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Foreword

These notes are an attempt to provide an entry into a subject that has not
been very accessible. The problems of exposition are twofold. It is important to
present motivation and background for the kind of problems that the trace formula
is designed to solve. However, it is also important to provide the means for acquiring
some of the basic techniques of the subject. I have tried to steer a middle course
between these two sometimes divergent objectives. The reader should refer to earlier
articles [Lab2], [Lan14], and the monographs [Sho], [Ge], for di�erent treatments
of some of the topics in these notes.

I had originally intended to write �fteen sections, corresponding roughly to
�fteen lectures on the trace formula given at the Summer School. These sections
comprise what has become Part I of the notes. They include much introductory
material, and culminate in what we have called the coarse (or unre�ned) trace for-
mula. The coarse trace formula applies to a general connected, reductive algebraic
group. However, its terms are too crude to be of much use as they stand.

Part II contains �fteen more sections. It has two purposes. One is to transform
the trace formula of Part I into a re�ned formula, capable of yielding interesting
information about automorphic representations. The other is to discuss some of
the applications of the re�ned formula. The sections of Part II are considerably
longer and more advanced. I hope that a familiarity with the concepts of Part I
will allow a reader to deal with the more di�cult topics in Part II. In fact, the later
sections still include some introductory material. For example, x16, x22, and x27
contain heuristic discussions of three general problems, each of which requires a
further re�nement of the trace formula. Section 26 contains a general introduction
to Langlands’ principle of functoriality, to which many of the applications of the
trace formula are directed.

We begin with a discussion of some constructions that are part of the founda-
tions of the subject. In x1 we review the Selberg trace formula for compact quotient.
In x2 we introduce the ring A = AF of adeles. We also try to illustrate why adelic
algebraic groups G(A), and their quotients G(F )nG(A), are more concrete objects
than they might appear at �rst sight. Section 3 is devoted to examples related to
x1 and x2. It includes a brief description of the Jacquet-Langlands correspondence
between quaternion algebras and GL(2). This correspondence is a striking example
of the kind of application of which the trace formula is capable. It also illustrates
the need for a trace formula for noncompact quotient.

In x4, we begin the study of noncompact quotient. We work with a general
algebraic group G, since this was a prerequisite for the Summer School. However,
we have tried to proceed gently, giving illustrations of a number of basic notions.
For example, x5 contains a discussion of roots and weights, and the related objects
needed for the study of noncompact quotient. To lend Part I an added appearance
of simplicity, we work over the ground �eld Q, instead of a general number �eld F .

The rest of Part I is devoted to the general theme of truncation. The problem is
to modify divergent integrals so that they converge. At the risk of oversimplifying
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matters, we have tried to center the techniques of Part I around one basic result,
Theorem 6.1. Corollary 10.1 and Theorem 11.1, for example, are direct corollaries
of Theorem 6.1, as well as essential steps in the overall construction. Other results
in Part I also depend in an essential way on either the statement of Theorem 6.1
or a key aspect of its proof. Theorem 6.1 itself asserts that a truncation of the
function

K(x; x) =
X


2G(Q)

f(x�1
x); f 2 C1
c

�
G(A)

�
;

is integrable. It is the integral of this function over G(Q)nG(A) that yields a trace
formula in the case of compact quotient. The integral of its truncation in the general
case is what leads eventually to the coarse trace formula at the end of Part I.

After stating Theorem 6.1 in x6, we summarize the steps required to convert
the truncated integral into some semblance of a trace formula. We sketch the proof
of Theorem 6.1 in x8. The arguments here, as well as in the rest of Part I, are
both geometric and combinatorial. We present them at varying levels of generality.
However, with the notable exception of the review of Eisenstein series in x7, we have
tried in all cases to give some feeling for what is the essential idea. For example,
we often illustrate geometric points with simple diagrams, usually for the special
case G = SL(3). The geometry for SL(3) is simple enough to visualize, but often
complicated enough to capture the essential point in a general argument. I am
indebted to Bill Casselman, and his 
air for computer graphics, for the diagrams.
The combinatorial arguments are used in conjunction with the geometric arguments
to eliminate divergent terms from truncated functions. They rely ultimately on that
simplest of cancellation laws, the binomial identity

X

F�S

(�1)jF j =

(
0; if S 6= ;,
1; if S = ;,

which holds for any �nite set S (Identity 6.2).
The parallel sections x11 and x15 from the later stages of Part I anticipate the

general discussion of x16{21 in Part II. They provide re�ned formulas for \generic"
terms in the coarse trace formula. These formulas are explicit expressions, whose
local dependence on the given test function f is relatively transparent. The �rst
problem of re�nement is to establish similar formulas for all of the terms. Because
the remaining terms are indexed by conjugacy classes and representations that are
singular, this problem is more di�cult than any encountered in Part I. The solution
requires new analytic techniques, both local and global. It also requires extensions
of the combinatorial techniques of Part I, which are formulated in x17 as properties
of (G;M)-families. We refer the reader to x16{21 for descriptions of the various
results, as well as fairly substantial portions of their proofs.

The solution of the �rst problem yields a re�ned trace formula. We summarize
this new formula in x22, in order to examine why it is still not satisfactory. The
problem here is that its terms are not invariant under conjugation of f by elements
in G(A). They are in consequence not determined by the values taken by f at
irreducible characters. We describe the solution of this second problem in x23. It
yields an invariant trace formula, which we derive by modifying the terms in the
re�ned, noninvariant trace formula so that they become invariant in f .
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In x24{26 we pause to give three applications of the invariant trace formula.
They are, respectively, a �nite closed formula for the traces of Hecke operators on
certain spaces, a term by term comparison of invariant trace formulas for general
linear groups and central simple algebras, and cyclic base change of prime order for
GL(n). It is our discussion of base change that provides the opportunity to review
Langlands’ principle of functoriality.

The comparisons of invariant trace formulas in x25 and x26 are directed at
special cases of functoriality. To study more general cases of functoriality, one
requires a third re�nement of the trace formula.

The remaining problem is that the terms of the invariant trace formula are not
stable as linear forms in f . Stability is a subtler notion than invariance, and is
part of Langlands’ conjectural theory of endoscopy. We review it in x27. In x28
and x29 we describe the last of our three re�nements. This gives rise to a stable
trace formula, each of whose terms is stable in f . Taken together, the results of
x29 can be regarded as a stabilization process, by which the invariant trace formula
is decomposed into a stable trace formula, and an error term composed of stable
trace formulas on smaller groups. The results are conditional upon the fundamental
lemma. The proofs, conditional as they may be, are still too di�cult to permit more
than passing comment in x29.

The general theory of endoscopy includes a signi�cant number of cases of func-
toriality. However, its avowed purpose is somewhat di�erent. The principal aim of
the theory is to analyze the internal structure of representations of a given group.
Our last application is a broad illustration of what can be expected. In x30 we
describe a classi�cation of representations of quasisplit classical groups, both local
and global, into packets. These results depend on the stable trace formula, and
the fundamental lemma in particular. They also presuppose an extension of the
stabilization of x29 to twisted groups.

As a means for investigating the general principle of functoriality, the theory
of endoscopy has very de�nite limitations. We have devoted a word after x30 to
some recent ideas of Langlands. The ideas are speculative, but they seem also to
represent the best hope for attacking the general problem. They entail using the
trace formula in ways that are completely new.

These notes are really somewhat of an experiment. The style varies from section
to section, ranging between the technical and the discursive. The more di�cult
topics typically come in later sections. However, the progression is not always
linear, or even monotonic. For example, the material in x13{x15, x19{x21, x23, and
x25 is no doubt harder than much of the broader discussion in x16, x22, x26, and
x27. The last few sections of Part II tend to be more discursive, but they are also
highly compressed. This is the price we have had to pay for trying to get close to
the frontiers. The reader should feel free to bypass the more demanding passages,
at least initially, in order to develop an overall sense of the subject.

It would not have been possible to go very far by insisting on complete proofs.
On the other hand, a survey of the results might have left a reader no closer
to acquiring any of the basic techniques. The compromise has been to include
something representative of as many arguments as possible. It might be a sketch of
the general proof, a suggestive proof of some special case, or a geometric illustration
by a diagram. For obvious reasons, the usual heading \PROOF" does not appear
in the notes. However, each stated result is eventually followed by a small box
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�, when the discussion that passes for a proof has come to an end. This ought to
make the structure of each section more transparent. My hope is that a determined
reader will be able to learn the subject by reinforcing the partial arguments here,
when necessary, with the complete proofs in the given references.



Part I. The Unre�ned Trace Formula

1. The Selberg trace formula for compact quotient

Suppose that H is a locally compact, unimodular topological group, and that �
is a discrete subgroup of H . The space �nH of right cosets has a right H-invariant
Borel measure. Let R be the unitary representation of H by right translation on
the corresponding Hilbert space L2(�nH). Thus,

�
R(y)�

�
(x) = �(xy); � 2 L2(�nH); x; y 2 H:

It is a fundamental problem to decompose R explicitly into irreducible unitary
representations. This should be regarded as a theoretical guidepost rather than a
concrete goal, since one does not expect an explicit solution in general. In fact,
even to state the problem precisely requires the theory of direct integrals.

The problem has an obvious meaning when the decomposition of R is discrete.
Suppose for example that H is the additive group R, and that � is the subgroup
of integers. The irreducible unitary representations of R are the one dimensional
characters x! e�x, where � ranges over the imaginary axis iR. The representation
R decomposes as direct sum over such characters, as � ranges over the subset 2�iZ

of iR. More precisely, let bR be the unitary representation of R on L2(Z) de�ned by

� bR(y)c
�
(n) = e2�inyc(n); c 2 L2(Z):

The correspondence that maps � 2 L2(ZnR) to its set of Fourier coe�cients

b�(n) =

Z

ZnR

�(x)e�2�inxdx; n 2 Z;

is then a unitary isomorphism from L2(ZnR) onto L2(Z), which intertwines the

representations R and bR. This is of course the Plancherel theorem for Fourier
series.

The other basic example to keep in mind occurs where H = R and � = f1g.
In this case the decomposition of R is continuous, and is given by the Plancherel
theorem for Fourier transforms. The general intuition that can inform us is as
follows. For arbitrary H and �, there will be some parts of R that decompose
discretely, and therefore behave qualitatively like the theory of Fourier series, and
others that decompose continuously, and behave qualitatively like the theory of
Fourier transforms.

In the general case, we can study R by integrating it against a test function
f 2 Cc(H). That is, we form the operator

R(f) =

Z

H

f(y)R(y)dy

7
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on L2(�nH). We obtain

�
R(f)�

�
(x) =

Z

H

�
f(y)R(y)�

�
(x)dy

=

Z

H

f(y)�(xy)dy

=

Z

H

f(x�1y)�(y)dy

=

Z

�nH

�X


2�

f(x�1
y)
�
�(y)dy;

for any � 2 L2(�nH) and x 2 H . It follows that R(f) is an integral operator with
kernel

(1.1) K(x; y) =
X


2�

f(x�1
y); x; y 2 �nH:

The sum over 
 is �nite for any x and y, since it may be taken over the intersection
of the discrete group � with the compact subset

x supp(f)y�1

of H .
For the rest of the section, we consider the special case that �nH is compact.

The operator R(f) then acquires two properties that allow us to investigate it
further. The �rst is that R decomposes discretely into irreducible representations
�, with �nite multiplicities m(�;R). This is not hard to deduce from the spectral
theorem for compact operators. Since the kernel K(x; y) is a continuous function on
the compact space (�nH)�(�nH), and is hence square integrable, the corresponding
operator R(f) is of Hilbert-Schmidt class. One applies the spectral theorem to the
compact self adjoint operators attached to functions of the form

f(x) = (g � g�)(x) =

Z

H

g(y)g(x�1y)dy; g 2 Cc(H):

The second property is that for many functions, the operator R(f) is actually of
trace class, with

(1.2) trR(f) =

Z

�nH

K(x; x)dx:

If H is a Lie group, for example, one can require that f be smooth as well as
compactly supported. Then R(f) becomes an integral operator with smooth kernel
on the compact manifold �nH . It is well known that (1.2) holds for such operators.

Suppose that f is such that (1.2) holds. Let f�g be a set of representatives of
conjugacy classes in �. For any 
 2 � and any subset 
 of H , we write 

 for the
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centralizer of 
 in 
. We can then write

tr
�
R(f)

�
=

Z

�nH

K(x; x)dx

=

Z

�nH

X


2�

f(x�1
x)dx

=

Z

�nH

X


2f�g

X

�2�
n�

f(x�1��1
�x)dx

=
X


2f�g

Z

�
nH

f(x�1
x)dx

=
X


2f�g

Z

H
nH

Z

�
nH


f(x�1u�1
ux)du dx

=
X


2f�g

vol(�
nH
)

Z

H
nH

f(x�1
x)dx:

These manipulations follow from Fubini’s theorem, and the fact that for any se-
quence H1 � H2 � H of unimodular groups, a right invariant measure on H1nH
can be written as the product of right invariant measures on H2nH and H1nH2

respectively. We have obtained what may be regarded as a geometric expansion
of tr

�
R(f)

�
in terms of conjugacy classes 
 in �. By restricting R(f) to the irre-

ducible subspaces of L2(�nH), we obtain a spectral expansion of R(f) in terms of
irreducible unitary representations � of H .

The two expansions tr
�
R(f)

�
provide an identity of linear forms

(1.3)
X




aH� (
)fH(
) =
X

�

aH� (�)fH(�);

where 
 is summed over (a set of representatives of) conjugacy classes in �, and
� is summed over (equivalence classes of) irreducible unitary representatives of H .
The linear forms on the geometric side are invariant orbital integrals

(1.4) fH(
) =

Z

H
nH

f(x�1
x)dx;

with coe�cients
aH� (
) = vol(�
nH
);

while the linear forms on the spectral side are irreducible characters

(1.5) fH(�) = tr
�
�(f)

�
= tr

� Z

H

f(y)�(y)dy
�
;

with coe�cients
aH� (�) = m(�;R):

This is the Selberg trace formula for compact quotient.
We note that if H = R and � = Z, the trace formula (1.3) reduces to the

Poisson summation formula. For another example, we could take H to be a �nite
group and f(x) to be the character tr �(x) of an irreducible representation � of H .
In this case, (1.3) reduces to a special case of the Frobenius reciprocity theorem,
which applies to the trivial one dimensional representation of the subgroup � of H .
(A minor extension of (1.3) specializes to the general form of Frobenius reciprocity.)



10 JAMES ARTHUR

Some of Selberg’s most striking applications of (1.3) were to the group H =
SL(2;R) of real, (2�2)-matrices of determinant one. Suppose that X is a compact
Riemann surface of genus greater than 1. The universal covering surface of X
is then the upper half plane, which we identify as usual with the space of cosets
SL(2;R)=SO(2;R). (Recall that the compact orthogonal group K = SO(2;R) is
the stabilizer of

p
�1 under the transitive action of SL(2;R) on the upper half

plane by linear fractional transformations.) The Riemann surface becomes a space
of double cosets

X = �nH=K;

where � is the fundamental group of X , embedding in SL(2;R) as a discrete sub-
group with compact quotient. By choosing left and right K-invariant functions
f 2 C1

c (H), Selberg was able to apply (1.3) to both the geometry and analysis of
X .

For example, closed geodesics on X are easily seen to be bijective with conju-
gacy classes in �. Given a large positive integer N , Selberg chose f so that the left
hand side of (1.3) approximated the number g(N) of closed geodesics of length less
than N . An analysis of the corresponding right hand side gave him an asymptotic
formula for g(N), with a sharp error term. Another example concerns the Laplace-
Beltrami operator � attached to X . In this case, Selberg chose f so that the right
hand side of (1.3) approximated the number h(N) of eigenvalues of � less than N .
An analysis of the corresponding left hand side then provided a sharp asymptotic
estimate for h(N).

The best known discrete subgroup of H = SL(2;R) is the group � = SL(2;Z)
of unimodular integral matrices. In this case, the quotient �nH is not compact.
The example of � = SL(2;Z) is of special signi�cance because it comes with the
supplementary operators introduced by Hecke. Hecke operators include a family of
commuting operators fTpg on L2(�nH), parametrized by prime numbers p, which
commute also with the action of the group H = SL(2;R). The families fcpg
of simultaneous eigenvalues of Hecke operators on L2(�nH) are known to be of
fundamental arithmetic signi�cance. Selberg was able to extend his trace formula
(1.3) to this example, and indeed to many other quotients of rank 1. He also
included traces of Hecke operators in his formulation. In particular, he obtained a
�nite closed formula for the trace of Tp on any space of classical modular forms.

Selberg worked directly with Riemann surfaces and more general locally sym-
metric spaces, so the role of group theory in his papers is less explicit. We can
refer the reader to the basic articles [Sel1] and [Sel2]. However, many of Selberg’s
results remain unpublished. The later articles [DL] and [JL, x16] used the language
of group theory to formulate and extend Selberg’s results for the upper half plane.

In the next section, we shall see how to incorporate the theory of Hecke oper-
ators into the general framework of (1.1). The connection is through adele groups,
where Hecke operators arise in a most natural way. Our ultimate goal is to describe
a general trace formula that applies to any adele group. The modern role of such
a trace formula has changed somewhat from the original focus of Selberg. Rather
than studying geometric and spectral data attached to a given group in isolation,
one tries to compare such data for di�erent groups. In particular, one would like
to establish reciprocity laws among the fundamental arithmetic data associated to
Hecke operators on di�erent groups.
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2. Algebraic groups and adeles

Suppose that G is a connected reductive algebraic group over a number �eld
F . For example, we could take G to be the multiplicative group GL(n) of invertible
(n � n)-matrices, and F to be the rational �eld Q. Our interest is in the general
setting of the last section, with � equal to G(F ). It is easy to imagine that this
group could have arithmetic signi�cance. However, it might not be at all clear
how to embed � discretely into a locally compact group H . To do so, we have to
introduce the adele ring of F .

Suppose for simplicity that F equals the rational �eld Q. We have the usual
absolute value v1(�) = j � j1 on Q, and its corresponding completion Qv1

= Q1 =
R. For each prime number p, there is also a p-adic absolute value vp(�) = j � jp on
Q, de�ned by

jtjp = p�r; t = prab�1;

for integers r, a and b with (a; p) = (b; p) = 1. One constructs its completion
Qvp = Qp by a process identical to that of R. As a matter of fact, j � jp satis�es an
enhanced form of the triangle inequality

jt1 + t2jp � max
�
jt1jp; jt2jp

	
; t1; t2 2 Q:

This has the e�ect of giving the compact \unit ball"

Zp =
�
tp 2 Qp : jtpjp � 1

	

in Qp the structure of a subring of Qp. The completions Qv are all locally compact
�elds. However, there are in�nitely many of them, so their direct product is not
locally compact. One forms instead the restricted direct product

A =

restY

v

Qv = R�
restY

p

Qp = R� A�n

=
�
t = (tv) : tp = tvp 2 Zp for almost all p

	
:

Endowed with the natural direct limit topology, A = AQ becomes a locally compact
ring, called the adele ring of Q. The diagonal image of Q in A is easily seen to be
discrete. It follows that H = G(A) is a locally compact group, in which � = G(Q)
embeds as a discrete subgroup. (See [Tam2].)

A similar construction applies to a general number �eld F , and gives rise to a
locally compact ring AF . The diagonal embedding

� = G(F ) � G(AF ) = H

exhibits G(F ) as a discrete subgroup of the locally compact groupG(AF ). However,
we may as well continue to assume that F = Q. This represents no loss of generality,
since one can pass from F to Q by restriction of scalars. To be precise, if G1 is
the algebraic group over Q obtained by restriction of scalars from F to Q, then
� = G(F ) = G1(Q), and H = G(AF ) = G1(A).

We can de�ne an automorphic representation � of G(A) informally to be an
irreducible representation of G(A) that \occurs in" the decomposition of R. This
de�nition is not precise for the reason mentioned in x1, namely that there could be
a part of R that decomposes continuously. The formal de�nition [Lan6] is in fact
quite broad. It includes not only irreducible unitary representations of G(A) in the
continuous spectrum, but also analytic continuations of such representations.
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The introduction of adele groups appears to have imposed a new and perhaps
unwelcome level of abstraction onto the subject. The appearance is illusory. Sup-
pose for example that G is a simple group over Q. There are two possibilities:
either G(R) is noncompact (as in the case G = SL(2)), or it is not. If G(R) is
noncompact, the adelic theory for G may be reduced to the study of of arithmetic
quotients of G(R). As in the case G = SL(2) discussed at the end of x1, this is
closely related to the theory of Laplace-Beltrami operators on locally symmetric
Riemannian spaces attached to G(R). If G(R) is compact, the adelic theory re-
duces to the study of arithmetic quotients of a p-adic group G(Qp). This in turn is
closely related to the spectral theory of combinatorial Laplace operators on locally
symmetric hypergraphs attached to the Bruhat-Tits building of G(Qp).

These remarks are consequences of the theorem of strong approximation. Sup-
pose that S is a �nite set of valuations of Q that contains the archimedean valuation
v1. For any G, the product

G(QS) =
Y

v2S

G(Qv)

is a locally compact group. Let KS be an open compact subgroup of G(AS), where

AS =
�
t 2 A : tv = 0; v 2 S

	

is the ring theoretic complement of QS in A. Then G(FS)KS is an open subgroup
of G(A).

Theorem 2.1. (a) (Strong approximation) Suppose that G is simply connected,
in the sense that the topological space G(C) is simply connected, and that G0(QS)
is noncompact for every simple factor G0 of G over Q. Then

G(A) = G(Q) �G(QS)KS:

(b) Assume only that G0(QS) is noncompact for every simple quotient G0 of G
over Q. Then the set of double cosets

G(Q)nG(A)=G(QS)KS

is �nite.

