish a secondlemma on weak
approximation that is in fact simpler than the last one.

We may as well apply the \dot" notation above to the setting of [AC, x2.17]. Then
E=F_is a cyclic extension of number elds. There are actually two casesto consider. If
E = E, G is an inner form of the generallinear group GL(n). If E 6 E, the problem
falls into the generalframework of twisted endoscop. In this case,G is a componert in a
nonconnectedreductive group G* over E-with G% = Res._. GL(n) . In either case,M. is
aproper\Levi subset"of G. Supposethat V. Viam (&) is a nite setof valuations outside

of which G.and E- are unrami ed. The problem is to shav that the smooth function

e(v)= IIm_(A/); v 2 M—G-reg;V;

in [AC, (2.17.6)] vanishes. The formula (8.2) has an analogue here. It is the partial

vanishing property

(8:8) e(v) =0

which appliesto any _2 Mg-eg(F) sud that _, is boundedfor every w in the complemert
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of V in the set W(E; V) de ned as above. This property follows from [AC, (2.17.4), and
Lemmas2.4.2and 2.4.3],ason p. 194{195 of [AC].

Lemma 8.2. Supmsethat e(_y ) is any smaoth function on M . that vanishesunder

reg;Vv
the conditions of (8.8). Then e(_y) vanishesfor any _y in Mg-reg:v -

Pro of. SupposeE- = E. Then W(E;V) equalsV, by de nition. Since . acts
trivially on Z(RA_), M.(E) is densein My [KR, Lemma 1(b)]. The lemma then follows in
this casefrom (8.8).

We can therefore assumethat E-6 E. If W is any set of valuations of E, let W
denote the set of valuations of E_that divide valuations in W. We alsowrite G for the
generallinear group of rank n over E, and M. for the Levi subgroupof G corresponding
to M.. There is then a bijection _ !  from M(FE) onto M- (E), and a compatible
bijection v ! v from Mg .. ONtO M‘a-reg;v . It would be enoughto show that the

smooth function
€ (J ): e(J/)’ _V 2 M‘G_-reg;v;

on I\ZLG_reg;V vanishes.
It follows from [KR, Lemma 1(b)] that M. (E) is densein M,, . We may therefore
assumethat y is the imageof an elemert in MG—reg(E)’ and in particular that v lies

in T_GL-reg(E'V ), for a maximal torus T in M. over E. Set

W =W (E5V)=W(EV ):

Following the notation of the proof of the last lemma, we write T, ., for the closurein
T, = T (Ev ) of the setof points _ in T (E) that are bounded at ead valuation in
the complemen of V in W . If _ is of this form, and is also G-regular, the preimage _

of _ in M(FE) satis es (8.8). It follows that

e(wv )=0;
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for any G-regularpoint y inT, ., . It wouldthereforebeenoughto shavthat T, .,

equalsT, . ReplacingV by a nite setV, that containsV , if necessarywe canassume
that T is unramied outside of V . Forif _y is any point in 'IZV1 that is bounded at
ead placein W \ (V; V ), and _ isapoint in T (E) that is bounded at ead place

in W V; , and approximates _y , then _ is boundedat ead placein the set
W vV = (W Vi)l W A (v V)

and approximates the componert v of y inT, .

We shall again use Langlands duality for tori. As in the proof of the last lemma, the
quotient T, =T, ., Isdualto the group

HE Wes g = HE wer®w =Hiwe D)
Recall that H{ (Wa;ﬁ )w is the kernel of the map
e w1 W R
w 2S
whereHJ (Wg; E ) denotesthe subgroupof elemerts in H 1(WE;J?; ) that are unrami ed
outside of V , and
S =8 (BEV)=S(E;5V ):

We have only to show that any classin H{} (WE;Q )w islocally trivial. Now S repre-
sers a set of valuations on E- of positive density. It follows from results on equidistribution
[Se, Theorem 2, p. 1-23] that any classin H{ (WE;B Jw is the ination of a classin
HY(E =E; i ), for a Galois extension E- E that splits T , and is unrami ed outside
of V . But T is amaximal torus in a generallinear group. We can therefore assumeby
Shapiro's lemma that Gal(E- =E) acts trivially on the dual torus ﬂ . Furthermore, any
conjugacy classin Gal(E- =E) is the Frobenius classof somevaluation in S . It follows
that any elemen in H(E :E;J?; ) that is locally trivial at ead placein S is in fact

trivial. The group HY (Wg; lE)W is therefore actually zero. We concludethat T, .y

equalsT, , asrequired.
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x9. Global Theorems 1 and 2

We are now at the nal stageof our induction argumert. Our task is to prove Global
Theorems 1 and 2. This will take care of the part of the argumert that dependson the
remaining integer dger .

We revert badck to the setting of the rst half of the paper, in which F is a global
eld. Then G is a global K -group over F that satis es Assumption 5.2 of [I], sud that
dim(Gger) = dger- As usual, (Z; ) represens a pair of certral data for G. Let V be a
nite set of valuations of F that contains Viam (G; ). The local results completed in x8
imply that Local Theorems1°and 2° of [, x6] are valid for functions f in H(Gy; v). The
resulting simpli cation of the formulas establishedin x2{5 will lead directly to a proof of
the global theorems.