For a proof of (a) in the special case G = SL(2) and S = fv1g, see [Shim,
Lemma 6.15]. The reader might then refer to [Kne] for a sketch of the general
argument, and to [P] for a comprehensive treatment. Part (b) is essentially a
corollary of (a). �

According to (b), we can write G(A) as a disjoint union

G(A) =
na

i=1

G(Q) � xi �G(QS)KS ;

for elements x1 = 1, x2; : : : ; xn in G(AS). We can therefore write

G(Q)nG(A)=KS =

na

i=1

�
G(Q)nG(Q) � xi �G(QS)KS=KS

�

�=
na

i=1

�
�iSnG(QS)

�
;
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for discrete subgroups

�iS = G(QS) \
�
G(Q) � xiKS(xi)�1

�

of G(QS). We obtain a G(QS)-isomorphism of Hilbert spaces

(2.1) L2
�
G(Q)nG(A)=KS

� �=
nM

i=1

L2
�
�iSnG(QS)

�
:

The action of G(QS) on the two spaces on each side of (2.1) is of course by right
translation. It corresponds to the action by right convolution on either space by
functions in the algebra Cc

�
G(QS)

�
. There is a supplementary convolution algebra,

the Hecke algebra H
�
G(AS);KS

�
of compactly supported functions on G(AS) that

are left and right invariant under translation by KS. This algebra acts by right
convolution on the left hand side of (2.1), in a way that clearly commutes with the
action of G(QS). The corresponding action ofH

�
G(AS);KS

�
on the right hand side

of (2.1) includes general analogues of the operators de�ned by Hecke on classical
modular forms.

This becomes more concrete if S = fv1g. Then AS equals the subring A�n =
ft 2 A : t1 = 0g of \�nite adeles" in A. If G satis�es the associated noncompact-
ness criterion of Theorem 2.1(b), and K0 is an open compact subgroup of G(A�n),
we have a G(R)-isomorphism of Hilbert spaces

L2
�
G(Q)nG(A)=K0

� �=
nM

i=1

L2
�
�inG(R)

�
;

for discrete subgroups �1; : : : ;�n of G(R). The Hecke algebra H
�
G(A�n);K0

�
acts

by convolution on the left hand side, and hence also on the right hand side.
Hecke operators are really at the heart of the theory. Their properties can be

formulated in representation theoretic terms. Any automorphic representation � of
G(A) can be decomposed as a restricted tensor product

(2.2) � =
O

v

�v;

where �v is an irreducible representation of the group G(Qv). Moreover, for every
valuation v = vp outside some �nite set S, the representation �p = �vp is unrami�ed,
in the sense that its restriction to a suitable maximal compact subgroup Kp of
G(Qp) contains the trivial representation. (See [F]. It is known that the trivial
representation of Kp occurs in �p with multiplicity at most one.) This gives rise to
a maximal compact subgroup KS =

Q
p=2S

Kp, a Hecke algebra

HS =
O

p=2S

Hp =
O

p=2S

H
�
G(Qp);Kp

�

that is actually abelian, and an algebra homomorphism

(2.3) c(�S) =
O

p=2S

c(�p) : HS =
O

p=2S

Hp �! C:
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Indeed, if vS =
N
p=2S

vp belongs to the one-dimensional space of KS-�xed vectors for

the representation �S =
N
p=2S

�p, and hS =
N
p=2S

hp belongs to HS , the vector

�S(hS)vS =
O

p=2S

�
�p(hp)vp

�

equals

c(�S ; hS)vS =
O

p=2S

�
c(�p; hp)vp

�
:

This formula de�nes the homomorphism (2.3) in terms of the unrami�ed represen-
tation �S . Conversely, for any homomorphism HS ! C, it is easy to see that there
is a unique unrami�ed representation �S of G(AS) for which the formula holds.

The decomposition (2.2) actually holds for general irreducible representations
� of G(A). In this case, the components can be arbitrary. However, the condition
that � be automorphic is highly rigid. It imposes deep relationships among the
di�erent unrami�ed components �p, or equivalently, the di�erent homomorphisms
c(�p) : Hp ! C. These relationships are expected to be of fundamental arithmetic
signi�cance. They are summarized by Langlands’s principle of functoriality [Lan3],
and his conjecture that relates automorphic representations to motives [Lan7].
(For an elementary introduction to these conjectures, see [A28]. We shall review
the principle of functoriality and its relationship with unrami�ed representations
in x26.) The general trace formula provides a means for analyzing some of the
relationships.

The group G(A) can be written as a direct product of the real group G(R) with
the totally disconnected group G(A�n). We de�ne

C1
c

�
G(A)

�
= C1

c

�
G(R)

�

 C1

c

�
G(A�n)

�
;

where C1
c

�
G(R)

�
is the usual space of smooth, compactly supported functions on

the Lie group G(R), and C1
c

�
G(A�n)

�
is the space of locally constant, compactly

supported, complex valued functions on the totally disconnected group G(A�n).
The vector space C1

c

�
G(A)

�
is an algebra under convolution, which is of course

contained in the algebra Cc
�
G(A)

�
of continuous, compactly supported functions

on G(A).
Suppose that f belongs to C1

c

�
G(A)

�
. We can choose a �nite set of valuations

S satisfying the condition of Theorem 2.1(b), an open compact subgroup KS of
G(AS), and an open compact subgroup K0;S of the product

G(Q1
S ) =

Y

v2S�fv1g

G(Qv)

such that f is bi-invariant under the open compact subgroup K0 = K0;SK
S of

G(A�n). In particular, the operator R(f) vanishes on the orthogonal complement
of L2

�
G(Q)nG(A)=KS

�
in L2

�
G(Q)nG(A)

�
. We leave the reader the exercise of

using (1.1) and (2.1) to identify R(f) with an integral operator with smooth kernel
on a �nite disjoint union of quotients of G(R).

Suppose, in particular, that G(Q)nG(A) happens to be compact. Then R(f)
may be identi�ed with an integral operator with smooth kernel on a compact man-
ifold. It follows that R(f) is an operator of trace class, whose trace is given by
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(1.2). The Selberg trace formula (1.3) is therefore valid for f , with � = G(Q) and
H = G(A). (See [Tam1].)

3. Simple examples

We have tried to introduce adele groups as gently as possible, using the re-
lations between Hecke operators and automorphic representations as motivation.
Nevertheless, for a reader unfamiliar with such matters, it might take some time to
feel comfortable with the general theory. To supplement the discussion of x2, and
to acquire some sense of what one might hope to obtain in general, we shall look
at a few concrete examples.

Consider �rst the simplest example of all, the case that G equals the multi-
plicative group GL(1). Then G(Q) = Q�, while

G(A) = A� =
�
x 2 A : jxj 6= 0; jxpjp = 1 for almost all p

	

is the multiplicative group of ideles for Q. If N is a positive integer with prime
factorization N =

Q
p
pep(N), we write

KN =
�
k 2 G(A�n) = A�

�n : jkp � 1jp � p�ep(N) for all p
	
:

A simple exercise for a reader unfamiliar with adeles is to check directly that KN

is an open compact subgroup of A�
�n, that any open compact subgroup K0 contains

KN for some N , and that the abelian group

G(Q)nG(A)=G(R)KN = Q�nA�=R�KN

is �nite. The quotient G(Q)nG(A) = Q�nA� is not compact. This is because the
mapping

x �! jxj =
Y

v

jxvjv; x 2 A�;

is a continuous surjective homomorphism from A� to the multiplicative group (R�)0

of positive real numbers, whose kernel

A1 =
�
x 2 A : jxj = 1

	

contains Q�. The quotient Q�nA1 is compact. Moreover, we can write the group
A� as a canonical direct product of A1 with the group (R�)0. The failure of Q�nA�

to be compact is therefore entirely governed by the multiplicative group (R�)0 of
positive real numbers.

An irreducible unitary representation of the abelian group GL(1;A) = A� is a
homomorphism

� : A� �! U(1) =
�
z 2 C� : jzj = 1

	
:

There is a free action

s : � �! �s(x) = �(x)jxjs; s 2 iR;
of the additive group iR on the set of such �. The orbits of iR are bijective
under the restriction mapping from A� to A1 with the set of irreducible unitary
representations of A1. A similar statement applies to the larger set of irreducible
(not necessarily unitary) representations of A�, except that one has to replace iR
with the additive group C.

Returning to the case of a general group over Q, we write AG for the largest cen-
tral subgroup ofG over Q that is a Q-split torus. In other words, AG is Q-isomorphic
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to a direct product GL(1)k of several copies of GL(1). The connected component

AG(R)0 of 1 in AG(R) is isomorphic to the multiplicative group
�
(R�)0

�k
, which

in turn is isomorphic to the additive group Rk. We write X(G)Q for the additive
group of homomorphisms � : g ! g� from G to GL(1) that are de�ned over Q.
Then X(G)Q is a free abelian group of rank k. We also form the real vector space

aG = HomZ

�
X(G)Q;R

�

of dimension k. There is then a surjective homomorphism

HG : G(A) �! aG;

de�ned by


HG(x); �

�
=
�� log(x�)

��; x 2 G(A); � 2 X(G)Q:

The group G(A) is a direct product of the normal subgroup

G(A)1 =
�
x 2 G(A) : HG(x) = 0

	

with AG(R)0.
We also have the dual vector space a�

G = X(G)Q
Z R, and its complexi�cation
a�
G;C = X(G)Q 
 C. If � is an irreducible unitary representation of G(A) and �

belongs to ia�
G, the product

��(x) = �(x)e�(HG(x)); x 2 G(A);

is another irreducible unitary representation of G(A). The set of associated ia�
G-

orbits is in bijective correspondence under the restriction mapping from G(A) to
G(A)1 with the set of irreducible unitary representations of G(A)1. A similar as-
sertion applies the larger set of irreducible (not necessary unitary) representations,
except that one has to replace ia�

G with the complex vector space a�
G;C.

In the case G = GL(n), for example, we have

AGL(n) =

8
><
>:

0
B@
z 0

. . .

0 z

1
CA : z 2 GL(1)

9
>=
>;
�= GL(1):

The abelian group X
�
GL(n)

�
Q

is isomorphic to Z, with canonical generator given

by the determinant mapping from GL(n) to GL(1). The adelic group GL(n;A) is
a direct product of the two groups

GL(n;A)1 =
�
x 2 GL(n;A) : j det(x)j = 1

	

and

AGL(n)(R)0 =

8
><
>:

0
B@
r 0

. . .

0 r

1
CA : r 2 (R�)0

9
>=
>;
:

In general, G(Q) is contained in the subgroup G(A)1 of G(A). The group
AG(R)0 is therefore an immediate obstruction to G(Q)nG(A) being compact, as
indeed it was in the simplest example of G = GL(1). The real question is then
whether the quotient G(Q)nG(A)1 is compact. When the answer is a�rmative, the
discussion above tells us that the trace formula (1.3) can be applied. It holds for
� = G(Q) and H = G(A)1, with f being the restriction to G(A)1 of a function in
C1
c

�
G(A)

�
.
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The simplest nonabelian example that gives compact quotient is the multiplica-
tive group

G = fx 2 A : x 6= 0g
of a quaternion algebra over Q. By de�nition, A is a four dimensional division
algebra over Q, with center Q. It can be written in the form

A =
�
x = x0 + x1i+ x2j + x3k : x� 2 Q

	
;

where the basis elements 1, i, j and k satisfy

ij = �ji = k; i2 = a; j2 = b;

for nonzero elements a; b 2 Q�. Conversely, for any pair a; b 2 Q�, the Q-algebra
de�ned in this way is either a quaternion algebra or is isomorphic to the matrix
algebra M2(Q). For example, if a = b = �1, A is a quaternion algebra, since
A
Q R is the classical Hamiltonian quaternion algebra over R. On the other hand,
if a = b = 1, the mapping

x �! x0

�
1 0
0 1

�
+ x1

�
1 0
0 �1

�
+ x2

�
0 1
1 0

�
+ x3

�
0 1
�1 0

�

is an isomorphism from A onto M2(Q). For any A, one de�nes an automorphism

x �! �x = x0 � x1i� x2j � x3k

of A, and a multiplicative mapping

x �! N(x) = x�x = x0 � ax2
1 � bx2

2 + abx2
3

from A to Q. If N(x) 6= 0, x�1 equals N(x)�1 �x. It follows that x 2 A is a unit if
and only if N(x) 6= 0.

The description of a quaternion algebraA in terms of rational numbers a; b 2 Q�

has the obvious attraction of being explicit. However, it is ultimately unsatisfactory.
Among other things, di�erent pairs a and b can yield the same algebra A. There
is a more canonical characterization in terms of the completions Av = A
Q Qv at
valuations v of Q. If v = v1, we know that Av is isomorphic to either the matrix
ring M2(R) or the Hamiltonian quaternion algebra over R. A similar property
holds for any other v. Namely, there is exactly one isomorphism class of quaternion
algebras over Qv, so there are again two possibilities for Av. Let V be the set of
valuations v such that Av is a quaternion algebra. It is then known that V is a
�nite set of even order. Conversely, for any nonempty set V of even order, there
is a unique isomorphism class of quaternion algebras A over Q such that Av is a
quaternion algebra for each v 2 V and a matrix algebra M2(Qv) for each v outside
V .

We digress for a moment to note that this characterization of quaternion al-
gebras is part of a larger classi�cation of reductive algebraic groups. The general
classi�cation over a number �eld F , and its completions Fv, is a beautiful union of
class �eld theory with the structure theory of reductive groups. One begins with a
group G�

s over F that is split, in the sense that it has a maximal torus that splits
over F . By a basic theorem of Chevalley, the groups G�

s are in bijective correspon-
dence with reductive groups over an algebraic closure F of F , the classi�cation
of which reduces largely to that of complex semisimple Lie algebras. The general
group G over F is obtained from G�

s by twisting the action of the Galois group
Gal(F=F ) by automorphisms of G�

s . It is a two stage process. One �rst constructs
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an \outer twist" G� of G�
s that is quasisplit, in the sense that it has a Borel sub-

group that is de�ned over F . This is the easier step. It reduces to a knowledge
of the group of outer automorphisms of G�

s, something that is easy to describe in
terms of the general structure of reductive groups. One then constructs an \inner

twist" G
 �! G�, where  is an isomorphism such that for each � 2 Gal(F=F ), the

composition
�(�) =  � �( )�1

belongs to the group Int(G�) of inner automorphisms of G�. The role of class �eld
theory is to classify the functions � ! �(�). More precisely, class �eld theory
allows us to characterize the equivalence classes of such functions de�ned by the
Galois cohomology set

H1
�
F; Int(G�)

�
= H1

�
Gal(F=F ); Int(G)�(F )

�
:

It provides a classi�cation of the �nite sets of local inner twists H1
�
Fv; Int(G�

v)
�
,

and a characterization of the image of the map

H1
�
F; Int(G�)

�
,!
Y

v

H1
�
F; Int(G�

v)
�

in terms of an explicit generalization of the parity condition for quaternion algebras.
The map is injective, by the Hasse principle for the adjoint group Int(G�). Its image
therefore classi�es the isomorphism classes of inner twists G of G� over F .

In the special case above, the classi�cation of quaternion algebras A is equiva-
lent to that of the algebraic groups A�. In this case, G� = G�

s = GL(2). In general,
the theory is not especially well known, and goes beyond what we are assuming for
this course. However, as a structural foundation for the Langlands program, it is
well worth learning. A concise reference for a part of the theory is [Ko5, x1-2].

Let G be the multiplicative group of a quaternion algebra A over Q, as above.
The restriction of the norm mapping N to G is a generator of the group X(G)Q.
In particular,

G(A)1 =
�
x 2 G(A) : jN(x)j = 1

	
:

It is then not hard to see that the quotient G(Q)nG(A)1 is compact. (The reason
is that G has no proper parabolic subgroup over Q, a point we shall discuss in
the next section.) The Selberg trace formula (1.3) therefore holds for � = G(Q),
H = G(A)1, and f the restriction to G(A)1 of a function in C1

c

�
G(A)

�
. If �(G)

denotes the set of conjugacy classes in G(Q), and �(G) is the set of equivalence
classes of automorphic representations of G (or more properly, restrictions to G(A)1

of automorphic representations of G(A)), we have

(3.1)
X


2�(G)

aG(
)fG(
) =
X

�2�(G)

aG(�)fG(�); f 2 C1
c

�
G(A)

�
;

for the volume aG(
) = aH� (
), the multiplicity aG(�) = aH� (�), the orbital integral
fG(
) = fH(
), and the character fG(�) = fH(�). Jacquet and Langlands gave a
striking application of this formula in x16 of their monograph [JL].

Any function in C1
c

�
G(A)

�
is a �nite linear combination of products

f =
Y

v

fv; fv 2 C1
c

�
G(Qv)

�
:

Assume that f is of this form. Then fG(
) is a product of local orbital integrals
fv;G(
v), where 
v is the image of 
 in the set �(Gv) of conjugacy classes in G(Qv),
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and fG(�) is a product of local characters fv;G(�v), where �v is the component of
� in the set �(Gv) of equivalence classes of irreducible representations of G(Qv).
Let V be the even set of valuations v such that G is not isomorphic to the group
G� = GL(2) over Qv. If v does not belong to V , the Qv-isomorphism from G to
G� is determined up to inner automorphisms. There is consequently a canonical
bijection 
v ! 
�

v from �(Gv) to �(G�
v), and a canonical bijection �v ! ��

v from
�(Gv) to �(G�

v). One can therefore de�ne a function f�
v 2 C1

c (G�
v) for every v =2 V

such that
f�
v;G�(
�

v ) = fv;G(
v)

and
f�
v;G�(��

v) = fv;G(�v);

for every 
v 2 �(Gv) and �v 2 �(Gv). This suggested to Jacquet and Langlands
the possibility of comparing (3.1) with the trace formula Selberg had obtained for
the group G� = GL(2) with noncompact quotient.

If v belongs to V , G(Qv) is the multiplicative group of a quaternion algebra
over Qv. In this case, there is a canonical bijection 
v ! 
�

v from �(Gv) onto the
set �ell(G

�
v) of semisimple conjugacy classes in G�(Qv) that are either central, or

do not have eigenvalues in Qv. Moreover, there is a global bijection 
 ! 
� from
�(G) onto the set of semisimple conjugacy classes 
� 2 �(G�) such that for every
v 2 V , 
�

v belongs to �ell(G
�
v). For each v 2 V , Jacquet and Langlands assigned a

function f�
v 2 C1

c

�
G�(Qv)

�
to fv such that

(3.2) f�
v;G�(
�

v ) =

(
fv;G(
v); if 
�

v 2 �ell(G
�
v);

0; otherwise,

for every (strongly) regular class 
�
v 2 �reg(G�

v). (An element is strongly regular if
its centralizer is a maximal torus. The strongly regular orbital integrals of f�

v are
known to determine the value taken by f�

v at any invariant distribution on G�(Qv):)
This allowed them to attach a function

f� =
Y

v

f�
v

in C1
c

�
G�(A)

�
to the original function f . They then observed that

(3.3) f�
G�(
�) =

(
fG(
); if 
� is the image of 
 2 �(G),

0; otherwise,

for any class 
� 2 �(G�).
It happens that Selberg’s formula for the group G� = GL(2) contains a number

of supplementary terms, in addition to analogues of the terms in (3.1). However,
Jacquet and Langlands observed that the local vanishing conditions (3.2) force all
of the supplementary terms to vanish. They then used (3.3) to deduce that the
remaining terms on the geometric side equaled the corresponding terms on the
geometric side of (3.1). This left only a spectral identity

(3.4)
X

�2�(G)

m(�;R)tr
�
�(f)

�
=

X

��2�(G�)

m(��; R�
disc)tr

�
��(f�)

�
;

where R�
disc is the subrepresentation of the regular representation of G�(A)1 on

L2
�
G�(Q)nG�(A)1

�
that decomposes discretely. By setting f = fSf

S, for a �xed �-

nite set S of valuations containing V [fv1g, and a �xed function fS 2 C1
c

�
G(QS)

�
,
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one can treat (3.4) as an identity of linear forms in a variable function fS belong-
ing to the Hecke algebra H(GS ;KS). Jacquet and Langlands used it to establish
an injective global correspondence � ! �� of automorphic representations, with
��
v = �v for each v =2 V . They also obtained an injective local correspondence
�v ! ��

v of irreducible representations for each v 2 V , which is compatible with
the global correspondence, and also the local correspondence fv ! f�

v of functions.
Finally, they gave a simple description of the images of both the local and global
correspondences of representations.

The Jacquet-Langlands correspondence is remarkable for both the power of its
assertions and the simplicity of its proof. It tells us that the arithmetic information
carried by unrami�ed components �p of automorphic representations � of G(A),
whatever form it might take, is included in the information carried by automorphic
representations �� of G�(A). In the case v1 =2 V , it also implies a correspondence
between spectra of Laplacians on certain compact Riemann surfaces, and discrete
spectra of Laplacians on noncompact surfaces. The Jacquet-Langlands correspon-
dence is a simple prototype of the higher reciprocity laws one might hope to deduce
from the trace formula. In particular, it is a clear illustration of the importance of
having a trace formula for noncompact quotient.

4. Noncompact quotient and parabolic subgroups

If G(Q)nG(A)1 is not compact, the two properties that allowed us to derive
the trace formula (1.3) fail. The regular representation R does not decompose
discretely, and the operators R(f) are not of trace class. The two properties are
closely related, and are responsible for the fact that the integral (1.2) generally
diverges. To see what goes wrong, consider the case that G = GL(2), and take f
to be the restriction to H = G(A)1 of a nonnegative function in C1

c

�
G(A)

�
. If the

integral (1.2) were to converge, the double integral
Z

G(Q)nG(A)1

X


2G(Q)

f(x�1
x)dx

would be �nite. Using Fubini’s theorem to justify again the manipulations of x1,
we would then be able to write the double integral as

X


2fG(Q)g

vol
�
G(Q)
nG(A)1




� Z

G(A)1

nG(A)1

f(x�1
x)dx:

As it happens, however, the summand corresponding to 
 is often in�nite.

Sometimes the volume ofG(Q)
nG(A)1

 is in�nite. Suppose that 
 =

�

1 0
0 
2

�
,

for a pair of distinct elements 
1 and 
2 in Q�. Then

G
 =

��
y1 0
0 y2

�
: y1; y2 2 GL(1)

�
�= GL(1)�GL(1);

so that

G(A)1


�=
�

(y1; y2) 2 (A�)2 : jy1jjy2j = 1
	
;

and

G(Q)
nG(A)1


�= (Q�nA1)� (Q�nA�) �= (Q�nA1)2 � (R�)0:
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An invariant measure on the left hand quotient therefore corresponds to a Haar
measure on the abelian group on the right. Since this group is noncompact, the
quotient has in�nite volume.

Sometimes the integral overG(A)1

nG(A)1 diverges. Suppose that 
 =

�
1 1
0 1

�
.

Then

G(A)
 =

��
z y
0 z

�
: y 2 A; z 2 A�

�

The computation of the integralZ

G(A)1

nG(A)1

f(x�1
x)dx =

Z

G(A)
nG(A)

f(x�1
x)dx

is a good exercise in understanding relations among the Haar measures d�a, du and
dx on A�, A, and G(A), respectively. One �nds that the integral equals

Z

G
(A)nP0(A)

Z

P0(A)nG(A)

f(k�1p�1
pk)d‘pdk;

where P0(A) is the subgroup of upper triangular matrices
�
p =

�
a� u
0 b�

�
: a�; b� 2 A�; u 2 A

�
;

with left Haar measure
d‘p = ja�j�1da�db�du;

and dk is a Borel measure on the compact space P0(A)nG(A). The integral then
reduces to an expression

c(f)
Y

p

(1 � p�1)�1 = c(f)

 
1X

n=1

1

n

!
;

where

c(f) = c0

Z

P0(A)nG(A)

Z

A

f

�
k�1

�
1 u
0 1

�
k

�
dudk;

for a positive constant c0. In particular, the integral is generally in�nite.
Observe that the nonconvergent terms in the case G = GL(2) both come from

conjugacy classes in GL(2;Q) that intersect the parabolic subgroup P0 of upper
triangular matrices. This suggests that rational parabolic subgroups are responsible
for the di�culties encountered in dealing with noncompact quotient. Our suspicion
is reinforced by the following characterization, discovered independently by Borel
and Harish-Chandra [BH] and Mostow and Tamagawa [MT]. For a general group
G over Q, the quotient G(Q)nG(A)1 is noncompact if and only if G has a proper
parabolic subgroup P de�ned over Q.

We review some basic properties of parabolic subgroups, many of which are
discussed in the chapter [Mur] in this volume. We are assuming now that G
is a general connected reductive group over Q. A parabolic subgroup of G is an
algebraic subgroup P such that P (C)nG(C) is compact. We consider only parabolic
subgroups P that are de�ned over Q. Any such P has a Levi decomposition P =
MNP , which is a semidirect product of a reductive subgroup M of G over Q

with a normal unipotent subgroup NP of G over Q. The unipotent radical NP is
uniquely determined by P , while the Levi component M is uniquely determined up
to conjugation by P (Q).
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Let P0 be a �xed minimal parabolic subgroup of G over Q, with a �xed Levi
decomposition P0 = M0N0. Any subgroup P of G that contains P0 is a parabolic
subgroup that is de�ned over Q. It is called a standard parabolic subgroup (relative
to P0). The set of standard parabolic subgroups of G is �nite, and is a set of
representatives of the set of all G(Q)-conjugacy classes of parabolic subgroups over
Q. A standard parabolic subgroup P has a canonical Levi decomposition P =
MPNP , where MP is the unique Levi component of P that contains M0. Given
P , we can form the central subgroup AP = AMP

of MP , the real vector space
aP = aMP

, and the surjective homomorphism HP = HMP
from MP (A) onto aP .

In case P = P0, we often write A0 = AP0 , a0 = aP0 and H0 = HP0 .
In the example G = GL(n), one takes P0 to be the Borel subgroup of upper

triangular matrices. The unipotent radical N0 of P0 is the subgroup of unipotent
upper triangular matrices. For the Levi component M0, one takes the subgroup of
diagonal matrices. There is then a bijection

P  ! (n1; : : : ; np)

between standard parabolic subgroups P of G = GL(n) and partitions (n1; : : : ; np)
of n. The group P is the subgroup of block upper triangular matrices associated
to (n1; : : : ; np). The unipotent radical of P is the corresponding subgroup

NP =

8
><
>:

0
B@
In1 j �

. . .

0 jInp

1
CA

9
>=
>;

of block unipotent matrices, the canonical Levi component is the subgroup

MP =

8
><
>:
m =

0
B@
m1j 0

. . .

0 jmp

1
CA : mi 2 GL(ni)

9
>=
>;

of block diagonal matrices, while

AP =

8
><
>:
a =

0
B@
a1In1 j 0

. . .

0 japInp

1
CA : ai 2 GL(1)

9
>=
>;
:

Naturally, Ik stands here for the identity matrix of rank k. The free abelian group
X(MP )Q attached to MP has a canonical basis of rational characters

�i : m �! det(mi); m 2MP ; 1 � i � p:
We are free to use the basis 1

n1
�1; : : : ;

1
np
�p of the vector space a�

P , and the corre-

sponding dual basis of aP , to identify both a�
P and aP with Rp. With this interpre-

tation, the mapping HP takes the form

HP (m) =

�
1

n1
log j det m1j; : : : ;

1

np
log j det mpj

�
; m 2MP (A):

It follows that

HP (a) =
�

log ja1j; : : : ; log japj
�
; a 2 AP (A):
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For general G, we have a variant of the regular representation R for any
standard parabolic subgroup P . It is the regular representation RP of G(A) on
L2
�
NP (A)MP (Q)nG(A)

�
, de�ned by

�
RP (y)�

�
(x) = �(xy); � 2 L2

�
NP (A)MP (Q)nG(A)

�
; x; y 2 G(A):

Using the language of induced representations, we can write

RP = Ind
G(A)
NP (A)MP (Q)(1NP (A)MP (Q)) �= Ind

G(A)
P (A)(1NP (A) 
RMP

);

where IndHK(�) denotes a representation of H induced from a subgroup K, and 1K
denotes the trivial one dimensional representation of K. We can of course integrate
RP against any function f 2 C1

c

�
G(A)

�
. This gives an operator RP (f) on the

Hilbert space L2
�
NP (A)MP (Q)nG(A)

�
. Arguing as in the special case R = RG of

x1, we �nd that RP (f) is an integral operator with kernel

(4.1) KP (x; y) =

Z

NP (A)

X


2MP (Q)

f(x�1
ny)dn; x; y 2 NP (A)MP (Q)nG(A):

We have seen that the diagonal value K(x; x) = KG(x; x) of the original kernel
need not be integrable over x 2 G(Q)nG(A)1. We have also suggested that parabolic
subgroups are somehow responsible for this failure. It makes sense to try to modify
K(x; x) by adding correction terms indexed by proper parabolic subgroups P . The
correction terms ought to be supported on some small neighbourhood of in�nity, so
that they do not a�ect the values taken by K(x; x) on some large compact subset
of G(Q)nG(A)1. The diagonal value KP (x; x) of the kernel of RP (f) provides a
natural function for any P . However, KP (x; x) is invariant under left translation
of x by the group NP (A)MP (Q), rather than G(Q). One could try to rectify this
defect by summing KP (�x; �x) over elements � in P (Q)nG(Q). However, this sum
does not generally converge. Even if it did, the resulting function on G(Q)nG(A)1

would not be supported on a small neighbourhood of in�nity. The way around
this di�culty will be to multiply KP (x; x) by a certain characteristic function on
NP (A)MP (Q)nG(A) that is supported on a small neighbourhood of in�nity, and
which depends on a choice of maximal compact subgroup K of G(A).

In case G = GL(n), the product

K = O(n;R)�
Y

p

GL(n;Zp)

is a maximal compact subgroup of G(A). According to the Gramm-Schmidt or-
thogonalization lemma of linear algebra, we can write

GL(n;R) = P0(R)O(n;R):

A variant of this process, applied to the height function

kvkp = maxfjvijp : 1 � i � ng; v 2 Qn
p ;

on Qn
p instead of the standard inner product on Rn, gives a decomposition

GL(n;Qp) = P0(Qp)GL(n;Zp);

for any p. It follows that GL(n;A) equals P0(A)K.
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These properties carry over to our general group G. We choose a suitable
maximal compact subgroup

K =
Y

v

Kv; Kv � G(Qv);

of G(A), with G(A) = P0(A)K [Ti, (3.3.2), (3.9], [A5, p. 9]. We �x K, and
consider a standard parabolic subgroup P of G. Since P contains P0, we obtain a
decomposition

G(A) = P (A)K = NP (A)MP (A)K = NP (A)MP (A)1AP (R)0K:

We then de�ne a continuous mapping

HP : G(A) �! aP

by setting

HP (nmk) = HMP
(m); n 2 NP (A); m 2MP (A); k 2 K:

We shall multiply the kernel KP (x; x) by the preimage under HP of the character-
istic function of a certain cone in aP .

5. Roots and weights

We have �xed a minimal parabolic subgroup P0 of G, and a maximal compact
subgroup K of G(A). We want to use these objects to modify the kernel function
K(x; x) so that it becomes integrable. To prepare for the construction, as well as
for future geometric arguments, we review some properties of roots and weights.

The restriction homomorphism X(G)Q ! X(AG)Q is injective, and has �nite
cokernel. If G = GL(n), for example, the homomorphism corresponds to the injec-
tion z ! nz of Z into itself. We therefore obtain a canonical linear isomorphism

(5.1) a�
P = X(MP )Q 
 R

��! X(AP )Q 
 R:

Now suppose that P1 and P2 are two standard parabolic subgroups, with P1 �
P2. There are then Q-rational embeddings

AP2 � AP1 �MP1 �MP2 :

The restriction homomorphism X(MP2)Q ! X(MP1)Q is injective. It provides
a linear injection a�

P2
,! a�

P1
and a dual linear surjection aP1 7! aP2 . We write

aP2

P1
� aP1 for the kernel of the latter mapping. The restriction homomorphism

X(AP1)Q ! X(AP2)Q is surjective, and extends to a surjective mapping from
X(AP1)Q 
 R to X(AP2 )Q 
 R. It thus provides a linear surjection a�

P1
7! a�

P2
,

and a dual linear injection aP2 ,! aP1 . Taken together, the four linear mappings
yield split exact sequences

0 �! a�
P2

� a�
P1
�! a�

P1
=a�
P2
�! 0

and

0 �! aP2

P1
�! aP1 � aP2 �! 0

of real vector spaces. We may therefore write

aP1 = aP2 � aP2

P1

and

a�
P1

= a�
P2
� (aP2

P1
)�:
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For any P , we write �P for the set of roots of (P;AP ). We also write nP for
the Lie algebra of NP . Then �P is a �nite subset of nonzero elements in X(AP )Q

that parametrizes the decomposition

nP =
M

�2�P

n�

of nP into eigenspaces under the adjoint action

Ad : AP �! GL(nP )

of AP . By de�nition,

n� =
�
X� 2 nP : Ad(a)X� = a�X�; a 2 AP

	
;

for any � 2 �P . We identify �P with a subset of a�
P under the canonical mappings

�P � X(AP )Q � X(AP )Q 
 R ’ a�
P :

If H belongs to the subspace aG of aP , �(H) = 0 for each � 2 �P , so �P is
contained in the subspace (aGP )� of a�

P . As is customary, we de�ne a vector

�P =
1

2

X

�2�P

(dim n�)�

in (aGP )�. We leave the reader to check that left and right Haar measures on the
group P (A) are related by

d‘p = e2�(HP (p))drp; p 2 P (A):

In particular, the group P (A) is not unimodular, if P 6= G.
We write �0 = �P0 . The pair

(V;R) =
�
(aGP0

)�;�0 [ (��0)
�

is a root system [Ser2], for which �0 is a system of positive roots. We write
W0 = WG

0 for the Weyl group of (V;R). It is the �nite group generated by re
ections
about elements in �0, and acts on the vector spaces V = (aGP0

)�, a�
0 = a�

P0
, and

a0 = aP0 . We also write �0 � �0 for the set of simple roots attached to �0. Then
�0 is a basis of the real vector space (aG0 )� = (aGP0

)�. Any element � 2 �0 can be
written uniquely

� =
X

�2�0

n��;

for nonnegative integers n�. The corresponding set

�_
0 = f�_ : � 2 �0g

of simple coroots is a basis of the vector space aG0 = aGP0
. We write

b�0 = f$� : � 2 �0g
for the set of simple weights, and

b�_
0 = f$_

� : � 2 �0g

for the set of simple co-weights. In other words, b�0 is the basis of (aG0 )� dual to

�_
0 , and b�_

0 is the basis of aG0 dual to �0.
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Standard parabolic subgroups are parametrized by subsets of �0. More pre-
cisely, there is an order reversing bijection P $ �P

0 between standard parabolic
subgroups P of G and subsets �P

0 of �0, such that

aP =
�
H 2 a0 : �(H) = 0; � 2 �P

0

	
:

For any P , �P
0 is a basis of the space aPP0

= aP0 . Let �P be the set of linear forms

on aP obtained by restriction of elements in the complement �0��P
0 of �P

0 in �0.
Then �P is bijective with �0 ��P

0 , and any root in �P can be written uniquely
as a nonnegative integral linear combination of elements in �P . The set �P is a
basis of (aGP )�. We obtain a second basis of (aGP )� by taking the subset

b�P = f$� : � 2 �0 ��P
0 g

of b�0. We shall write
�_
P = f�_ : � 2 �P g

for the basis of aGP dual to b�P , and

b�_
P = f$_

� : � 2 �P g
for the basis of aGP dual to �P . We should point out that this notation is not
standard if P 6= P0. For in this case, a general element � 2 �P is not part of a
root system (as de�ned in [Ser2]), so that �_ is not a coroot. Rather, if � is the
restriction to aP of the simple root � 2 �0 ��P

0 , �_ is the projection onto aP of
the coroot �_.

We have constructed two bases �P and b�P of (aGP )�, and corresponding dual

bases b�_
P and �_

P of aGP , for any P . More generally, suppose that P1 � P2 are two

standard parabolic subgroups. Then we can form two bases �P2

P1
and b�P2

P1
of (aP2

P1
)�,

and corresponding dual bases (b�P2

P1
)_ and (�P2

P1
)_ of aP2

P1
. The construction proceeds

in the obvious way from the bases we have already de�ned. For example, �P2

P1
is

the set of linear forms on the subspace aP2

P1
of aP1 obtained by restricting elements

in �P2
0 � �P1

0 , while b�P2

P1
is the set of linear forms on aP2

P1
obtained by restricting

elements in b�P1 � b�P2 . We note that P1\MP2 is a standard parabolic subgroup of
the reductive groupMP2 , relative to the �xed minimal parabolic subgroup P0\MP2 .
It follows from the de�nitions that

aP1\MP2
= aP1 ; a

MP2

P1\MP2
= aP2

P1
; �P1\MP2

= �P2

P1
;

and
b�P1\MP2

= b�P2

P1
:

Consider again the example of G = GL(n). Its Lie algebra is the space Mn of
(n� n)-matrices, with the Lie bracket

[X;Y ] = XY � Y X;
and the adjoint action

Ad(g) : X �! gXg�1; g 2 G; X 2Mn;

of G. The group

A0 =

8
><
>:
a =

0
B@
a1 0

. . .

0 an

1
CA : ai 2 GL(1)

9
>=
>;
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acts by conjugation on the Lie algebra

n0 = nP0 =

8
>>>><
>>>>:

0
BBBB@

0 � � � � �
. . .

. . .
...

. . . �
0 0

1
CCCCA

9
>>>>=
>>>>;

of NP0 , and

�0 = f�ij : a �! aia
�1
j ; i < jg:

As linear functionals on the vector space

a0 =

8
><
>:
u :

0
B@
u1 0

. . .

0 un

1
CA : ui 2 R

9
>=
>;
;

the roots �0 take the form

�ij(u) = ui � uj ; i < j:

The decomposition of a general root in terms of the subset

�0 = f�i = �i;i+1 : 1 � i � n� 1g;
of simple roots is given by

�ij = �i + � � �+ �j�1; i < j:

The set of coroots equals

�_
0 =

�
�_
ij = ei � ej = (

jz }| {
0; : : : ; 0; 1| {z }

i

; 0; : : : ; 0;�1; 0; : : : ; 0) : i < j
	
;

where we have identi�ed a0 with the vector space Rn, equipped with the standard
basis e1; : : : ; en. The simple coroots form the basis

�_
0 = f�_

i = ei � ei+1 : 1 � i � n� 1g
of the subspace

aG0 = fu 2 Rn :
X

ui = 0g:
The simple weights give the dual basis

b�0 = f$i : 1 � i � n� 1g;
where

$i(u) =
n� i
n

(u1 + � � �+ ui)�
� i
n

�
(ui+1 + � � �+ un):

The Weyl group W0 of the root system for GL(n) is the symmetric group Sn, acting
by permutation of the coordinates of vectors in the space a0

�= Rn. The dot product
on Rn give a W -invariant inner product h�; �i on both a0 and a�

0. It is obvious that

h�i; �ji � 0; i 6= j:

We leave to the reader the exercise of showing that

h$i; $ji � 0; 1 � i; j � n� 1:
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Suppose that P � GL(n) corresponds to the partition (n1; : : : ; np) of n. The
general embedding aP ,! a0 we have de�ned corresponds to the embedding

t �!
�
t1; : : : ; t1| {z }

n1

; t2; : : : ; t2| {z }
n2

; : : : ; tp; : : : ; tp| {z }
np

�
; t 2 Rp;

of Rp into Rn. It follows that

�P
0 = f�i : i 6= n1 + � � �+ nk; 1 � k � p� 1g:

Since �P is the set of restrictions to aP � a0 of elements in the set

�0 ��P
0 = f�n1 ; �n1+n2 ; : : :g;

we see that

�P = f�i : t! ti � ti+1; 1 � i � p� 1; t 2 Rpg:
The example of G = GL(n) provides algebraic intuition. It is useful for readers

less familiar with general algebraic groups. However, the truncation of the kernel
also requires geometric intuition. For this, the example of G = SL(3) is often
su�cient.

The root system for SL(3) is the same as for GL(3). In other words, we can
identify a0 with the two dimensional subspace

fu 2 R3 :
X

ui = 0g

of R3, in which case

�0 = f�1; �2g � �0 = f�1; �2; �1 + �2g;
in the notation above. We can also identify a0 isometrically with the two dimension
Euclidean plane. The singular (one-dimensional) hyperplanes, the coroots �_

0 , and

the simple coweights (b�0)_ are then illustrated in the familiar Figures 5.1 and 5.2.

�_
1

�_
2

�_
1

+ �_
2

aP1

aP2

Figure 5.1. The two simple coroots �_
1 and �_

2 are orthogonal to

the respective subspaces aP2 and aP1 of a0. Their inner product is

negative, and they span an obtuse angled cone.

There are four standard parabolic subgroups P0, P1, P2, and G, with P1 and P2

being the maximal parabolic subgroups such that �P1
0 = f�2g and �P2

0 = f�1g.
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$_
1

$_
2

Figure 5.2. The two simple coweights $_
1 and $_

2 lie in the respec-

tive subspaces aP1 and aP2 . Their inner product is positive, and they

span an acute angled cone.

6. Statement and discussion of a theorem

Returning to the general case, we can now describe how to modify the function
K(x; x) on G(Q)nG(A). For a given standard parabolic subgroup P , we write �P
for the characteristic function of the subset

a+
P = ft 2 aP : �(t) > 0; � 2 �P g

of aP . In the case G = SL(3), this subset is the open cone generated by $_
1 and

$_
2 in Figure 5.2 above. We also write b�P for the characteristic function of the

subset

ft 2 aP : $(t) > 0; $ 2 b�P g
of aP . In case G = SL(3), this subset is the open cone generated by �_

1 and �_
2 in

Figure 5.1.
The truncation of K(x; x) depends on a parameter T in the cone a+

0 = a+
P0

that
is suitably regular, in the sense that �(T ) is large for each root � 2 �0. For any
given T , we de�ne
(6.1)

kT (x) = kT (x; f) =
X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

KP (�x; �x)b�P
�
HP (�x) � T

�
:

This is the modi�ed kernel, on which the general trace formula is based. A few
remarks might help to put it into perspective.

One has to show that for any x, the sum over � in (6.1) may be taken over a
�nite set. In the caseG = SL(2), the reader can verify the property as an exercise in
reduction theory for modular forms. In general, it is a straightforward consequence
[A3, Lemma 5.1] of the Bruhat decomposition for G and the construction by Borel
and Harish-Chandra of an approximate fundamental domain for G(Q)nG(A). (We
shall recall both of these results later.) Thus, kT (x) is given by a double sum over
(P; �) in a �nite set. It is a well de�ned function of x 2 G(Q)nG(A).

Observe that the term in (6.1) corresponding to P = G is just K(x; x). In
case G(Q)nG(A)1 is compact, there are no proper parabolic subgroups P (over



30 JAMES ARTHUR

Q). Therefore kT (x) equals K(x; x) in this case, and the truncation operation is
trivial. In general, the terms with P 6= G represent functions on G(Q)nG(A)1 that
are supported on some neighbourhood of in�nity. Otherwise said, kT (x) equals
K(x; x) for x in some large compact subset of G(Q)nG(A)1 that depends on T .

Recall that G(A) is a direct product of G(A)1 with AG(R)0. Observe also that
kT (x) is invariant under translation of x by AG(R)0. It therefore su�ces to study
kT (x) as a function of x in G(Q)nG(A)1.

Theorem 6.1. The integral

(6.2) JT (f) =

Z

G(Q)nG(A)1

kT (x; f)dx

converges absolutely.

Theorem 6.1 does not in itself provide a trace formula. It is really just a �rst
step. We are giving it a central place in our discussion for two reasons. The state-
ment of the theorem serves as a reference point for outlining the general strategy.
In addition, the techniques required to prove it will be an essential part of many
other arguments.

Let us pause for a moment to outline the general steps that will take us to
the end of Part I. We shall describe informally what needs to be done in order to
convert Theorem 6.1 into some semblance of a trace formula.

Step 1. Find spectral expansions for the functions K(x; y) and kT (x) that are
parallel to the geometric expansions (1.1) and (6.1).

This step is based on Langlands’s theory of Eisenstein series. We shall describe
it in the next section.

Step 2. Prove Theorem 6.1.

We shall sketch the argument in x8.

Step 3. Show that the function

T �! JT (f);

de�ned a priori for points T 2 a+
0 that are highly regular, extends to a polynomial

in T 2 a0.

This step allows us to de�ne JT (f) for any T 2 a0. It turns out that there is a
canonical point T0 2 a0, depending on the choice of K, such that the distribution
J(f) = JT0 (f) is independent of the choice of P0 (though still dependent of the
choice of K). For example, if G = GL(n) and K is the standard maximal compact
subgroup of GL(n;A), T0 = 0. We shall discuss these matters in x9, making full
use of Theorem 6.1.