Recall the linear forms | p (), ||§ar (f) and Sr?ar (f) introduced in x2. According to

Local Theorem 1%a), we have
E X H M ;: G; 1 X M E
loar (F)  Tpar () = IWo' JW¢) a'()Iu(:f) Im(:f) =0
M 2L © 2(MV;)

forany f in H(Gy; v). If Gis quasisplit, the two assertionsof Local Theorem 19b) imply

that
Spar (F) = Wo' jwgj ! (M;M9 0 9sg (M o)
M2L 0 M 02E ¢ (M V) 0 ( NBOV:E)
= iwg' jjwgj * B ()syM ; ;f)=0
M 2L © 2( M V; )

for any function f in HY"S(Gy; v). The left hand sidesof the expressions(2.4) and (2.5)
in Proposition 2.2 thus vanish. It remains only to considerthe corresponding right hand
sides.

We have already nished the part of the generalinduction argumert that appliesto
the integer rqer. The assertionsof Corollary 5.2 therefore hold for any Levi subgroup M

of G, and in particular, if M equalsthe minimal Levi subgroup M. In other words, the
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identit y
(9:1) I I;Edisc (f ) l ; disc(f ) =0

of Proposition 4.2(a) is valid for any f in the spaceHy,(Gyv; v) = H(Gv; v). Similarly,

if G is quasisplit, the identity
(9:2) SChisc(f) = 0

of Proposition 4.2(b) is valid for any f in the spaceHy*(Gy; v) = H"(Gy; v). In

particular, the terms

X
Itl;Edisc(f) |t;disc(f): II;Edisc(f) | ;disc(f) ; f2 H(GV; V);
f :kim( )k=tg
and
X
St(;;disc (f) = SC;;disc (f ); f2 HunS(GV; V);
f :kim k=tg

on the right hand sidesof (2.4) and (2.5) both vanish. Having already obsened that the
left hand sidesof theseformulas vanish, we concludethat the sum of the remaining terms

on ead right hand side vanishes. In other words,

X
(9.3) |§unip (f:S)  lzuip (F) =0; f 2H(Gv; v);
z
and
X
(9.4) SS(f;S) = 0 f 2 HY(Gy; v);

z
in the casethat G is quasisplit.

We have two theorems to establish. The geometric Global Theorem 1 applies to
any nite set of valuations S Viam (G; ), and to elemens s 2 E/(G;S; ) and
s 2 E/(G;S; ) that are admissiblein the senseof [I, x1]. According to [II, Proposi-

tion 2.1] (and the trivial caseof [Il, Corollary 2.2]), the global descemn formulas of [l1]
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reduceGlobal Theorem 1 to the caseof unipotent elemens. We can therefore assumethat
_s and s belongto the respective subsets 5, (G;S; ) and 5, (G;S; ) of 5,(G;S; )

and £ (G;S; ). Todealwith this case,we shall apply the formulas (9.3) and (9.4), with

V equalto S, and f = fg an admissible function in H(Gs; s).
The formulas (2.1) and (2.2) provide expansionsfor the summandson the left hand
side of (9.3). We obtain
X X ,
aﬁiE(_s) agi(_s) fsc(z_s)
22Z(G)s;o 2 .y (GIS; )

= auGr;liE (_s;S)  agip (_s:S) fsze(_s)
yA S

- IZE?U”ip (fs;S)  lzunp (fs;S) = 0;

sincethe identities aS: “( _s) = auGr;,i'; (_s;S) and a§(_s) = a§,, (_s;S) are trivial conse-

guencesof the fact that V = S. But the linear forms
fs ! fsc(z_s); 22 Z(G)si0; _s 2 gip (G:'S; );

on the subspaceof admissiblefunctionsin H(Gs; s) arelinearly independert. We conclude

that

agt(s) aS(s)=0

for any elemen s in Enip (G;S; ). This completesthe proof of part (a) of Global

Theorem 1 for _g unipotent, and hencein general.

To deal with part (b) of Global Theorem 1, we take G to be quasisplit, and set
G (GiS )= Ep(GS ) wp(GS; )

The formula (2.3) provides an expansionfor the summandson the left hand side of (9.4).
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Taking fs to be unstable, we obtain
X X
b6 (-s)fSc(z-s)
22Z(G)s.o 2 E2(GS; )
X

unip

= Gnip(—S;S)f-g;z;G(—S)
z _52 Enip (G;S; )
X
= S7(fs;9)=0;

z

sincefgZ vanisheson nip (G;'S; ). But the linear forms

fs ! fSe(z-s); 22Z(G)s,0; 52 o (GiS; );

unip

on the subspaceof admissible functions in HY"$(Gg; s) are linearly independen. We

concludethat
bgu( —S) =0

for any elemen s in the complemen En?p (G:S; ) of wip(G:S; ) in 5 (GS; ).

This completesthe proof of part (b) of Global Theorem 1 for _s unipo