Step 4. Convert the expansion (6.1) of kT (x) in terms of rational conjugacy classes
into a geometric expansion of J(f) = JT0 (f).

We shall give a provisional solution to this problem in x10, as a direct corollary
of the proof of Theorem 6.1.

Step 5. Convert the expansion of kT (x) in x7 in terms of automorphic represen-
tations into a spectral expansion of J(f) = JT0 (f).

This problem turns out to be somewhat harder than the last one. We shall
give a provisional solution in x14, as an application of a truncation operator on
functions on G(Q)nG(A)1.
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We shall call the provisional solutions we obtain for the problems of Steps 4
and 5 the coarse geometric expansion and the coarse spectral expansion, following
[CLL]. The identity of these two expansions can be regarded as a �rst attempt at
a general trace formula. However, because the terms in the two expansions are still
of an essentially global nature, the identity is of little use as it stands. The general
problem of re�ning the two expansions into more tractible local terms will be left
until Part II. In order to give some idea of what to expect, we shall deal with the
easiest terms near the end of Part I.

In x11, we will rewrite the geometric terms attached to certain semisimple
conjugacy classes in G(Q). The distributions so obtained are interesting new linear
forms in f , known as weighted orbital integrals. In x15, we will rewrite the spectral
terms attached to certain induced cuspidal automorphic representations of G(A).
The resulting distributions are again new linear forms in f , known as weighted
characters. This will set the stage for Part II, where one of the main tasks will be
to write the entire geometric expansion in terms of weighted orbital integrals, and
the entire spectral expansion in terms of weighted characters.

There is a common thread to Part I. It is the proof of Theorem 6.1. For
example, the proofs of Corollary 10.1, Theorem 11.1, Proposition 12.2 and parts
(ii) and (iii) of Theorem 14.1 either follow directly from, or are strongly motivated
by, the proof of Theorem 6.1. Moreover, the actual assertion of Theorem 6.1 is the
essential ingredient in the proofs of Theorems 9.1 and 9.4, as well as their geometric
analogues in x10 and their spectral analogues in x14. We have tried to emphasize
this pattern in order to give the reader some overview of the techniques.

The proof of Theorem 6.1 itself has both geometric and analytic components.
However, its essence is largely combinatorial. This is due to the cancellation in
(6.1) implicit in the alternating sum over P . At the heart of the proof is the
simplest of all cancellation laws, the identity obtained from the binomial expansion
of
�
1 + (�1)

�n
.

Identity 6.2. Suppose that S is a �nite set. Then

(6.3)
X

F�S

(�1)jSj�jF j =

(
1 if S = ;,
0 otherwise.

�

7. Eisenstein series

Eisenstein series are responsible for the greatest discrepancy between what we
need and what we can prove here. Either of the two main references [Lan5] or
[MW2] presents an enormous challenge to anyone starting to learn the subject.
Langlands’s survey article [Lan1] is a possible entry point. For the trace formula,
one can usually make do with a statement of the main theorems on Eisenstein
series. We give a summary, following [A2, x2].

The role of Eisenstein series is to provide a spectral expansion for the kernel
K(x; y). In general, the regular representation R of G(A) on L2

�
G(Q)nG(A)

�
does

not decompose discretely. Eisenstein series describe the continuous part of the
spectrum.

We write RG;disc for the restriction of the regular representation of G(A)1 to
the subspace L2

disc

�
G(Q)nG(A)1

�
of L2

�
G(Q)nG(A)1

�
that decomposes discretely.
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Since G(A) is a direct product of G(A)1 with AG(R)0, we can identify RG;disc

with the representation of G(A) on the subspace L2
disc

�
G(Q)AG(R)0nG(A)

�
of

L2
�
G(Q)AG(R)0nG(A)

�
that decomposes discretely. For any point � 2 a�

G;C, the
tensor product

RG;disc;�(x) = RG;disc(x)e�(HG(x)); x 2 G(A);

is then a representation of G(A), which is unitary if � lies in ia�
G.

We have assumed from the beginning that the invariant measures in use satisfy
any obvious compatibility conditions. For example, if P is a standard parabolic
subgroup, it is easy to check that the Haar measures on the relevant subgroups of
G(A) can be chosen so that

Z

G(A)

f(x)dx

=

Z

K

Z

P (A)

f(pk)d‘pdk

=

Z

K

Z

MP (A)

Z

NP (A)

f(mnk)dndmdk

=

Z

K

Z

MP (A)1

Z

AP (R)0

Z

NP (A)

f(mank)dndadmdk;

for any f 2 C1
c

�
G(A)

�
. We are assuming implicitly that the Haar measures on

K and NP (A) are normalized so that the spaces K and NP (Q)nNP (A) each have
volume 1. The Haar measure dx on G(A) is then determined by Haar measures dm
and da on the groups MP (A)1 and AP (R)0. We write dH for the Haar measure on
aP that corresponds to da under the exponential map. We then write d� for the
Haar measure on ia�

P that is dual to dH , in the sense that
Z

ia�
P

Z

aP

h(H)e��(H)dHd� = h(0);

for any function h 2 C1
c (aP ).

Suppose that P is a standard parabolic subgroup of G, and that � lies in a�
P;C.

We write

y �! IP (�; y); y 2 G(A);

for the induced representation

Ind
G(A)
P (A)(INP (A) 
RMP ;disc;�)

of G(A) obtained from � and the discrete spectrum of the reductive group MP .
This representation acts on the Hilbert space HP of measurable functions

� : NP (A)MP (Q)AP (R)0nG(A) �! C

such that the function

�x : m �! �(mx); m 2MP (Q)nMP (A)1;

belongs to L2
disc

�
MP (Q)nMP (A)1

�
for any x 2 G(A), and such that

k�k2 =

Z

K

Z

MP (Q)nMP (A)1

j�(mk)j2dmdk <1:



7. EISENSTEIN SERIES 33

For any y 2 G(A), IP (�; y) maps a function � 2 HP to the function
�
IP (�; y)�

�
(x) = �(xy)e(�+�P )(HP (xy))e�(�+�P )(HP (x)):

We have put the twist by � into the operator IP (�; y) rather than the underlying
Hilbert space HP , in order that HP be independent of �. Recall that the function
e�P (HP (�)) is the square root of the modular function of the group P (A). It is in-
cluded in the de�nition in order that the representation IP (�) be unitary whenever
the inducing representation is unitary, which is to say, whenever � belongs to the
subset ia�

P of a�
P;C.

Suppose that

RMP ;disc
�=
M

�

� �=
M

�

�O

v

�v

�

is the decomposition of RMP ;disc into irreducible representations � =
N
v
�v of

MP (A)=AP (R)0. The induced representation IP (�) then has a corresponding de-
composition

IP (�) �=
M

�

IP (��) �=
M

�

�O

v

IP (�v;�)
�

in terms of induced representations IP (�v;�) of the local groupsG(Qv). This follows
from the de�nition of induced representation, and the fact that

e�(HMP (m)) =
Y

v

e�(HMP (mv));

for any point m =
Q
v
mv in MP (A). If � 2 ia�

P is in general position, all of

the induced representations IP (�v;�) are irreducible. Thus, if we understand the
decomposition of the discrete spectrum of MP into irreducible representations of
the local groups MP (Qv), we understand the decomposition of the generic induced
representations IP (�) into irreducible representations of the local groups G(Qv).

The aim of the theory of Eisenstein series is to construct intertwining operators
between the induced representations IP (�) and the continuous part of the regular
representation R of G(A). The problem includes being able to construct intertwin-
ing operators among the representations IP (�), as P and � vary. The symmetries
among pairs (P; �) are given by the Weyl sets W (aP ; aP 0 ) of Langlands. For a given
pair P and P 0 of standard parabolic subgroups, W (aP ; aP 0) is de�ned as the set of
distinct linear isomorphisms from aP � a0 onto aP 0 � a0 obtained by restriction
of elements in the Weyl group W0. Suppose, for example that G = GL(n). If
P and P 0 correspond to the partitions (n1; : : : ; np) and (n0

1; : : : ; n
0
p0 ) of n, the set

W (aP ; aP 0) is empty unless p = p0, in which case

W (aP ; aP 0 ) �= fs 2 Sp : n0
i = ns(i); 1 � i � pg:

In general, we say that P and P 0 are associated if the set W (aP ; aP 0) is nonempty.
We would expect a pair of induced representations IP (�) and IP 0 (�0) to be equiva-
lent if P and P 0 belong to the same associated class, and �0 = s� for some element
s 2W (aP ; aP 0).

The formal de�nitions apply to any elements x 2 G(A), � 2 HP , and � 2 a�
M;C.

The associated Eisenstein series is

(7.1) E(x; �; �) =
X

�2P (Q)nG(Q)

�(�x)e(�+�P )(HP (�x)):
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If s belongs to W (aP ; aP 0), the operator

M(s; �) : HP �! HP 0

that intertwines IP (�) with IP 0 (s�) is de�ned by

(7.2)
�
M(s; �)�

�
(x) =

Z
�(w�1

s nx)e(�+�P )(HP (w�1
s nx)e(�s�+�P 0 )(HP 0 (x))dn;

where the integral is taken over the quotient

NP 0 (A) \ wsNP (A)w�1
s nNP 0(A);

and ws is any representative of s in G(Q). A reader so inclined could motivate both
de�nitions in terms of �nite group theory. Each de�nition is a formal analogue of
a general construction by Mackey [Ma] for the space of intertwining operators

between two induced representations IndHH1
(�1) and IndHH2

(�2) of a �nite group H .
It follows formally from the de�nitions that

E
�
x; IP (�; y)�; �

�
= E(xy; �; �)

and
M(s; �)IP (�; y) = IP 0 (s�; y)M(s; �):

These are the desired intertwining properties. However, (7.1) and (7.2) are de�ned
by sums and integrals over noncompact spaces. They do not generally converge. It
is this fact that makes the theory of Eisenstein series so di�cult.

Let H0
P be the subspace of vectors � 2 HP that are K-�nite, in the sense that

the subset
fIP (�; k)� : k 2 Kg

of HP spans a �nite dimensional space, and that lie in a �nite sum of irreducible
subspaces ofHP under the action IP (�) of G(A). The two conditions do not depend
on the choice of �. Taken together, they are equivalent to the requirement that the
function

�(x1x�n); x1 2 G(R); x�n 2 G(A�n);

be locally constant in x�n, and smooth, KR-�nite and Z1-�nite in x1, where Z1

denotes the algebra of bi-invariant di�erential operators on G(R). The space H0
P

is dense in HP .
For any P , we can form the chamber

(a�
P )+ =

�
� 2 a�

P : �(�_) > 0; � 2 �P

	

in a�
P .

Lemma 7.1 (Langlands). Suppose that � 2 H0
P and that � lies in the open

subset �
� 2 a�

P;C : Re(�) 2 �P + (a�
P )+

	

of a�
P;C. Then the sum (7.1) and integral (7.2) that de�ne E(x; �; �) and�

M(s; �)�
�
(x) both converge absolutely to analytic functions of �. �

For spectral theory, one is interested in points � such that IP (�) is unitary,
which is to say that � belongs to the real subspace ia�

P of a�
P;C. This is outside the

domain of absolute convergence for (7.1) and (7.2). The problem is to show that
the functions E(x; �; �) and M(s; �)� have analytic continuation to this space. The
following theorem summarizes Langlands’ main results on Eisenstein series.
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Theorem 7.2 (Langlands). (a) Suppose that � 2 H0
P . Then E(x; �; �) and

M(s; �)� can be analytically continued to meromorphic functions of � 2 a�
P;C that

satisfy the functional equations

(7.3) E
�
x;M(s; �)�; s�

�
= E(x; �; �)

and

(7.4) M(ts; �) = M(t; s�)M(s; �); t 2W (aP 0 ; aP 00):

If � 2 ia�
P , both E(x; �; �) and M(s; �) are analytic, and M(s; �) extends to a

unitary operator from HP to HP 0 .

(b) Given an associated class P = fPg, de�ne bLP to be the Hilbert space of
families of measurable functions

F = fFP : ia�
P �! HP ; P 2 Pg

that satisfy the symmetry condition

FP 0 (s�) = M(s; �)FP (�); s 2W (aP ; aP 0);

and the �niteness condition

kFk2 =
X

P2P

n�1
P

Z

ia�
P

kFP (�)k2d� <1;

where

nP =
X

P 02P

jW (aP ; aP 0 )j

for any P 2 P. Then the mapping that sends F to the function
X

P2P

n�1
P

Z

ia�
P

E
�
x; FP (�); �

�
d�; x 2 G(A);

de�ned whenever FP (�) is a smooth, compactly supported function of � with values

in a �nite dimensional subspace of H0
P , extends to a unitary mapping from bLP onto

a closed G(A)-invariant subspace L2
P

�
G(Q)nG(A)

�
of L2

�
G(Q)nG(A)

�
. Moreover,

the original space L2
�
G(Q)nG(A)

�
has an orthogonal direct sum decomposition

(7.5) L2
�
G(Q)nG(A)

�
=
M

P

L2
P

�
G(Q)nG(A)

�
:

�

Theorem 7.2(b) gives a qualitative description of the decomposition of R. It
provides a �nite decomposition

R =
M

P

RP ;

where RP is the restriction of R to the invariant subspace L2
P

�
G(Q)nG(A)

�
of

L2
�
G(Q)nG(A)

�
. It also provides a unitary intertwining operator from RP onto

the representation bRP of G(A) on bLP de�ned by
� bRP(y)F

�
P

(�) = IP (�; y)FP (�); F 2 bL2
P ; P 2 P :

The theorem is thus compatible with the general intuition we retain from the theory
of Fourier series and Fourier transforms.
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Let BP be an orthonormal basis of the Hilbert space HP . We assume that
every � 2 BP lies in the dense subspace H0

P . It is a direct consequence of Theorem
7.2 that the kernel

K(x; y) =
X


2G(Q)

f(x�1
y); f 2 C1
c

�
G(A)

�
;

of R(f) also has a formal expansion

(7.6)
X

P

n�1
P

Z

ia�
P

X

�2BP

E
�
x; IP (�; f)�; �

�
E(y; �; �)d�

in terms of Eisenstein series. A reader to whom this assertion is not clear might
consider the analogous assertion for the case H = R and � = f1g. If f belongs to
C1
c (R), the spectral expansion

K(x; y) = f(�x+ y) =
1

2�i

Z

iR

��(f)e�xe�yd�; f 2 C1
c (R);

of the kernel of R(f), in which

��(f) =

Z

R

f(u)e�udu;

is just the inverse Fourier transform of f .
In the case of Eisenstein series, one has to show that the spectral expansion of

K(x; y) converges in order to make the formal argument rigorous. In general, it is
not feasible to estimate E(x; �; �) as a function of � 2 ia�

P . What saves the day is
the following simple idea of Selberg, which exploits only the underlying functional
analysis.

One �rst shows that f may be written as a �nite linear combination of con-
volutions h1 � h2 of functions hi 2 Crc

�
G(A)

�
, whose archimedean components are

di�erentiable of arbitrarily high order r. An application of the Holder inequality to
the formal expansion (7.6) establishes that it is enough to prove the convergence in

the special case that f = hi �h�
i , where h�

i (x) = hi(x�1), and x = y. The integrand
in (7.6) is then easily seen to be nonnegative. In fact, the double integral over � and
� can be expressed as an increasing limit of nonnegative functions, each of which
is the kernel of the restriction of R(f) to an invariant subspace. Since this limit is
bounded by the nonnegative function

Ki(x; x) =
X


2G(Q)

(hi � h�
i )(x

�1
x);

the integral converges. (See [A3, p. 928{934].)
There is also a spectral expansion for the kernel

KQ(x; y) =

Z

NQ(A)

X


2MQ(Q)

f(x�1
ny)dn

of RQ(f), for any standard parabolic subgroup Q. One has only to replace the
multiplicity nP = nGP and the Eisenstein series E(x; �; �) = EGP (x; �; �) in (7.6) by

their relative analogues nQP = nMQ\P and

EQP (x; �; �) =
X

�2P (Q)nQ(Q)

�(�x)e(�+�P )(HP (�x));
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for each P � Q. Since PnQ = MQ\PnMQ, the analytic continuation of EQP (x; �; �)
follows from Theorem 7.2(a), with (MQ;MQ \ P ) in place of (G;P ). The spectral
expansion of KQ(x; y) is

X

P�Q

(nQP )�1

Z

ia�
P

X

�2BP

EQP
�
x; IP (�; f)�; �

�
EQP (y; �; �)d�:

If we substitute this formula into (6.1), we obtain a spectral expansion for the
truncated kernel kT (x). The two expansions of kT (x) ultimately give rise to two
formulas for the integral JT (f). They are thus the source of the trace formula.

8. On the proof of the theorem

Theorem 6.1 represents a signi�cant step in the direction of a trace formula.
It is time now to discuss its proof. We shall outline the main argument, proving
as much as possible. There are some lemmas whose full justi�cation will be left to
the references. However, in these cases we shall try to give the basic geometric idea
behind the proof.

Suppose that T1 belongs to the real vector space a0, and that ! is a compact
subset of NP0(A)MP0 (A)1. The subset

SG(T1) = SG(T1; !)

=
�
x = pak : p 2 !; a 2 A0(R)0; k 2 K; �

�
HP0(a)� T1

�
> 0; � 2 �0

	

ofG(A) is called the Siegel set attached to T1 and !. The inequality in the de�nition
amounts to the assertion that

�P0

�
HP0(x) � T1

�
= �P0

�
HP0(a)� T1

�
= 1:

For example, if G = SL(3), the condition is that the point HP0 (x) in the two
dimensional vector space a0 lies in the open cone in Figure 8.1.

Theorem 8.1 (Borel, Harish-Chandra). One can choose T1 and ! so that

G(A) = G(Q)SG(T1; !):

This is one of the main results in the foundational paper [BH] of Borel and
Harish-Chandra. It was formulated in the adelic terms stated here in [Bor1]. The
best reference might be the monograph [Bor2]. �

From now on, T1 and ! are to be �xed as in Theorem 8.1. Suppose that T 2 a0

is a truncation parameter, in the earlier sense that �(T ) is large for each � 2 �0.
We then form the truncated Siegel set

SG(T1; T ) = SG(T1; T; !) =
�
x 2 SG(T1; !) : $

�
HP0 (x) � T

�
� 0; $ 2 b�0

	
:

For example, if G = SL(3), SG(T1; T ) is the set of elements x 2 SG(T1) such that
HP0(x) lies in the relatively compact subset of a0 illustrated in Figure 8.2.

We write FG(x; T ) for the characteristic function in x of the projection of
SG(T1; T ) onto G(Q)nG(A). Since G(A)1 \ SG(T1; T ) is compact, FG(�; T ) has
compact support on G(Q)nG(A)1, and is invariant under translation by AG(R)0.

More generally, suppose that P is a standard parabolic subgroup. We de�ne
the sets SP (T1) = SP (T1; !) and SP (T1; T ) = SP (T1; T; !) and the characteristic

function FP (x; T ) exactly as above, but with �P0 , b�P0 and G(Q)nG(A) replaced by
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T1

Figure 8.1. The shaded region is the projection onto a0 of a Siegel

set for G = SL(3). It is the translate of the open cone a+
P0

by a point

T1 2 a0. If T1 is su�ciently regular in the negative cone (�a+
P0

), the

Siegel set is an approximate fundamental domain.

T1

T

Figure 8.2. The shaded region represents a truncation of the Siegel

set at a point T 2 a+
P0

. The image of the truncated Siegel set in

SL(3;Q)nSL(3;A) is compact.

�P
P0

, b�P
P0

and P (Q)nG(A) respectively. In particular, FP (x; T ) is the characteristic
function of a subset of P (Q)nG(A). More precisely, if

x = nmak; n 2 NP (A); m 2MP (A)1; a 2 AP (R)0; k 2 K;
then

FP (x; T ) = FP (m;T ) = FMP (m;T ):

Lemma 8.2. For any x 2 G(A), we have
X

P

X

�2P (Q)nG(Q)

FP (�x; T )�P
�
HP (�x)

�
= 1:
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In case G = SL(2), the lemma follows directly from classical reduction theory,
as we shall see in Figure 8.3 below. The general proof is established from properties
of �nite dimensional Q-rational representations ofG. (See [A3, Lemma 6.4], a result
that is implicit in Langlands monograph, for example in [Lan5, Lemma 2.12].)

Lemma 8.2 can be restated geometrically in terms of the subsets

GP (T ) =
�
x 2 P (Q)nG(A) : FP (x; T ) = 1; �P

�
HP (x)� T

�
= 1
	

of P (Q)nG(A). The lemma asserts that for any P , the projection of P (Q)nG(A)
onto G(Q)nG(A) maps GP (T ) injectively onto a subset GP (T ) of G(Q)nG(A),
and that G(Q)nG(A) is a disjoint union over P of the sets GP (T ). Otherwise
said, G(Q)nG(A)1 has a partition parametrized by the set of standard parabolic
subgroups, which separates the problem of noncompactness from the topological
complexity of G(Q)nG(A)1. The subset corresponding to P = G is compact but
topologically complex, while the subset corresponding to P = P0 is topologically
simple but highly noncompact. The subset corresponding to a group P 62 fP0; Gg is
mixed, being a product of a compact set of intermediate complexity with a simple
set of intermediate degree of noncompactness. The partition of G(Q)nG(A)1 is,
incidentally, closely related to the compacti�cation of this space de�ned by Borel
and Serre.

Consider the case that G = SL(2). If K is the standard maximal compact
subgroup of SL(2;A), Theorem 2.1(a) tells us that

SL(2;Q)nSL(2;A)=K �= SL(2;Z)nSL(2;R)=SO(2) �= SL(2;Z)nH;

where H �= SL(2;R)=SO(2) is the upper half plane. Since they are right K-
invariant, the two sets GP (T ) in this case may be identi�ed with subsets of
SL(2;Z)nH, which we illustrate in Figure 8.3. The darker region in the �gure
represents the standard fundamental domain for SL(2;Z) in H. Its intersection
with the lower bounded rectangle equals GG(T ), while its intersection with the
upper unbounded rectangle equals GP0(T ). The larger unbounded rectangle repre-
sents a Siegel set, and its associated truncation. These facts, together with Lemma
8.2, follow in this case from a basic fact from classical reduction theory. Namely,
if 
 2 SL(2;Z) and z 2 H are such that the y-coordinates of both z and 
z are
greater than eT , then 
 is upper triangular.

For another example, consider the case that G = SL(3). In this case there
are four sets, corresponding to the four standard parabolic subgroups P0, P1, P2

and G. In Figure 8.4, we illustrate the partition of G(Q)nG(A)1 by describing the
corresponding partition of the image in a0 of the Siegel set S(T1). �

Lemma 8.2 is a critical �rst step in the proof of Theorem 6.1. We shall actually
apply it in a slightly di�erent form. Suppose that P1 � P . Then

P1nP = (P1 \MP )NP nMPNP �= P1 \MP nMP :

We write �PP1
= �P1\MP

and b�PP1
= b�P1\MP

. We shall regard these two functions as

characteristic functions on a0 that depend only on the projection of a0 onto aP2

P1
,

relative to the decomposition

a0 = aP1
0 � aP2

P1
� aP2 :
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1=2�1=2 1�1

y = eT

y = eT1

GG(T )

GP0 (T )

Figure 8.3. An illustration for H = SL(2;R)=SO(2;R) of a stan-

dard fundamental domain and its truncation at a large positive num-

ber T , together with the more tractible Siegel set and its associated

truncation.

T1

T

P = P0

P = P2

P = P1P = G

Figure 8.4. A partition of the region in Figure 8.1 into four sets,

parametrized by the four standard parabolic subgroups P of SL(3).
The set corresponding to P = P0 is the truncated region in Figure

8.2.

If P is �xed, we obtain the identity

(8.1)
X

fP1:P1�Pg

X

�12P1(Q)nP (Q)

FP1 (�1x; T )�PP1

�
HP1 (�1x)� T

�
= 1
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by applying Lemma 8.2 to MP instead of G, noting at the same time that

FP1 (y; T ) = FMP1 (m;T )

and

HP1(y) = HMP1
(m);

for any point

y = nmk; n 2 NP (A); m 2MP (A); k 2 K:

We can now begin the proof of Theorem 6.1. We write

kT (x) =
X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

KP (�x; �x)b�P
�
HP (�x)� T

�

=
X

P

(�1)dim(AP =AG)
X

�

� X

P1�P

X

�12P1(Q)nP (Q)

FP1 (�1�x; T )�PP1

�
HP1 (�1�x) � T

��

� b�P
�
HP (�x)� T

�
KP (�x; �x);

by substituting (8.1) into the de�nition of kT (x). We then write

KP (�x; �x) = KP (�1�x; �1�x)

and

b�P
�
HP (�x) � T

�
= b�P

�
HP (�1�x)� T

�
;

since both functions are left P (Q)-invariant. Combining the double sum over � and
�1 into a single sum over � 2 P1(Q)nG(Q), we write kT (x) as the sum over pairs
P1 � P of the product of (�1)dim(AP =AG) with

X

�2P1(Q)nG(Q)

FP1 (�x; T )�PP1

�
HP1 (�x) � T

�
b�P
�
HP (�x)� T

�
KP (�x; �x):

The next step is to consider the product

�PP1

�
HP1 (�x)� T

�
b�P
�
HP (�x) � T

�
= �PP1

(H1)b�P (H1);

for the vector

H1 = HP1 (�x)� TP1

in aP1 . (We have written TP1 for the projection of T onto aP1 .) We claim that

�PP1
(H1)b�P (H1) =

X

fP2;Q:P�P2�Qg

(�1)dim(AP2=AQ)�QP1
(H1)b�Q(H1);

for �xed groups P1 � P . Indeed, for a given pair of parabolic subgroups P � Q,
the set of P2 with P � P2 � Q is bijective with the collection of subsets �P2

P of

�Q
P . Since

(�1)dim(AP2=AQ) = (�1)j�Q

P
j�j�

P2
P

j;

the claim follows from Identity 6.2. We can therefore write

(8.2) �PP1
(H1)b�P (H1) =

X

fP2:P2�Pg

�P2

P1
(H1);

where

�P2

P1
(H1) =

X

fQ:Q�P2g

(�1)dim(AP2=AQ)�QP1
(H1)b�Q(H1):
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Lemma 8.3. Suppose that P1 � P2, and that

H1 = H2
1 +H2; H2

1 2 aP2

P1
; H2 2 aGP2

;

is a point in the space aGP1
= aP2

P1
�aGP2

. The function �P2

P1
(H1) then has the following

properties.
(a) �P2

P1
(H1) equals 0 or 1.

(b) If �P2

P1
(H1) = 1, then �P2

P1
(H2

1 ) = 1, and kH2k � ckH2
1k, for a positive

constant c that depends only on P1 and P2.

The proof of Lemma 8.3 is a straightforward analysis of roots and weights. It
is based on the intuition gained from the example of G = SL(3), P1 = P0, and P2 a
(standard) maximal parabolic subgroup. For the general case, we refer the reader

to Lemma 6.1 of [A3], which gives an explicit description of the function �P2

P1
from

which the conditions (a) and (b) are easily inferred. In the case of the example, Q
is summed over the set fP2; Gg, and we obtain a di�erence

�P2

P1
(H1) = �P2

P0
(H1) = �P2

P0
(H1)b�P2 (H1)� �P0 (H1)

of two characteristic functions. The �rst characteristic function is supported on
the open cone generated by the vectors �_

1 and $_
2 in Figure 8.5. The second

characteristic function is supported on the open cone generated by $_
1 and $_

2 .

The di�erence �P2

P1
(H1) is therefore the characteristic function of the half open cone

generated by �_
1 and $_

1 , the region shaded in Figure 8.5. It is obvious that this
function satis�es the conditions (i) and (ii).

�_
1

$_
2

$_
1

HH2

H2

1

Figure 8.5. The shaded region is the complement in the upper right

hand quadrant of the acute angled cone spanned by $_
1 and $_

2 . It

represents the support of the characteristic function �P2

P1
(H1) attached

to G = SL(3), P1 = P0 minimal, and P2 maximal. This function has

compact support in the horizontal component H2 of H1, and semi-

in�nite support in the vertical component H2
1 .

�
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We have established that kT (x) equals
X

P1�P

(�1)dim(AP =AG)
X

�2P1(Q)nG(Q)

FP1(�x; T )�

�
� X

fP2:P2�Pg

�P2

P1

�
HP1 (�x)� T

��
KP (�x; �x):

Therefore kT (x) = kT (x; f) has an expansion

(8.3)
X

P1�P2

X

�2P1(Q)nG(Q)

FP1(�x; T )�P2

P1

�
HP1 (�x)� T

�
kP1;P2 (�x);

where kP1;P2(x) = kP1;P2(x; f) is the value at y = x of the alternating sum

KP1;P2 (x; y) =
X

fP :P1�P�P2g

(�1)dim(AP =AG)KP (x; y)(8.4)

=
X

P

(�1)dim(AP =AG)
X


2MP (Q)

Z

NP (A)

f(x�1
ny)dn:

The function

�T (x) = �TP1;P2
(x) = FP1(x; T )�P2

P1

�
HP1 (x)� T

�

takes values 0 or 1. We can therefore write

jkT (x)j �
X

P1�P2

X

�2P1(Q)nG(Q)

�T (�x)jkP1;P2 (�x)j:

It follows that

(8.5)

Z

G(Q)nG(A)1

jkT (x)jdx �
X

P1�P2

Z

P1(Q)nG(A)1

�T (x)jkP1;P2(x)jdx:

Suppose that the variable of integration x 2 P1(Q)nG(A)1 on the right hand side
of this inequality is decomposed as

(8.6) x = p1a1k;

and

(8.7) HP1 (a1) = H2
1 +H2; H2

1 2 aP2

P1
; H2 2 aGP2

;

where p1 2 P1(Q)nMP1(A)1NP1(A), a1 2 AP1 (R)0 \ G(A)1; and k 2 K. The
integrand is then compactly supported in p1, k and H2. We need only study its
behaviour in H2

1 , for points H2
1 with �P2

P1
(H2

1 � T ) > 0. This is the heart of the
proof. It is where we exploit the cancellation implicit in the alternating sum over
P .

We claim that the sum over 
 2MP (Q) in the formula for

kP1;P2 (x) = KP1;P2(x; x)

can be restricted to the subset P1(Q) \MP (Q) of MP (Q). More precisely, given
standard parabolic subgroups P1 � P � P2, a point T 2 a+

0 with �(T ) large
(relative to the support of f) for each � 2 �0, and a point x 2 P1(Q)nG(A)1 with
�T (x) 6= 0, we claim that

Z

NP (A)

f(x�1
nx)dn = 0;
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for any element 
 in the complement of P1(Q) in MP (Q).
Consider the example that G = SL(2), P1 = P0, and P = P2 = G. Then

NP = NG = f1g. Suppose that 
 belongs to the set

MP (Q)� P1(Q) = G(Q)� P0(Q):

Then 
 is of the form

�
� �
c �

�
, for some element c 2 Q�. Suppose that x is such

that �T (x) 6= 0. Then

x = p1a1k; p1 =

�
u1 �
0 u�1

1

�
; a1 =

�
er 0
0 e�r

�
; k 2 K;

for an element u1 2 A� with ju1j = 1 and a real number r that is large. We see that
Z

NP (A)

f(x�1
nx)dn = f(x�1
x)

= f

 
k�1

�
er 0
0 e�r

��1�
u1 0
0 u�1

1

��1�� �
c �

��
u1 �
0 u�1

1

��
er 0
0 e�r

�
k

!

= f

�
k�1

�
� �

u2
1e2rc �

�
k

�
:

Since f is compactly supported, and ju2
1e2rcj = e2r is large, the last expression

vanishes. The claim therefore holds in the special case under consideration.
The claim in general is established on p. 944 of [A3]. Taking it now for granted,

we can then replace the sum over MP (Q) in the expression for kP1;P2 (x) by a
sum over P1(Q) \ MP (Q). But P1(Q) \ MP (Q) equals MP1 (Q)NP

P1
(Q), where

NP
P1

= NP1 \MP is the unipotent radical of the parabolic subgroup P1 \MP of
MP . We may therefore write kP1;P2 (x) as

X

fP :P1�P�P2g

(�1)dim(AP =AG)
X

�2MP1 (Q)

X

�2NP
P1

(Q)

Z

NP (A)

f(x�1��nx)dn:

Now the restriction of the exponential map

exp : nP1 = nPP1
� nP �! NP1 = NP

P1
NP

is an isomorphism of algebraic varieties over Q, which maps the Haar measure dx1

on nP1 (A) to the Haar measure dn1 on NP1 (A). This allows us to write kP1;P2(x)
as

X

�2MP1 (Q)

� X

P :P1�P�P2g

(�1)dim(AP =AG)
X

�2nP
P1

(Q)

Z

nP (A)

f
�
x�1� exp(� +X)x

�
dX
�
:

There is one more operation to be performed on our expression for kP1;P2(x).
We shall apply the Poisson summation formula for the locally compact abelian
group nPP1

(A) to the sum over the discrete cocompact subgroup nPP1
(Q). We identify

nPP1
with dim(nPP1

)-copies of the additive group by choosing a rational basis of root

vectors. We can then identify nPP1
(A) with its dual group by means of the standard

bilinear form h�; �i on Adim(nPP1
) and a nontrivial additive character  on A=Q. We
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obtain an expression

X

�

X

P

(�1)dim(AP =AG)
X

�2nP
P1

(Q)

Z

nP1 (A)

f
�
x�1� exp(X1)x

�
 
�
h�;X1i

�
dX1

for kP1;P2 (x). But nPP1
(Q) is contained in nP2

P1
(Q), for any P with P1 � P � P2. As

P varies, certain summands will occur more than once, with di�ering signs. This
allows us at last to e�ect the cancellation given by the alternating sum over P . Set

nP2

P1
(Q)0 =

�
� 2 nP2

P1
(Q) : � =2 nPP1

(Q); for any P ( P2

	
:

It then follows from Identity 6.2 that kP1;P2(x) equals
(8.8)

(�1)dim(AP2=AG)
X

�2MP1 (Q)

X

�2n
P2
P1

(Q)0

 Z

nP1 (A)

f(x�1� expX1x) 
�
h�;X1i

�
dX1

!
:

We have now obtained an expression for kP1;P2 (x; x) that will be rapidly de-
creasing in the coordinate H2

1 of x, relative to the decompositions (8.6) and (8.7).
The main reason is that the integral

hx;�(Y1) =

Z

nP1 (A)

f(x�1� expX1x) 
�
hY1; X1i

�
dX1

is a Schwartz-Bruhat function of Y1 2 nP1(A). This function varies smoothly with
x 2 G(A), and is �nitely supported in � 2 MP1(Q), independently of x in any
compact set.

We substitute the formula (8.8) for kP1;P2 (x) into the right hand side of (8.5),
and then decompose the integral over x according to the (8.6). We deduce that the
the integral Z

G(Q)nG(A)1

jkT (x)jdx

is bounded by a constant multiple of

(8.9)
X

P1�P2

X

�2MP1 (Q)

X

�2n
P2
P1

(Q)0

sup
y

Z ��hy;�
�
Ad(a1)�

���da1;

where the integral is taken over the set of elements a1 in AP1 (R)0 \ G(A)1 with

�P2

P1

�
HP1 (a1) � T

�
= 1, and the supremum is taken over the compact subset of

elements

y = a�1
1 p1a1k; p1 2 P1(Q)nMP1(A)1NP1(A); a 2 AP1 (R)0 \G(A)1; k 2 K;

in G(A)1 with FP1(p1; T ) = �P2

P1

�
HP1 (a1) � T

�
= 1. We have used two changes

of variables of integration here, with complementary Radon-Nikodym derivatives,
which together have allowed us to write

dX1dx = d(a�1
1 X1a1)dp1da1dk; x = p1a1k:

The mapping Ad(a1) in (8.9) acts by dilation on �. We leave the reader to show
that this property implies that (8.9) is �nite, and hence that the integral of jkT (x)j
converges. (See [A3, Theorem 7.1].) This completes our discussion of the proof of
Theorem 6.1. �
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We have seen that Lemma 8.3 is an essential step in the proof of Theorem
6.1. There is a particularly simple case of this lemma that is important for other
combinatorial arguments. It is the identity

(8.10)
X

fP :P1�Pg

(�1)dim(AP1=AP )�PP1
(H1)b�P (H1) =

(
0; if P1 6= G,

1; if P1 = G,

obtained by setting P2 = P1. The identity holds for any standard parabolic sub-
group P1 and any point H1 2 aP1 . Indeed, the left hand side of (8.10) equals

�P1

P1
(H1), so the identity follows from condition (ii) of Lemma 8.3.
There is also a parallel identity

(8.11)
X

fP :P1�Pg

(�1)dim(AP1=AP )b�PP1
(H1)�P (H1) =

(
0; if P1 6= G,

1; if P1 = G,

related by inversion to (8.10). To see this, it is enough to consider the case that P1

is proper in G. One can then derive (8.11) from (8.10) by evaluating the expression
X

fP;Q:P1�P�Qg

(�1)dim(AP =AQ)b�PP1
(H1)�QP (H1)b�Q(H1)

as two di�erent iterated sums. For if one takes Q to index the inner sum, and
assumes inductively that (8.11) holds whenever G is replaced by a proper Levi
subgroup, one �nds that the expression equals the sum of b�P1 (H1) with the left
hand side of (8.11). On the other hand, by taking the inner sum to be over P ,
one sees from (8.10) that the expression reduces simply to b�P1 (H1). It follows that
the left hand side of (8.11) vanishes, as required. In the case that G = SL(3) and
P1 = P0 is minimal, the reader can view the left hand side of (8.11) (or of (8.10)) as
an algebraic sum of four convex cones, formed in the obvious way from Figure 5.1.
In general, (8.11) is only one of several identities that can be deduced from (8.10).
We shall describe these identities, known collectively as Langlands’ combinatorial
lemma, in x17.

9. Qualitative behaviour of JT (f)

Theorem 6.1 allows us to de�ne the linear form

JT (f) = JG;T (f) =

Z

G(Q)nG(A)1

kT (x; f)dx; f 2 C1
c

�
G(A)

�
;

on C1
c

�
G(A)

�
. We are still a long way from converting the geometric and spectral

expansions of kT (x; f) to an explicit trace formula. We put this question aside for
the moment, in order to investigate two qualitative properties of JT (f).

The �rst property concerns the behaviour of JT (f) as a function of T .

Theorem 9.1. For any f 2 C1
c

�
G(A)

�
, the function

T �! JT (f);

de�ned for T 2 a+
0 su�ciently regular, is a polynomial in T whose degree is bounded

by the dimension of aG0 .
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We shall sketch the proof of Theorem 9.1. Let T1 be a �xed point in a0 with
�(T1) large for every � 2 �0, and let T 2 a0 be a variable point with �(T �T1) > 0
for each �. It would be enough to show that the function

T �! JT (f)� JT1 (f) =

Z

G(Q)nG(A)1

�
kT (x) � kT1(x)

�
dx

is a polynomial in T . If we substitute the de�nition (6.1) for the two functions in
the integrand, we see that the only terms in the resulting expression that depend
on T and T1 are di�erences of characteristic functions

b�P
�
HP (�x) � T

�
� b�P

�
HP (�x) � T1

�
:

We need to compare the supports of these two functions. We shall do so by ex-
panding the �rst function in terms of analogues of the second function for smaller
groups.

Suppose that H and X range over points in aG0 . We de�ne functions

�0
P (H;X); P � P0;

inductively on dim(AP =AG) by setting

(9.1) b�P (H �X) =
X

fQ:Q�Pg

(�1)dim(AQ=AG)b�QP (H)�0
Q(H;X);

for any P . Since the summand with Q = P equals the product of (�1)dim(AP =AG)

with �0
P (H;X), (9.1) does indeed give an inductive de�nition of �0

P (H;X) in terms
of functions �0

Q(H;X) with dim(AQ=AG) less than dim(AP =AG). It follows induc-

tively from the de�nition that �0
P (H;X) depends only on the projections HP and

TP of H and T onto aGP .

Lemma 9.2. (a) For any X and P , the function

H �! �0
P (H;X); H 2 aGP ;

is compactly supported.
(b) The function

X �!
Z

aG
P

�0
P (H;X)dH; X 2 aGP ;

is a homogeneous polynomial of degree equal to dim(aGP ).

Once again, we shall be content to motivate the lemma geometrically in some
special cases. For the general case, we refer the reader to [A5, Lemmas 2.1 and
2.2].

The simplest case is when aGP is one-dimensional. Suppose for example that
G = SL(3) and P = P1 is a maximal parabolic subgroup. Then Q is summed over
the set fP1; Gg. Taking X to be a �xed point in positive chamber in aGP , we see
that H ! �0

P (H;X) is the di�erence of characteristic functions of two open half
lines, and is hence the characteristic function of the bounded half open interval in
Figure 9.1.

Suppose that G = SL(3) and P = P0. Then Q is summed over the set
fP0; P1; P2; Gg, where P1 and P2 are the maximal parabolic subgroups represented
in Figure 5.1. If X is a �xed point in the positive chamber a+

0 in aGP = a0, we
can describe the summands in (9.1) corresponding to P1 and P2 with the help of



48 JAMES ARTHUR

0 X

�0
P (H; X) = 1 �0

P (H; X) = 0
aG

P

Figure 9.1. The half open, bounded interval represents the support

of a characteristic function �0
P (H;X) of H , for a maximal parabolic

subgroup P � G. It is the complement of one open half line in

another.

Figure 9.1. We see that the function H ! �0
P (H;X) is a signed sum of character-

istic functions of four regions, two obtuse cones and two semi-in�nite rectangles.
Keeping track of the signed contribution of each region in Figure 9.2, we see that
�0
P (H;X) is the characteristic function of the bounded shaded region in the �gure.

It is clear that the area of this �gure is a homogeneous polynomial of degree 2 in
the coordinates of X .

X

+1� 1

+1� 1

+1� 1

+1 + 1� 1

0

Figure 9.2. The bounded shaded region represents the support of

the characteristic function �0
P (H;X) of H , for the minimal parabolic

subgroup P = P0 of SL(3). It is an algebraic sum of four unbounded

regions, the two obtuse angled cones with vertices 0 and X , and the

two semi-in�nite rectangles de�ned by 0 and the projections of X onto

the two spaces aP1 and aP2 .

�

Let us use Lemma 9.2 to prove Theorem 9.1. We set H = HP (�x) � T1 and
X = T � T1. Then H �X equals HP (�x) � T , and the expansion (9.1) is

b�P
�
HP (�x)�T

�
=
X

Q�P

(�1)dim(AQ=AG)b�QP
�
HP (�x)�T1

�
�0
Q

�
HP (�x)�T1; T �T1

�
:
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Substituting the right hand side of this formula into the de�nition of JT (f), we
obtain

JT (f) =

Z

G(Q)nG(A)1

X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

X

Q�P

(�1)dim(AQ=AG)C(�x)dx

=
X

Q

Z

G(Q)nG(A)1

X

P�Q

(�1)dim(AP =AQ)
X

�2Q(Q)nG(Q)

X

�2P (Q)nQ(Q)

C(��x)dx

=
X

Q

Z

Q(Q)nG(A)1

X

P�Q

(�1)dim(AP =AQ)
X

�2P (Q)\MQ(Q)nMQ(Q)

C(�x)dx;

where

C(y) = KP (y; y)b�QP
�
HP (y)� T1

�
�0
Q

�
HQ(y)� T1; T � T1

�
:

We are going to make a change of variables in the integral over x in Q(Q)nG(A)1.
Since the expression we ultimately obtain will be absolutely convergent, this change
of variables, as well as the ones above, will be justi�ed by Fubini’s theorem.

We write x = nQmQaQk, for variables nQ;mQ; aQ and k in NQ(Q)nNQ(A),
MQ(Q)nMQ(A)1, AQ(R)0\G(A)1, and K respectively. The invariant measures are
then related by

dx = �Q(aQ)dnQdmQdaQdk:

The three factors in the product C(�x) become

�0
Q

�
HQ(�x) � T1; T � T1

�
= �0

Q

�
HQ(x)� T1; T � T1

�
= �0

Q

�
HQ(aQ)� T1; T � T1

�
;

b�QP
�
HP (�x)� T1

�
= b�QP

�
HP (�mQ)� T1

�
;

and

KP (�x; �x) =

Z

NP (A)

X


2MP (Q)

f(k�1m�1
Q a�1

Q n�1
Q ��1 � 
n � �nQaQmQk)dn:

In this last integrand, the element � normalizes the variables nQ and aQ without
changing the measures. The same is true of the element 
. We can therefore absorb
both variables in the integral over n. Since

�Q(aQ)dn = d(a�1
Q n�1

Q nnQaQ);

the product of �Q(aQ) with KP (�x; �x) equals

(9.2)

Z

NP (A)

X


2MP (Q)

f(k�1m�1
Q ��1 � 
n � �mQk)dn:

The original variable nQ has now disappeared from all three factors, so we may as
well write

dn = d(nQnQ) = dnQdnQ; nQ 2 NQ
P (A); nQ 2 NQ(A);
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for the decomposition of the measure in NP (A). The last expression (9.2) is the
only factor that depends on the original variable k. Its integral over k equals

Z

K

Z

NQ(A)

Z

NQP (A)

X


2MP (Q)

f(k�1m�1
Q ��1 � 
nQnQ � �mQk)dnQdnQdk

=

Z

NQP (A)

X


2MP (Q)

Z

K

Z

NQ(A)

f(k�1m�1
Q ��1 � 
nQ � �mQnQk)dnQdkdnQ

=

Z

NQP (A)

X


2MP (Q)

fQ(m�1
Q ��1 � 
nQ � �mQ)dnQ

= KP\MQ
(�mQ; �mQ);

where

fQ(m) = �Q(m)
1
2

Z

K

Z

NQ(A)

f(k�1mnQk)dnQdk; m 2MQ(A);

and KP\MQ
(�; �) is the induced kernel (4.1), but with G, P , and f replaced by MQ,

P \MQ, and fQ respectively. We have used the facts that

dnQ = d
�
(�mQ)�1nQ(�mQ)

�
;

for � and mQ as above, and that

�Q(m) = e2�Q(HQ(m)) = 1;

when m = 
 lies in MQ(Q). The correspondence f ! fQ is a continuous linear
mapping from C1

c

�
G(A)

�
to C1

c

�
MQ(A)

�
. It was introduced originally by Harish-

Chandra to study questions of descent.
We now collect the various terms in the formula for JT (f). We see that JT (f)

equals the sum over Q and the integral over mQ in MQ(Q)nMQ(A)1 of the product
of
X

P�Q

(�1)dim(AP =AQ)
X

�2P (Q)\MQ(Q)nMQ(Q)

KP\MQ
(�mQ; �mQ)b�QP

�
HP (�mQ)� T1

�

with the factor

pQ(T1; T ) =

Z

AQ(R)0\G(R)1

�0
Q

�
HQ(aQ)� T1; T � T1

�
da

=

Z

aG
Q

�0
Q(H � T1; T � T1)dH:

By Lemma 9.2, the last factor is a polynomial in T of degree equal to dim(aGQ). To
analyze the �rst factor, we note that

dim(AP =AQ) = dim(AP\MQ
=AMQ

)

and

b�QP
�
HP (�mQ)� T1

�
= b�MQ

P\MQ

�
HP\MQ

(�mQ)� T1

�
;

and that the mapping P ! P \MQ is a bijection from the set of standard parabolic
subgroups P of G with P � Q onto the set of standard parabolic subgroups of MQ.
The �rst factor therefore equals the analogue kT1 (mQ; fQ) for T1, mQ and fQ of the
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truncated kernel kT (x; f). Its integral over mQ equals JMQ;T1 (fQ). We conclude
that

(9.3) JT (f) =
X

Q�P0

JMQ;T1 (fQ)pQ(T1; T ):

Therefore JT (f) is a polynomial in T whose degree is bounded by the dimension
of aG0 . This completes the proof of Theorem 9.1. �

Having established Theorem 9.1, we are now free to de�ne JT (f) at any point T
in a0. We could always set T = 0. However, it turns out that there is a better choice
in general. The question is related to the choice of minimal parabolic subgroup P0.

We write P(M0) for the set of (minimal) parabolic subgroups of G with Levi
component M0. The mapping

s �! sP0 = wsP0w
�1
s ; s 2W0;

is then a bijection from W0 to P(M0). We recall that ws is a representative of s
in G(Q). If G = GL(n), we can take ws to be a permutation matrix, an element
in G(Q) that also happens to lie in the standard maximal compact subgroup K of
G(A). In general, however, s might require a separate representative ews in K. The
quotient w�1

s ews does belong to M0(A), so the point

HP0 (w�1
s ) = HM0 (w�1

s ews)
in a0 is independent of the choice of P0. By arguing inductively on the length of
s 2W0, one shows that there is a unique point T0 2 aG0 such that

(9.4) HP0 (w�1
s ) = T0 � s�1T0;

for every s 2W0. (See [A5, Lemma 1.1].) In the case that G equals GL(n) and K
is the standard maximal compact subgroup of GL(n;A), T0 = 0.

Proposition 9.3. The linear form

J(f) = JG(f); f 2 C1
c

�
G(A)

�
;

de�ned as the value of the polynomial

JT (f) = JG;T (f)

at T = T0, is independent of the choice of P0 2 P(M0).

The proof of Proposition 9.3 is a straightforward exercise. If T 2 a0 is highly
regular relative to P0, sT is highly regular relative to the group P 0

0 = sP0 in P(M0).
The mapping

P �! P 0 = sP = wsPw
�1
s ; P � P0;

is a bijection between the relevant families fP � P0g and fP 0 � P 0
0g of standard

parabolic subgroups. For any P , the mapping � ! �0 = ws� is a bijection from
P (Q)nG(Q) onto P 0(Q)nG(Q). It follows from the de�nitions that

b�P
�
HP (�x) � T

�
= b�P 0

�
sHP (w�1

s �0x)� sT
�

= b�P 0

�
sHP ( ew�1

s �0x) + sHP0 (w�1
s )� sT

�

= b�P 0

�
HP 0(�0x)� (sT � sT0 + T0)

�
:

Comparing the de�nition (6.1) of the truncated kernel with its analogue for P 0
0 =

sP0, we see that
JTP0

(f) = JsT�sT0+T0

sP0
(f);
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where the subscripts indicate the minimal parabolic subgroups with respect to
which the linear forms have been de�ned. Each side of this identity extends to a
polynomial function of T 2 a0. Setting T = T0, we see that the linear form

J(f) = JT0

P0
(f) = JT0

sP0
(f)

is indeed independent of the choice of P0. (See [A5, p. 18{19].) �

The second qualitative property of JT (f) concerns its behaviour under con-
jugation by G(A). A distribution on G(A) is a linear form I on C1

c

�
G(A)

�
that

is continuous with respect to the natural topology. The distribution is said to be
invariant if

I(fy) = I(f); f 2 C1
c

�
G(A)

�
; y 2 G(A);

where

fy(x) = f(yxy�1):

The proof of Theorem 6.1 implies that f ! JT (f) is a distribution if T 2 a+
P0

is

su�ciently regular. Since JT (f) is a polynomial in T , its coe�cients are also dis-
tributions. In particular, f ! J(f) is a distribution on G(A), which is independent
of the choice of P0 2 P(M0). We would like to compute its obstruction to being
invariant.

Consider a point y 2 G(A), a function f 2 C1
c

�
G(A)

�
, and a highly regular

point T 2 a+
0 . We are interested in the di�erence JT (fy)� JT (f).

To calculate JT (fy), we have to replace the factor

KP (�x; �x) =
X


2MP (Q)

Z

NP (A)

f(x�1��1
n�x)dn

in the truncated kernel (6.1) by the expression

X


2MP (Q)

Z

NP (A)

fy(x�1��1
n
x)dn = KP (�xy�1; �xy�1):

The last expression is invariant under translation of y by the central subgroup
AG(R)0. We may as well therefore assume that y belongs to the subgroup G(A)1

of G(A). With this condition, we can make a change of variables x ! xy in the
integral over G(Q)nG(A)1 that de�nes JT (fy). We see that JT (fy) equals
Z

G(Q)nG(A)1

�X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

KP (�x; �x)b�P
�
HP (�xy)� T

��
dx:

If �x = nmak, for elements n, m, a, and k in NP (A), MP (A)1, AP (R)0 \ G(A)1,
and K respectively, set kP (�x) = k. We can then write

b�P
�
HP (�xy)� T

�
= b�P

�
HP (a) +HP (ky)� T

�

= b�P
�
HP (�x) � T +HP (kP (�x)y)

�
:

The last expression has an expansion
X

Q�P

(�1)dim(AQ=AG)b�QP
�
HP (�x) � T

�
�0
Q

�
HP (�x) � T;�HP (kP (�x)y)

�

given by (9.1), which we can substitute into the formula above for JT (fy).
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The discussion now is identical to that of the proof of Theorem 9.1. Set

u0
Q(k; y) =

Z

aGQ

�0
Q

�
H;�HQ(ky)

�
dH; k 2 K;

and

fQ;y(m) = �Q(m)
1
2

Z

K

Z

NQ(A)

f(k�1mnk)u0
Q(k; y)dndk; m 2MQ(A):

The transformation f ! fQ;y is a continuous linear mapping from C1
c

�
G(A)

�

to C1
c

�
MQ(A)

�
, which varies smoothly with y 2 G(A), and depends only on the

image of y in G(A)1. The proof of Theorem 9.1 then leads directly to the following
analogue

(9.5) JT (fy) =
X

Q�P0

JMQ;T (fQ;y)

of (9.3). Since we have taken KQ = K \MQ(A) as maximal compact subgroup of
MQ(A), HP0 (w�1

s ) equals HP0\MQ
(w�1

s ) for any s in the subgroup WM
0 of W0 =

WG
0 . The canonical point T0 2 aG0 , de�ned for G by (9.4), therefore projects onto

the canonical point in a
Q
0 attached to MQ. Setting T = T0 in (9.5), we obtain the

following result.

Theorem 9.4. The distribution J satis�es the formula

J(fy) =
X

Q�P0

JMQ(fQ;y)

for conjugation of f 2 C1
c

�
G(A)

�
by y 2 G(A). �

10. The coarse geometric expansion

We have constructed a distribution J on G(A) from the truncated kernel
kT (x) = kT (x; f). The next step is to transform the geometric expansion for kT (x)
into a geometric expansion for J(f). The problem is more subtle than it might
�rst appear. This is because the truncation kT (x) of K(x; x) is not completely
compatible with the decomposition of K(x; x) according to conjugacy classes. The
di�culty comes from those conjugacy classes in G(Q) that are particular to the
case of noncompact quotient, namely the classes that are not semisimple.

In this section we shall deal with the easy part of the problem. We shall give
a geometric expansion of J(f) into terms parametrized by semisimple conjugacy
classes in G(Q). The proof requires only minor variations of the discussion of the
last two sections.

Recall that any element 
 in G(Q) has a Jordan decomposition 
 = ��. It is
the unique decomposition of 
 into a product of a semisimple element � = 
s in
G(Q), with a unipotent element � = 
u in G(Q) that commutes with 
s. We de�ne
two elements 
 and 
0 in G(Q) to be O-equivalent if their semisimple parts 
s and

0
s are G(Q)-conjugate. We then write O = OG for the set of such equivalence

classes. A class o 2 O is thus a union of conjugacy classes in G(Q).
The set O is in obvious bijection with the semisimple conjugacy classes in G(Q).

We shall say that a semisimple conjugacy class in G(Q) is anisotropic if it does not
intersect P (Q), for any P ( G. Then 
 2 G(Q) represents an anisotropic class if
and only if AG is the maximal Q-split torus in the connected centralizer H of 
 in
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G. (Such classes were called elliptic in [A3, x2]. However, the term elliptic is better
reserved for semisimple elements 
 in G(Q) such as 1, for which AG is the maximal
split torus in the center of H .) We can de�ne an anisotropic rational datum to be
an equivalence class of pairs (P; �), where P � G is a standard parabolic subgroup,
and � is an anisotropic conjugacy class in MP (Q). The equivalence relation is
just conjugacy, which for standard parabolic subgroups is given by the Weyl sets
W (aP ; aP 0) of x7. In other words, (P 0; �0) is equivalent to (P; �) if � = w�1

s �0ws for
some element s 2 W (aP ; aP 0). The mapping that sends f(P; �)g to the conjugacy
class of � in G(Q) is a bijection onto the set of semisimple conjugacy classes in G(Q).
We therefore have a canonical bijection from the set of anisotropic rational data
and our set O. Anisotropic rational data will not be needed for the constructions of
this section. We mention them in order to be able to recognize the formal relations
between these constructions and their spectral analogues in x12.

In case G = GL(n), the classes O are related to basic notions from linear
algebra. The Jordan decomposition is given by Jordan normal form. Two elements

 and 
0 in GL(n;Q) are O-equivalent if and only if they have the same set of
complex eigenvalues (with multiplicity). This is the same as saying that 
 and

0 have the same characteristic polynomial. The set O of equivalence classes in
GL(n;Q) is thus bijective with the set of rational monic polynomials of degree
n with nonzero constant term. If o 2 O is an equivalence class, the intersection
o \ P (Q) is empty for all P 6= G if and only if the characteristic polynomial of o

is irreducible over Q. This is the condition that o consist of a single anisotropic
conjugacy class in G(Q). A general equivalence class o 2 O consists of only one
conjugacy class if and only if the elements in o are all semisimple, which in turn is
equivalent to saying that the characteristic polynomial of o has distinct irreducible
factors over Q. We leave the reader to verify these properties from linear algebra.

If G is arbitrary, we have a decomposition

(10.1) K(x; x) =
X

o2O

Ko(x; x);

where

Ko(x; x) =
X


2o

f(x�1
x):

More generally, we can write

KP (x; x) =
X


2MP (Q)

Z

NP (A)

f(x�1
nx)dn =
X

o2O

KP;o(x; x)

for any P , where

KP;o(x; x) =
X


2MP (Q)\o

Z

NP (A)

f(x�1
nx)dn:

We therefore have a decomposition

(10.2) kT (x) =
X

o2O

kTo (x)



10. THE COARSE GEOMETRIC EXPANSION 55

of the truncated kernel, where

kTo (x) = kTo (x; f)

=
X

P

(�1)dim(AP =AG)

Z

�2P (Q)nG(Q)

KP;o(�x; �x)b�P
�
HP (�x) � T

�
:

The following extension of Theorem 6.1 can be regarded as a corollary of its proof.

Corollary 10.1. The double integral

(10.3)
X

o2O

Z

G(Q)nG(A)1

kTo (x; f)dx

converges absolutely.

The proof of Corollary 10.1 is in fact identical to the proof of Theorem 6.1
sketched in x8, but for one point. The discrepancy arises when we apply the Poisson
summation formula to the lattice nPP1

(Q), for standard parabolic subgroups P1 � P .
To do so, we require a sum over the lattice, or what amounts to the same thing, a
sum over elements � 2 NP

P1
(Q). In the proof of Theorem 6.1, we recall that such a

sum arose from the property

P1(Q) \MP (Q) = MP1(Q)NP
P1

(Q):

That it also occurs in treating a class o 2 O is a consequence of the parallel property

(10.4) P1(Q) \MP (Q) \ o =
�
MP1(Q) \ o

�
NP
P1

(Q):

This is in turn a consequence of the �rst assertion of the next lemma.

Lemma 10.2. Suppose that P � P0, 
 2M(Q), and � 2 Cc
�
NP (A)

�
. Then

X

�2NP (Q)
snNP (Q)

X

�2NP (Q)
s

�(
�1��1
��) =
X

�2NP (Q)

�(�)

and Z

NP (A)
snNP (A)

Z

NP (A)
s

�(
�1n�1
1 
n2n1)dn2dn1 =

Z

NP (A)

�(n)dn;

where NP (�)
s denotes the centralizer of 
s in NP (�).
The proof of Lemma 10.2 is a typical change of variable argument for unipotent

groups. The �rst assertion represents a decomposition of a sum over NP (Q), while
the second is the corresponding decomposition of an adelic integral over NP (A).
(See [A3, Lemmas 2.1 and 2.2].) �

The �rst assertion of the lemma implies that P (Q) \ o equals�
MP (Q) \ o

�
NP (Q). If we apply it to the pair (MP ; P1 \MP ) in place of (G;P ),

we obtain the required relation (10.4). We then obtain Corollary 10.1 by following
step by step the proof of Theorem 6.1. (Theorem 7.1 of [A3] was actually stated
and proved directly for the functions kTo (x) rather than their sum kT (x).) �

Once we have Corollary 10.1, we can apply Fubini’s theorem to double integral
(10.3). We obtain an absolutely convergent expansion

JT (f) =
X

o2O

JTo (f);
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whose terms are given by absolutely convergent integrals

(10.5) JTo (f) =

Z

G(Q)nG(A)1

kTo (x; f)dx; o 2 O:

The behaviour of JTo (f) as a function of T is similar to that of JT (f). We have
only to apply the proof of Theorem 9.1 to the absolutely convergent integral (10.5).
This tells us that for any f 2 C1

c

�
G(A)

�
and o 2 O, the function

T �! JTo (f);

de�ned for T 2 a+
0 su�ciently regular in a sense that is independent of o, is a

polynomial in T of degree bounded by the dimension of aG0 . We can therefore
de�ne JTo (f) for all values of T 2 a0 by its polynomial extension. We then set

Jo(f) = JT0
o (f); o 2 O;

for the point T0 2 aG0 given by (9.4). The proof of Proposition 9.3 tells us that
Jo(f) is independent of the choice of minimal parabolic subgroup P0 2 P(M0).

The distributions Jo(f) = JGo (f) can sometimes be invariant, though they are
not generally so. To see this, we apply the proof of Theorem 9.4 to the absolutely
convergent integral (10.5). For any Q � P0 and h 2 C1

c

�
MQ(A)

�
, set

J
MQ

o (h) =
X

oQ

J
MQ

oQ (h); o 2 O;

where oQ ranges over the �nite preimage of o in OMQ under the obvious mapping
of OMQ into O = OG. We then obtain the variance property

(10.6) Jo(fy) =
X

Q�P0

J
MQ

o (fQ;y); o 2 O; y 2 G(A);

in the notation of Theorem 9.4. Observe that o need not lie in the image the map
OMQ ! O attached to any proper parabolic subgroup Q ( G. This is so precisely
when o is anisotropic, in the sense that it consists of a single anisotropic (semisimple)
conjugacy class. It is in this case that the distribution Jo(f) is invariant.

The expansion of JT (f) in terms of distributions JTo (f) extends by polynomial
interpolation to all values of T . Setting T = T0, we obtain an identity

(10.7) J(f) =
X

o2O

Jo(f); f 2 C1
c

�
G(A)

�
;

of distributions. This is what we will call the coarse geometric expansion. The
distributions Jo(f) for which o is anisotropic are to be regarded as general analogues
of the geometric terms in the trace formula for compact quotient.

11. Weighted orbital integrals

The summands Jo(f) in the coarse geometric expansion of J(f) were de�ned
in global terms. We need ultimately to describe them more explicitly. For example,
we would like to have a formula for Jo(f) in which the dependence on the local
components fv of f is more transparent. In this section, we shall solve the problem
for \generic" classes o 2 O. For such classes, we shall express Jo(f) as a weighted
orbital integral of f .
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We �x a class o 2 O, which for the moment we take to be arbitrary. Recall
that

KP;o(x; y) =
X


2MP (Q)\o

Z

NP (A)

f(x�1
ny)dn;

for any P � P0. Lemma 10.2 provides a decomposition of the integral over NP (A)
onto a double integral. We de�ne a modi�ed function

(11.1) eKP;o(x; y) =
X


2MP (Q)\o

X

�2NP (Q)
snNP (Q)

Z

NP (A)
s

f(x�1��1
n�y)dn

by replacing the outer adelic integral of the lemma with a corresponding sum of

rational points. We then de�ne a modi�ed kernel ekTo (x) = ekTo (x; f) by replac-
ing the function KP;o(�x; �x) in the formula for kTo (x) with the modi�ed function
eKP;o(�x; �x). That is,

ekTo (x; f) =
X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

eKP;o(�x; �x)b�P
�
HP (�x) � T

�
:

Theorem 11.1. If T 2 a+
P0

is highly regular, the integral

(11.2)

Z

G(Q)nG(A)1

ekTo (x; f)dx

converges absolutely, and equals JTo (f).

The proof of Theorem 11.1 is again similar to that of Theorem 6.1, or rather
its modi�cation for the class o discussed in x10. Copying the formal manipulations
from the �rst half of x8, we write

(11.3)

Z

G(Q)nG(A)1

ekTo (x)dx =
X

P1�P2

Z

P1(Q)nG(A)1

�T (x)ekP1;P2;o(x)dx;

where �T (x) is as in (8.5), and

ekP1;P2;o(x) =
X

fP :P1�P�P2g

(�1)dim(AP =AG) eKP;o(x; x):

To justify these manipulations, we have to show that for any P1 � P2, the integral

(11.4)

Z

P1(Q)nG(A)1

�T (x)jekP1;P2;o(x)jdx

is �nite. This would also establish the absolute convergence assertion of the theo-
rem.

We estimate the integral (11.4) as in the second half of x8. We shall be content
simply to mention the main steps. The �rst is to show that if T is su�ciently

regular and �T (x) 6= 0, the summands in the formula for eKP;o(x; x) vanish for
elements 
 in the complement of P1(Q) \MP (Q) \ o in MP (Q) \ o. The next step
is to write P1(Q) \MP (Q) \ o as a product

�
MP1(Q) \ o

�
NP
P1

(Q), by appealing to
Lemma 10.2. We then have to apply Lemma 10.2 again, with (MP ; P1 \MP ) in
place of (G;P ), to the resulting sum over (�; �) in the product of MP1 (Q)\ o with
NP
P1

(Q). This yields a threefold sum, one of which is taken over the set

NP
P1

(Q)�s = exp
�
nPP1

(Q)�s
�
;
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where nPP1
(Q)�s denotes the centralizer of �s in the Lie algebra nPP1

(Q). The last

step is to apply the Poisson summation formula to the lattice nPP1
(Q)�s in nPP1

(A)�s .
The resulting cancellation from the alternating sum over P then yields a formula

for ekP1;P2;o(x) analogous to the formula (8.8) for kP1;P2 (x). Namely, ekP1;P2;o(x)

equals the product of (�1)dim(AP2=AG) with the sum over � 2MP1(Q) \ o of

X

�2NP1 (Q)�snNP1 (Q)

X

�2n
P2
P1

(Q)0
�s

�Z

nP1 (A)�s

f
�
x�1��1� exp(X1)�x

�
 
�
h�;X1i

�
dX1

�
;

where nP2

P1
(Q)0

�s is the intersection of nP2

P1
(Q)�s with the set nP2

P1
(Q)0 in (8.8). The

convergence of the integral (11.4) is then proved as at the end of x8. (See [A3,
p. 948{949].)

Once we have shown that the integrals (11.4) are �nite, we know that the
identity (11.3) is valid. The remaining step is to compare it with the corresponding
identity

Z

G(Q)nG(A)1

kTo (x)dx =
X

P1�P2

Z

P1(Q)nG(A)1

�T (x)kP1;P2;o(x)dx;

which we obtain by modifying the proof of Theorem 6.1 as in the last section.
Suppose that P1 � P2 are �xed. We can then write

Z

P1(Q)nG(A)1

�T (x)ekP1;P2;o(x)dx

=

Z

MP1 (Q)NP1 (A)nG(A)1

�T (x)
� Z

NP1 (Q)nNP1 (A)

ekP1;P2;o(n1x)dn1

�
dx;

since �T (x) is left NP1 (A)-invariant. The integral of ekP1;P2;o(n1x) over n1 is equal
to the sum over pairs

(P; �); P1 � P � P2; � 2MP1 (Q) \ o;

of the product of the sign (�1)dim(AP =AG) with the expression
Z

NP1 (Q)nNP1 (A)

X

�2NP (Q)�snNP (Q)

� Z

NP (A)�s

f(x�1n�1
1 ��1�n�n1x)dn

�
dn1:

If we replace the variable n1 by �n1, and then integrate over � in NP (Q)nNP (A),
we can change the sum over � to an integral over � in NP (Q)�snNP (A). Since
the resulting integrand is invariant under left translation of � by elements in the
larger group NP (A)�s , we can in fact integrate � over NP (A)�snNP (A). We can
thus change the sum of � in the expression to an adelic integral over �. Applying
Lemma 10.2 to the resulting double integral over � and n, we see that the expression
equals Z

NP1 (Q)nNP1 (A)

Z

NP (A)

f(x�1n�1
1 �nn1x)dndn1:

The signed sum over (P; �) of this last expression equals
Z

NP1 (Q)nNP1 (A)

kP1;P2;o(n1x)dn1:
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We conclude thatZ

P1(Q)nG(A)1

�T (x)ekP1;P2;o(x)dx

=

Z

MP1 (Q)NP1 (A)nG(A)1

�T (x)
� Z

NP1 (Q)nNP1 (A)

kP1;P2;o(n1x)dn1

�
dx

=

Z

P1(Q)nG(A)1

�T (x)kP1;P2;o(x)dx:

We have shown that the summands corresponding to P1 � P2 in the two
identities are equal. It follows that

Z

G(Q)nG(A)1

ekTo (x)dx =

Z

G(Q)nG(A)1

kTo (x)dx = JTo (f):

This is the second assertion of Theorem 11.1. �

The formula (11.2) for JTo (f) is better suited to computation. As an example,
we consider the special case that the class o 2 O consists entirely of semisimple
elements. Then o is a semisimple conjugacy class in G(Q), and for any element

 2 o, the centralizer G(Q)
 of 
 = 
s contains no nontrivial unipotent elements.
In particular, the group NP (Q)
s = NP (Q)
 attached to any P is trivial. It follows
that

eKP;o(x; x) =
X


2MP (Q)\o

X

�2NP (Q)

f(x�1��1
�x):

To proceed, we need to characterize the intersection MP (Q) \ o.
In x7, we introduced the Weyl set W (aP1 ; aP 0

1
) attached to any pair of standard

parabolic subgroups P1 and P 0
1. Suppose that P1 is �xed. If P is any other standard

parabolic subgroup, we de�ne W (P1;P ) to be the set of elements s in the union over
P 0

1 � P of the sets W (aP1 ; aP 0
1
) such that s�1� > 0 for every root � in the subset

�P
P 0

1
of �P 0

1
. In other words, s�1� belongs to the set �P1 for every such �. Suppose

for example that G = GL(n), and that P1 corresponds to the partition (�1; : : : ; �p1 )
of n. We noted in x7 that each of the sets W (aP1 ; aP 0

1
) is identi�ed with a subset of

the symmetric group Sp1 . The union over P 0
1 of these sets is identi�ed with the full

group Sp1 . If P corresponds to the partition (n1; : : : ; np) of n, W (P1;P ) becomes
the set of elements s 2 Sp1 such that (�s(1); : : : ; �s(p1)) is �ner than (n1; : : : ; np),

and such that s�1(i) < s�1(i + 1), for any i that is not of the form n1 + � � � + nk
for some k.

The problem is simpler if we impose a second condition on o. Suppose that
(P1; �1) represents the anisotropic rational datum attached to o in the last section,
and that 
1 belongs to the anisotropic conjugacy class �1 in MP1 (Q). Then 
1

represents the semisimple conjugacy class in o. We know that the groupH , obtained
by taking the connected component of 1 in the centralizer of 
1 in G, is contained
in MP1 . For H would otherwise have a proper parabolic subgroup over Q, and
H(Q) would contain a nontrivial unipotent element, contradicting the condition
that o consist entirely of semisimple elements. The group H(Q) is of �nite index in
G(Q)
 . We shall say that o is unrami�ed if G(Q)
 is also contained in MP1 . This
is equivalent to asking that the stabilizer of the conjugacy class �1 in W (aP1 ; aP1)
be equal to f1g. In the case G = GL(n), the condition is automatically satis�ed,
since any centralizer is connected.
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Assume that o is unrami�ed, and that (P1; �1) and 
1 2 �1 are �xed as above.
The condition that o be unrami�ed implies that if (P 0

1; �
0
1) is any other representa-

tive of the anisotropic rational datum of o, there is a unique element in W (aP1 ; aP 0
1
)

that maps �1 to �0
1. Suppose that P is any standard parabolic subgroup and that


 is an element in MP \ o. It follows easily from this discussion that 
 can be
expressed uniquely in the form


 = ��1ws
1w
�1
s �; s 2 W (P1;P ); � 2MP (Q)ws
1w

�1
s
nMP (Q);

where as usual,

MP (Q)ws
1w
�1
s

= MP;ws
1w
�1
s

(Q)

is the centralizer of ws
1w
�1
s in MP (Q). (See [A3, p. 950].)

Having characterized the intersection MP (Q) \ o, we can write

eKP;o(x; x)

=
X

s2W (P1;P )

X

�

X

�2NP (Q)

f(x�1��1��1ws
1w
�1
s ��x)

=
X

s

X

�

f(x�1��1ws
1w
�1
s �x);

where � and � are summed over the right cosets of MP (Q)ws
w�1
s

in MP (Q) and

P (Q) respectively. Therefore ekTo (x) equals the expression

X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

eKP;o(�x; �x)b�P
�
HP (�x) � T

�

=
X

P

(�1)dim(AP =AG)
X

s2W (P1;P )

X

�

f(x�1��1ws
1w
�1
s �x)b�P

�
HP (�x)� T

�
;

where � is summed over the right cosets of MP (Q)ws
1w
�1
s

in G(Q). Set �1 = w�1
s �.

Since

w�1
s

�
MP (Q)ws
1w

�1
s

�
ws = G(Q)
1 = MP1(Q)
1 ;

we obtain

ekTo (x)

=
X

P

(�1)dim(AP =AG)
X

s2W (P1;P )

X

�1

f(x�1��1
1 
1�1x)b�P

�
HP (ws�1x) � T

�

=
X

�1

f(x�1��1
1 
1�1x) T (�1x);

where �1 is summed over right cosets of MP1(Q)
1 in G(Q), and

 T (y) =  TP1
(y) =

X

P

(�1)dim(AP =AG)
X

s2W (P1;P )

b�P
�
HP (wsy)� T

�

=
X

P 0
1

X

s2W (aP1 ;aP 0
1

)

X

fP :s2W (P1;P )g

(�1)dim(AP =AG)b�P
�
HP 0

1
(wsy)� T

�
:
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Therefore

JTo (f) =

Z

G(Q)nG(A)1

ekTo (x; f)dx

=

Z

MP1 (Q)
1 nG(A)1

f(x�1
x) T (x)dx:

The convergence of the second integral follows from the convergence of the �rst
integral (Theorem 11.1), and the fact (implied by Lemma 11.2 below) that the
function �T is nonnegative.

We can write

MP1(Q)
1nG(A)1 �=
�
MP1(Q)
1nMP1(A)1


1

�
�
�
MP1 (A)1


1
nG(A)1

�
;

where MP1(A)1

1

is the centralizer of 
1 in the group MP1 (A)1. Since the centralizer
of 
1 in MP1(A) equals its centralizer G(A)
1 in G(A), we can also write

MP1(A)1

1
nG(A)1 �=

�
AP1 (R)0 \G(R)1

�
�
�
G(A)
1nG(A)

�
:

In the formula for JTo (f) we have just obtained, we are therefore free to decompose
the variable of integration as

x = may; m 2MP1(Q)
1nMP1(A)1

1
; a 2 AP1 (R)0\G(R)1; y 2 G(A)
1nG(A):

Then f(x�1
1x) = f(y�1
1y) and  T (x) =  T (ay). Therefore

(11.5) JTo (f) = vol
�
MP1 (Q)
1nMP1(A)1


1

� Z

G(A)
1 nG(A)

f(y�1
1y)vTP1
(y)dy;

where

vTP1
(y) =

Z

AP1 (R)0\G(R)1

 T (ay)da =

Z

aGP1

 T (expH � y)dH:

It remains to evaluate the function vTP1
(y).

For any parabolic subgroup Q � P0 and any point � 2 a�
Q, de�ne "Q(�) to

be the sign +1 or �1 according to whether the number of roots � 2 �Q with
�(�_) � 0 is even or odd. Let

H �! �Q(�; H); H 2 aQ;

be the characteristic function of the set of H such that for any � 2 �Q, $�(H) > 0
if �(�_) � 0, and $�(H) � 0 if �(�_) > 0. These functions were introduced
by Langlands [Lan1], and are useful for studying certain convex polytopes. We
apply them to the discussion above by taking Q = P 0

1 and � = s�1, for an element
s 2W (aP1 ; aP 0

1
) and a point �1 in the chamber

(a�
P1

)+ =
�

�1 2 a�
P1

: �1(�_) > 0; � 2 �P1

	
:

Suppose that s belongs to any one of the sets W (aP1 ; aP 0
1
). We claim that for

any point H 0 2 aP 0
1
, the expression

(11.6)
X

fP :s2W (P1;P )g

(�1)dim(AP =AG)b�P (H 0)

that occurs in the de�nition of  T (y) equals

(11.7) "P 0
1
(s�1)�P 0

1
(s�1; H

0); �1 2 (a�
P1

)+:
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To see this, de�ne a parabolic subgroup P s � P 0
1 by setting

�P s

P 0
1

= f� 2 �P 0
1

: s�1� > 0g:
The element s then lies in W (P1;P ) if and only if P 0

1 � P � P s. The expression
(11.6) therefore equals

X

fP :P 0
1�P�P sg

(�1)dim(AP =AG)b�P (H 0):

If we write the projection of H 0 onto aGP 0
1

in the form
X

�

c��
_; � 2 �P 0

1
; c� 2 R;

we can apply (6.3) to the alternating sum over P . We see that the expression
equals the sign "P 0

1
(s�1) if H 0 lies in the support of the function �P 0

1
(s�1; H

0), and
vanishes otherwise. The claim is therefore valid.

The function  T (expH � y) equals
X

P 0
1

X

s2W (aP1 ;aP 0
1

)

X

fP :s2W (P1;P )g

(�1)dim(AP =AG)b�P
�
sH +HP 0

1
(wsy)� TP 0

1

�
;

where TP 0
1

is the projection of T onto aP 0
1
. This in turn equals

(11.8)
X

P 0
1

X

s2W (aP1 ;aP 0
1

)

"P 0
1
(s�1)�P 0

1

�
s�1; sH +HP 0

1
(wsy)� TP 0

1

�
;

by what we have just established. Now as a function H 2 aGP1
, (11.8) would appear

to be complicated. It is not! One shows in fact that (11.8) equals the characteristic
function of the projection onto aGP1

of the convex hull of
�
Ys = s�1

�
TP 0

1
�HP 0

1
(wsy)

�
: s 2W (aP1 ; aP 0

1
); P 0

1 � P0

	
:

The proof of this fact [A1, Lemma 3.2] uses elementary properties of convex hulls
and a combinatorial lemma of Langlands [A1, x2]. We shall discuss it in greater
generality later, in x17. In the meantime, we shall illustrate the property geomet-
rically in the special case that G = SL(3).

Assume for the moment then that G = SL(3) and P1 = P0. In this case, the
signed sum of characteristic functions

�P 0
1

�
s�1; sH +HP 0

1
(wsy)� T

�
= �P 0

1

�
s�1; s(H � Ys)

�
; H 2 aP1 = aGP1

;

is over elements s parametrized by the symmetric group S3. We have of course the

simple roots �P1 = f�1; �2g, and the basis f�_
1 ; �

_
2 g of aP1 dual to b�P1 . Writing

s(H � Ys) = t1�
_
1 + t2�

_
2 ; ti 2 R;

we see that �P 0
1

�
s�1; s(H � Ys)

�
is the characteristic function of the a�ne cone

�
H = Ys + t1s

�1(�_
1 ) + t2s

�1(�_
2 ) : ti > 0 if s�1(�i) < 0; ti � 0 if s�1(�i) > 0

	
:

In Figure 11.1, we plot the six vertices fYsg, the associated six cones, and the signs

"P 0
1
(s�1) = (�1)jfi:s�1(�i)<0gj; s 2 S3;

by which the corresponding characteristic functions have to be multiplied. We then
observe that the signs cancel in every region of the plane except the convex hull of
the set of vertices.
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Y1

Ys1

Ys2

+1

+1� 1

+1� 1

+1� 1 + 1� 1

+1� 1 + 1� 1

+1� 1 + 1� 1

+1� 1

+1� 1

Figure 11.1. The shaded region is the convex hull of six points

fYsg in the two dimensional vector space a0 attached to SL(3). It is

a signed sum of six cones, with vertices at each of the six points.

Returning to the general case, we take for granted the assertion that (11.8)
is equal to the characteristic function of the convex hull. Then vTP1

(y) equals the
volume of the given convex hull. In particular, the manipulations used to derive
the formula (11.5) for JTo (f) are justi�ed. Observe that

Ys = s�1
�
TP 0

1
�HP 0

1
(wsy)

�

= s�1
�
TP 0

1
�HP 0

1
( ewsy)�HP 0

1
(ws ew�1

s )
�

= s�1
�
TP 0

1
�HP 0

1
( ewsy)� (T0)P 0

1
+ s(T0)P1

�
:

When T = T0, the point Ys equals

�s�1HP 0
1
( ewsy) + (T0)P1 :

The point (T0)P1 is independent of s, and consequently represents a �xed translate
of the convex hull. Since it has no e�ect on the volume, it may be removed from
consideration.

We have established the following result, which we state with P and 
 in place
of P1 and 
1.

Theorem 11.2. Suppose that o 2 O is an unrami�ed class, with anisotropic
rational datum represented by a pair (P; �). Then

(11.9) Jo(f) = vol
�
MP (Q)
nMP (A)1




� Z

G(A)
nG(A)

f(x�1
x)vP (x)dx;

where 
 is any element in the MP (Q)-conjugacy class �, and vP (x) is the volume
of the projection onto aGP of the convex hull of

�
� s�1HP 0 ( ewsx) : s 2W (aP ; aP 0); P 0 � P0

	
:

�
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12. Cuspidal automorphic data

We shall temporarily put aside the �ner analysis of the geometric expansion
in order to develop the spectral side. We are looking for spectral analogues of
the geometric results we have already obtained. In this section, we introduce a
set X that will serve as the analogue of the set O of x10. Its existence is a basic
consequence of Langlands’ theory of Eisenstein series.

A function � in L2
�
G(Q)nG(A)1

�
is said to be cuspidal if

(12.1)

Z

NP (A)

�(nx)dn = 0;

for every P 6= G and almost every x 2 G(A)1. This condition is a general analogue
of the vanishing of the constant term of a classical modular form, which character-
izes space of cusp forms. The subspace L2

cusp

�
G(Q)nG(A)1

�
of cuspidal functions

in L2
�
G(Q)nG(A)1

�
is closed and invariant under right translation by G(A)1. The

following property of this subspace is one of the foundations of the subject.

Theorem 12.1 (Gelfand, Piatetski-Shapiro). The space L2
cusp

�
G(Q)nG(A)1

�

decomposes under the action of G(A)1 into a discrete sum of irreducible represen-
tations with �nite multiplicities. In particular, L2

cusp

�
G(Q)nG(A)1

�
is a subspace

of L2
disc

�
G(Q)nG(A)1

�
.

The proof is similar to that of the discreteness of the decomposition of R,
in the case of compact quotient. For if G(Q)nG(A)1 is compact, there are no
proper parabolic subgroups, by the criterion of Borel and Harish-Chandra, and
L2

cusp

�
G(Q)nG(A)1

�
equals L2

�
G(Q)nG(A)1

�
. In general, one combines the van-

ishing condition (12.1) with the approximate fundamental domain of Theorem
8.1 to show that for any f 2 C1

c

�
G(A)1

�
, the restriction Rcusp(f) of R(f) to

L2
cusp

�
G(Q)nG(A)1

�
is of Hilbert-Schmidt class. In particular, if f(x) = f(x�1),

Rcusp(f) is a compact self-adjoint operator. One then uses the spectral theorem to
show that L2

cusp

�
G(Q)nG(A)1

�
decomposes discretely. See [Lan5] and [Har4]. �

The theorem provides a G(A)1-invariant orthogonal decomposition

L2
cusp

�
G(Q)nG(A)1

�
=
M

�

L2
cusp;�

�
G(Q)nG(A)1

�
;

where � ranges over irreducible unitary representations of G(A)1, and
L2

cusp;�

�
G(Q)nG(A)

�
is G(A)1-isomorphic to a �nite number of copies of �. We

de�ne a cuspidal automorphic datum to be an equivalence class of pairs (P; �),
where P � G is a standard parabolic subgroup of G, and � is an irreducible rep-
resentation of MP (A)1 such that the space L2

cusp;�

�
MP (Q)nMP (A)1

�
is nonzero.

The equivalence relation is de�ned by the conjugacy, which for standard parabolic
groups is given by the Weyl sets W (aP ; aP 0). In other words, (P 0; �0) is equivalent
to (P; �) if there is an element s 2 W (aP ; aP 0) such that the representation

s�1�0 : m �! �0(wsmw
�1
s ); m 2MP (A)1;

of MP (A)1 is equivalent to �. We write X = XG for the set of cuspidal automorphic
data � = f(P; �)g.
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Cuspidal functions do not appear explicitly in Theorem 7.2, but they are an
essential ingredient of Langlands’s proof. For example, they give rise to a decom-
position

(12.2) L2
�
G(Q)nG(A)

�
=
M

P

L2
P-cusp

�
G(Q)nG(A)

�
;

which is based on cuspidal automorphic data, and is more elementary than the
spectral decomposition (7.5). Let us describe it.

For any P , we have de�ned the right G(A)-invariant Hilbert space HP of func-
tions on G(A), and the dense subspace H0

P . Let HP;cusp be the subspace of vectors
� 2 HP such that for almost all x 2 G(A), the function �x(m) = �(mx) on
MP (Q)nMP (A)1 lies in the space L2

cusp

�
MP (Q)nMP (A)1

�
. Then

HP;cusp =
M

�

HP;cusp;�;

where for any irreducible unitary representation � of MP (A)1, HP;cusp;� is the
subspace of vectors � 2 HP;cusp such that each of the functions �x lies in the
space L2

cusp;�

�
MP (Q)nMP (A)1

�
. We write H0

P;cusp and H0
P;cusp;� for the respective

intersections of HP;cusp and HP;cusp;� with H0
P .

Suppose that 	(�) is an entire function of � 2 a�
P;C of Paley-Wiener type, with

values in a �nite dimensional subspace of functions x! 	(�; x) in H0
P;cusp;�. Then

	(�; x) is the Fourier transform in � of a smooth, compactly supported function
on aP . This means that for any point � 2 a�

P , the function

 (x) =

Z

�+ia�
P

e(�+�P )(HP (x))	(�; x)d�

of x 2 NP (A)MP (Q)nG(A) is compactly supported in HP (x).

Lemma 12.2 (Langlands). The function

(E )(x) =
X

�2P (Q)nG(Q)

 (�x); x 2 G(Q)nG(A);

lies in L2
�
G(Q)nG(A)

�
.

Lemma 12.3 (Langlands). Suppose that 	0(�0; x) is a second such function,
attached to a pair (P 0; �0). Then the inner product formula

(12.3) (E ;E 0) =

Z

�+ia�
P

X

s2W (aP ;aP 0 )

�
M(s; �)	(�);	0(�s�)

�
d�

holds if � is any point in a�
P such that (�� �P )(�_) > 0 for every � 2 �P .

If � is the class in X represented by a pair (P; �), let L2
�

�
G(Q)nG(A)

�
be the

closed, G(A)-invariant subspace of L2
�
G(Q)nG(A)

�
generated by the functions E 

attached to (P; �).

Lemma 12.4 (Langlands). There is an orthogonal decomposition

(12.4) L2
�
G(Q)nG(A)

�
=
M

�2X

L2
�

�
G(Q)nG(A)

�
:
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Lemmas 12.2{12.4 are discussed in the early part of Langlands’s survey article
[Lan1]. They are the foundations for the rest of the theory, and for Theorem 7.2
in particular. We refer the reader to [Lan1] for brief remarks on the proofs, which
are relatively elementary. �

The inner product formula (12.3) is especially important. It is used in the
proof of both the analytic continuation (a) and the spectral decomposition (b) in
Theorem 7.2. Observe that the domain of integration in (12.3) is contained in the
region of absolute convergence of the cuspidal operator valued function M(s; �) in
the integrand. Once he had proved the meromorphic continuation of this func-
tion, Langlands was able to use (12.3) to establish the remaining analytic contin-
uation assertions of Theorem 7.2(a), and the spectral decomposition of the space
L2
�

�
G(Q)nG(A)

�
. His method was based on a change contour of integration from

� + ia�
P to ia�

P , and an elaborate analysis of the resulting residues. It was a tour de
force, the details of which comprise the notoriously di�cult Chapter 7 of [Lan5].

Any class � = f(P ; �)g in X determines an associated class P� = fPg of
standard parabolic subgroups. We then obtain a decomposition (12.2) from (12.4)
by setting

L2
P-cusp

�
G(Q)nG(A)

�
=

M

f�2X:P�=Pg

L2
�

�
G(Q)nG(A)

�
:

However, it is the �ner decomposition (12.4) that is more often used. We shall
actually apply the obvious variant of (12.4) that holds for G(A)1 in place of G(A),
or rather its restriction

(12.5) L2
disc

�
G(Q)nG(A)1

�
=
M

�2X

L2
disc;�

�
G(Q)nG(A)1

�

to the discrete spectrum, in which

L2
disc;�

�
G(Q)nG(A)1

�
= L2

disc

�
G(Q)nG(A)1

�
\ L2

�

�
G(Q)nG(A)1

�
:

If P is a standard parabolic subgroup, the correspondence

(P1 \MP ; �1) �! (P1; �1); P1 � P; f(P1 \MP ; �1)g 2 XMP ;

yields a mapping �P ! � from XMP to the set X = XG. We can then write

L2
disc

�
MP (Q)nMP (A)1

�
=
M

�2X

L2
disc;�

�
MP (Q)nMP (A)1

�
;

where L2
disc;�

�
MP (Q)nMP (A)1

�
is the sum of those subspaces of

L2
disc

�
MP (Q)nMP (A)1

�
attached to classes �P 2 XMP in the �bre of �. Let HP;�

be the subspace of functions � in the Hilbert space HP such that for almost all
x, the function �x(m) = �(mx) lies in L2

disc;�

�
MP (Q)nMP (A)1

�
. There is then an

orthogonal direct sum

HP =
M

�

HP;�:

There is also an algebraic direct sum

(12.6) H0
P =

M

�

H0
P;�;

where H0
P;� is the intersection of HP;� with H0

P . For any � and f , we shall write

IP;�(�; f) for the restriction of the operator IP (�; f) to the invariant subspaceHP;�
of HP .
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At the end of x7, we described the spectral expansions for both the kernel
K(x; y) and the truncated function kT (x) in terms of Eisenstein series. They were
de�ned by means of an orthonormal basis BP of HP . We can assume that BP is
compatible with the algebraic direct sum (12.6). In other words,

BP =
a

�2X

BP;�;

where BP;� is the intersection of BP with H0
P;�. For any � 2 X we set

(12.7) K�(x; y) =
X

P

n�1
P

Z

ia�
P

X

�2BP;�

E
�
x; IP;�(�; f)�; �

�
E(y; �; �)d�;

where nP is the integer de�ned in Theorem 7.2(b). It is a consequence of Lang-
lands’ construction of the spectral decomposition (7.5) from the more elementary
decomposition (12.4) that K�(x; y) is the kernel of the restriction of R(f) to the
invariant subspace L2

�

�
G(Q)nG(A)

�
of L2

�
G(Q)nG(A)

�
. It follows, either from this

or from the de�nition (12.7), that

(12.8) K(x; y) =
X

�2X

K�(x; y):

This is the spectral analogue of the geometric decomposition (10.1).
More generally, suppose that we �x P , and use P1 � P in place of P to index

the orthonormal bases. Then we have

KP (x; y) =
X

�2X

KP;�(x; y);

where KP;�(x; y) is equal to

X

P1�P

(nPP1
)�1

Z

ia�
P

X

�2BP1;�

EPP1

�
x; IP1;�(�; f)�; �

�
EPP1

(y; �; �)d�:

We obtain a decomposition

(12.9) kT (x) =
X

�2X

kT� (x);

where

kT� (x) = kT� (x; f)

=
X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

KP;�(�x; �x)b�P
�
HP (�x)� T

�
:

This is the spectral analogue of the geometric decomposition (10.2) of the truncated
kernel.

We have given spectral versions of the constructions at the beginning of x10.
However, the spectral analogue of the coarse geometric expansion (10.7) is more
di�cult. The problem is to obtain an analogue of Corollary 10.1. We know from
Theorem 6.1 that

Z

G(Q)nG(A)1

���
X

�

kT� (x)
���dx =

Z

G(Q)nG(A)1

jkT (x)jdx <1:
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To obtain a corresponding expansion for JT (f), we would need the stronger asser-
tion that the double integral

Z

G(Q)nG(A)1

X

�

jkT� (x)jdx

is �nite. Unlike the geometric case of Corollary 10.1, this is not an immediate
consequence of the proof of Theorem 6.1. It requires some new methods.

13. A truncation operator

The process that assigns the modi�ed function kT (x) = kT (x; f) to the original
kernel K(x; x) can be regarded as a construction that is based on the adjoint action
of G on itself. It is compatible with the geometry of classes o 2 O. The process
is less compatible with the spectral properties of classes � 2 X. However, we still
have to deal with the spectral expansion (12.9) of kT (x). We do so by introducing
an operator that systematically truncates functions on G(Q)nG(A)1.

The operator depends on the same parameter T used to de�ne kT (x). It
acts on the space Bloc

�
G(Q)nG(A)1

�
of locally bounded, measurable functions

on G(Q)nG(A)1. For any suitably regular point T 2 a+
0 and any function � 2

Bloc

�
G(Q)nG(A)1

�
, we de�ne �T� to be the function in Bloc

�
G(Q)nG(A)1

�
whose

value at x equals

(13.1)
X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

Z

NP (Q)nNP (A)

�(n�x)b�P
�
HP (�x)� T

�
dn:

The inner sum may be taken over a �nite set (that depends on x), while the
integrand is a bounded function of n. Notice the formal similarity of the de�nition
with that of kT (x) in x6. Notice also that if � belongs to L2

cusp

�
G(Q)nG(A)1

�
, then

�T� = �.
There are three basic properties of the operator �T to be discussed in this

section. The �rst is that �T is an orthogonal projection.

Proposition 13.1. (a) For any P1, any �1 2 Bloc

�
G(Q)nG(A)1

�
, and any

x1 2 G(A)1, the integral
Z

NP1 (Q)nNP1 (A)

(�T�1)(n1x1)dn1

vanishes unless $
�
HP1 (x1)� T

�
� 0 for every $ 2 b�P1 .

(b) �T � �T = �T .
(c) The operator �T is self-adjoint, in the sense that it satis�es the inner prod-

uct formula

(�T�1; �2) = (�1;�
T�2);

for functions �1 2 Bloc

�
G(Q)nG(A)1

�
and �2 2 Cc

�
G(Q)nG(A)1

�
.

The �rst assertion of the proposition is Lemma 1.1 of [A4]. (The symbol <
in the statement of this lemma should in fact be �.) In the case G = SL(2), it
follows directly from classical reduction theory, as illustrated in the earlier Figure
8.3. In general, one has to apply the Bruhat decomposition to elements in the sum
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over P (Q)nG(Q) that occurs in the de�nition of �T�. We recall that the Bruhat
decomposition is a double coset decomposition

G(Q) =
a

s2W0

�
B0(Q)wsN0(Q)

�

of G(Q), which in turn leads easily to a characterization

P (Q)nG(Q) �=
a

s2WM
0 nW0

�
w�1
s N0(Q)ws \N0(Q)nN0(Q)

�

of P (Q)nG(Q). Various manipulations, which we will not reproduce here, reduce
the assertion of (i) to Identity 6.2.

The assertion (ii) follows from (i). Indeed,
�
�T (�T�)

�
(x) equals the sum over

P1 � P0 and �1 2 P1(Q)nG(Q) of
Z

NP1 (Q)nNP1 (A)

(�T�)(n1�1x)b�P1

�
HP1 (�1x)� T

�
dn1:

The term corresponding to P1 = G equals (�T�)(x), while if P1 6= G, the term
vanishes by (i) and the de�nition of b�P1 .

To establish (iii), we observe that

(�T�1; �2)

=

Z

G(Q)nG(A)1

X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

�

�
Z

NP (Q)nNP (A)

�1(n�x)b�P
�
HP (�x)� T

�
�2(x)dndx

=
X

P

(�1)dim(AP =AG)

Z

NP (Q)nNP (A)

Z

P (Q)nG(A)1

�1(nx)�2(x)b�P
�
HP (x) � T

�
dxdn

=
X

P

(�1)dim(AP =AG)

Z

NP (Q)nNP (A)

Z

P (Q)nG(A)1

�1(x)�2(nx)b�P
�
HP (x) � T

�
dxdn

=

Z

G(Q)nG(A)1

X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

�

�
Z

NP (Q)nNP (A)

�1(x)�2(n�x)b�P
�
HP (�x)� T

�
dndx

= (�1;�
T�2): �

It is not hard to show from (ii) and (iii) that �T extends to an orthogonal
projection from the space L2

�
G(Q)nG(A)

�
to itself. It is also easy to see that �T

preserves each of the spaces L2
P-cusp

�
G(Q)nG(A)1

�
in the cuspidal decomposition

(12.2). On the other hand, �T is decidedly not compatible with the spectral decom-
position (7.5). It is an operator built upon the cuspidal properties of x12, rather
than the more sensitive spectral properties of Theorem 7.2.

The second property of the operator �T is that it transforms uniformly tem-
pered functions to rapidly decreasing functions. To describe this property quanti-
tatively, we need to choose a height function k � k on G(A).
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Suppose �rst that G is a general linear group GL(m), and that x = (xij) is a
matrix in GL(m;A). We de�ne

kxvkv = max
i;j
jxij;vjv

if v is a p-adic valuation, and

kxvkv =
�X

i;j

jxij;v j2v
� 1

2

if v is the archimedean valuation. Then kxvkv = 1 for almost all v. The height
function

kxk =
Y

v

kxvkv

is therefore de�ned by a �nite product. For arbitraryG, we �x a Q-rational injection
r: G! GL(m), and de�ne

kxk = kr(x)k:
By choosing r appropriately, we can assume that the set of points x 2 G(A) with
kxk � t is compact, for any t > 0. The chosen height function k � k on G(A) then
satis�es

(13.2) kxyk � kxkkyk; x; y 2 G(A);

(13.3) kx�1k � C0kxkN0 ; x 2 G(A);

and

(13.4)
���x 2 G(Q) : kxk � t

	�� � C0t
N0 ; t � 0;

for positive contants C0 and N0. (See [Bor2].)
We shall say that a function � on G(Q)nG(A)1 is rapidly decreasing if for any

positive integer N and any Siegel set S = SG(T1) for G(A), there is a positive
constant C such that

j�(x)j � Ckxk�N

for every x in S1 = S \ G(A)1. The notion of uniformly tempered applies to the
space of smooth functions

C1
�
G(Q)nG(A)1

�
= lim�!

K0

C1
�
G(Q)nG(A)1=K0

�
:

By de�nition, C1(G(Q)nG(A)1=K0

�
is the space of functions on G(Q)nG(A)1 that

are right invariant under the open compact subgroup K0 of G(A�n), and are in�n-
itely di�erentiable as functions on the subgroup G(R)1 = G(R) \G(A)1 of G(A)1.
We can of course also de�ne the larger space Cr

�
G(Q)nG(A)1

�
of functions of dif-

ferentiability class Cr in the same way. If X is a left invariant di�erential operator
on G(R)1 of degree k � r, and � lies in Cr

�
G(Q)nG(A)1=K0

�
, X� is a function in

Cr�k
�
G(Q)nG(A)1=K0

�
. Let us say that a function � 2 C1

�
G(Q)nG(A)1

�
is uni-

formly tempered if there is an N0 � 0 with the property that for every left invariant
di�erentiable operator X on G(R)1, there is a constant cX such that

j(X�)(x)j � cXkxkN0 ;

for every x 2 G(A)1.
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Proposition 13.2. (a) If � 2 C1
�
G(Q)nG(A)1

�
is uniformly tempered, the

function �T� is rapidly decreasing.
(b) Given a Siegel set S, positive integers N and N0, and an open compact

subgroup K0 of G(A�n), we can choose a �nite set fXig of left invariant di�erential
operators on G(R)1 and a positive integer r with the property that if (
; d!) is
a measure space, and �(!): x ! �(!; x) is any measurable function from 
 to
Cr
�
G(Q)nG(A)1=K0

�
, the supremum

(13.5) sup
x2S1

�
kxkN

Z




j�T�(!; x)jd!
�

is bounded by

(13.6) sup
y2G(A)1

�
kyk�N0

X

i

Z




jXi�(!; y)jd!
�
:

It is enough to prove (ii), since it is a re�ned version of (i). This assertion is
Lemma 1.4 of [A4], the proof of which is reminiscent of that of Theorem 6.1. The
initial stages of the two proofs are in fact identical. We multiply the summand
corresponding to P in

�T�(!; x)

=
X

P

(�1)dim(AP =AG)
X

�2P (Q)nG(Q)

Z

NP (Q)nNP (A)

�(!; n�x)dn � b�P
�
HP (�x) � T

�

by the left hand side of (8.1). We then apply the de�nition (8.2) to the product of
functions �PP1

and b�P that occurs in the resulting expansion. The function �T�(�; x)
becomes the sum over pairs P1 � P2 and elements � 2 P1(Q)nG(Q) of the product

FP1(�x; T )�P2

P1

�
HP1(�x) � T

�
�P1;P2 (!; �x);

where

(13.7) �P1;P2 (!; y) =
X

fP :P1�P�P2g

(�1)dim(AP =AG)

Z

NP (Q)nNP (A)

�(!; ny)dn:

Suppose that y = �x is such that the �rst two factors in the last product are
both nonzero. Replacing � by a left P1(Q)-translate, if necessary, we can assume
that

y = �x = n�n
�mak;

for k 2 K, elements n�, n� and m in �xed compact subsets of NP2(A), NP2

P1
(A)

and MP1(A)1 respectively, and a point a 2 AP1 (R)0 with �P2

P1

�
HP1 (a) � T

�
6= 0.

Therefore

y = �x = n�a � a�1n�amk = n�ab;

where b belongs to a �xed compact subset of G(A)1 that depends only on G. The
next step is to extract an estimate of rapid decrease for the function

�P1;P2(!; y) = �P1;P2 (!; �x) = �P1;P2 (!; ab)

from the alternating sum over P in (13.7).
At this point the argument diverges slightly from that of Theorem 6.1. The

quantitative nature of the assertion (ii) represents only a super�cial di�erence,
since similar estimates are implicit in the discussion of x8. However, the integrals
in (13.7) are over quotients NP (Q)nNP (A) rather than groups NP (A), a re
ection
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of the left G(Q)-invariance of the underlying function y ! �(�; y). This alters the
way we realize the cancellation in the alternating sum over P . It entails having
to apply the Fourier inversion formula to a product of groups QnA, in place of
the Poisson summation formula for a product of groups A. The problem is that
the quotient nP2

P1
(Q)nnP2

P1
(A) does not correspond with NP2

P1
(Q)nNP2

P1
(A) under the

exponential mapping. However, the problem may be resolved by a straightforward
combinatorial argument that appears in [Har4, Lemma 11]. One constructs a �nite
set of pairs

(N�
I ; NI); NP2 � N�

I � NI � NP1 ;

of Q-rational groups, where N�
I is normal in NI with abelian quotient N I . Each

index I parametrizes a subset
�
�I;� 2 �P2

P1
: � 2 �P2

P1

	

of roots of the parabolic subgroup MP2 \P1 of MP2 such that �I;� contains � in its
decomposition into simple roots. If XI;� 2 nP1(Q) stands for a root vector relative
to �I;�, the space

nI(Q) =
M

�2�
P2
P1

QXI;�

becomes a linear complement for the Lie algebra of N�
I (Q) in that of NI(Q). The

combinatorial argument yields an expansion of �P1;P2 (!; ab) as linear combination
over I of functions

(13.8)
X

�2nI (Q)0

Z

nI(Q)nnI (A)

Z

N�
I (Q)nN�

I (A)

�
�
!; u exp(X)ab

�
 
�
hX; �i

�
dudX;

where

nI(Q)0 =
n
� =

X

�2�
P2
P1

r�XI;� : r� 2 Q�
o
:

(See [A4, p. 94].)
One can estimate (13.8) as in the proof of Theorem 6.1. In fact, it is not hard

to show that for any positive integer n, the product of enkHP1 (a)k with the integral
of the absolute value of (13.8) over ! has a bound of the form (13.6). But

enkHP0 (a)k � c1kakn" � c2kn�abkn" = c2k�xkn";
for positive constants c1, c2 and ". Moreover, it is known that there is a positive
constant c such that

k�xk � ckxk;
for any x in the Siegel set S, and any � 2 G(Q). It follows that the supremum

sup
x2S

sup
�2P1(Q)nG(Q)

�
kxkn"

Z




���P1;P2(!; �x)
��d!
�

has a bound of the form (13.6). Since this supremum is independent of �, we have
only to estimate the sum

X

�2P1(Q)nG(Q)

FP1 (�x; T )�P2

P1

�
HP1 (�x) � T

�
:

It follows from the de�nition (8.3) and the fact that both FP1 (�; T ) and �P2

P1
(�)

are characteristic functions that the summand corresponding to � is bounded by
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b�P1

�
HP1 (�x) � T

�
. In x6 we invoked Lemma 5.1 of [A3] in order to say that the

sum over � in (6.1) could be taken over a �nite set. The lemma actually asserts
that X

�2P1(Q)nG(Q)

b�P1

�
HP1 (�x)� T

�
� cT kxkN1 ;

for positive constants cT and N1. We obtain an estimate (13.6) for (13.5) by
choosing n � "�1(N +N1). �

The proof of Proposition 13.2 we have just sketched is that of [A4, Lemma
1.4]. The details in [A4] are a little hard to follow, thanks to less than perfect
exposition and some typographical errors. Perhaps the discussion above will make
them easier to read.

The most immediate application of Proposition 13.2 is to an Eisenstein series
x! E(x; �; �). Among the many properties established by Langlands in the course
of proving Theorem 7.2 was the fact that Eisenstein series are uniformly slowly
increasing. More precisely, there is a positive integerN0 such that for any vector � 2
H0
P and any left invariant di�erential operator X on G(R)1, there is an inequality

jXE(x; �; �)j � cX;�(�)kxkN0 ; x 2 G(A);

in which cX;�(�) is a locally bounded function on the set of � 2 a�
P;C at which

E(x; �; �) is analytic. It follows from Proposition 13.2 that for any N and any
Siegel set S, there is a locally bounded function cN;�(�) on the set of � at which
E(x; �; �) is analytic such that

(13.9) j�TE(x; �; �)j � cN;�(�)kxk�N ;

for every x 2 S1. In particular, the truncated Eisenstein series �TE(x; �; �) is
square integrable on G(Q)nG(A)1. As we shall see, the spectral expansion of the
trace formula depends on being able to evaluate the inner product of two truncated
Eisenstein series.

The third property of the truncation operator is one of cancellation. It concerns
the partial truncation operator �T;P1 attached to a standard parabolic subgroup
P1 � P0. If � is any function in Bloc

�
P1(Q)nG(A)1

�
, we de�ne �T;P1� to be the

function in Bloc

�
MP1(Q)NP1 (A)nG(A)1

�
whose value at x equals

X

fQ:P0�Q�P1g

(�1)dim(AQ=AP1 )
X

�2Q(Q)nP1(Q)

Z

NQ(Q)nNQ(A)

�(n�x)b�P1

Q

�
HQ(�x) � T

�
:

Proposition 13.3. If � belongs to Bloc

�
G(Q)nG(A)1

�
, then

X

P1�P0

X

�2P1(Q)nG(Q)

�T;P1�(�x)�P1

�
HP1(�x) � T

�
= �(x):

More generally, if � belongs to Bloc

�
P (Q)nG(A)1

�
for some P � P0, the sum

(13.10)
X

fP1:P0�P1�Pg

X

�2P1(Q)nP (Q)

�T;P1�(�x)�PP1

�
HP1 (�x)� T

�

equals Z

NP (Q)nNP (A)

�(nx)dn:
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If we substitute the de�nition of �T;P1� into (13.10), we obtain a double sum
over Q and P1. Combining the double sum over Q(Q)nP1(Q) and P1(Q)nP (Q) into
a single sum over Q(Q)nP (Q), we write (13.10) as the sum over parabolic subgroups
Q, with P0 � Q � P , and elements � 2 Q(Q)nP (Q) of the product of

Z

NQ(Q)nNQ(A)

�(n�x)

with
X

fP1:Q�P1�Pg

(�1)dim(AQ=AP1 )b�P1

Q

�
HQ(�x)� T

�
�PP1

�
HP1 (�x) � T

�
:

Since �PP1

�
HP1 (�x)�T

�
= �PP1

�
HQ(�x)�T

�
, we can apply (8.11) to the alternating

sum over P1. This proves that the alternating sum vanishes unless Q = P , in which
case it is trivially equal to 1. The formula of the lemma follows. (See [A4, Lemma
1.5].) �

14. The coarse spectral expansion

The truncation operator �T acts on functions onG(Q)nG(A)1. If h is a function
of two variables and � is a linear operator on any space of functions in G(A), we
write �1h and �2h for the transforms of h obtained by letting � act separately
on the �rst and second variables respectively. We want to consider the case that
� = �T , and h(x; y) equals the �-component K�(x; y) of the kernel K(x; y) of R(f).
We recall that the parameter T in both the operator �T and the modi�ed kernel
kT (x) is a suitably regular point in a+

0 .

Theorem 14.1. (a) The double integral

(14.1)
X

�2X

Z

G(Q)nG(A)1

�T2 K�(x; x)dx

converges absolutely.
(b) If T is suitably regular, in a sense that depends only on the support of f ,

the double integral

(14.2)
X

�2X

Z

G(Q)nG(A)1

kT� (x)dx

also converges absolutely.
(c) If T is as in (ii), we have

Z

G(Q)nG(A)1

kT� (x)dx =

Z

G(Q)nG(A)1

�T2 K�(x; x)dx;

for any � 2 X.

The assertions of Theorem 14.1 are among the main results of [A4]. Their
proof is given in x2 of that paper. We shall try to give some idea of the argument.

The assertion (i) requires a quantitative estimate for the spectral expansion of
the kernel

K(x; y) =
X


2G(Q)

f(x�1
y):




