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Foreword

These notes are an attempt to provide an entry into a subject that has not
been very accessible. The problems of exposition are twofold. It is important to
present motivation and background for the kind of problems that the trace formula
is designed to solve. However, it is also important to provide the means for acquiring
some of the basic techniques of the subject. I have tried to steer a middle course
between these two sometimes divergent objectives. The reader should refer to earlier
articles [Lab2], [Lan14], and the monographs [Sho], [Ge], for di�erent treatments
of some of the topics in these notes.

I had originally intended to write �fteen sections, corresponding roughly to
�fteen lectures on the trace formula given at the Summer School. These sections
comprise what has become Part I of the notes. They include much introductory
material, and culminate in what we have called the coarse (or unre�ned) trace for-
mula. The coarse trace formula applies to a general connected, reductive algebraic
group. However, its terms are too crude to be of much use as they stand.

Part II contains �fteen more sections. It has two purposes. One is to transform
the trace formula of Part I into a re�ned formula, capable of yielding interesting
information about automorphic representations. The other is to discuss some of
the applications of the re�ned formula. The sections of Part II are considerably
longer and more advanced. I hope that a familiarity with the concepts of Part I
will allow a reader to deal with the more di�cult topics in Part II. In fact, the later
sections still include some introductory material. For example, x16, x22, and x27
contain heuristic discussions of three general problems, each of which requires a
further re�nement of the trace formula. Section 26 contains a general introduction
to Langlands’ principle of functoriality, to which many of the applications of the
trace formula are directed.

We begin with a discussion of some constructions that are part of the founda-
tions of the subject. In x1 we review the Selberg trace formula for compact quotient.
In x2 we introduce the ring A = AF of adeles. We also try to illustrate why adelic
algebraic groups G(A), and their quotients G(F )nG(A), are more concrete objects
than they might appear at �rst sight. Section 3 is devoted to examples related to
x1 and x2. It includes a brief description of the Jacquet-Langlands correspondence
between quaternion algebras and GL(2). This correspondence is a striking example
of the kind of application of which the trace formula is capable. It also illustrates
the need for a trace formula for noncompact quotient.

In x4, we begin the study of noncompact quotient. We work with a general
algebraic group G, since this was a prerequisite for the Summer School. However,
we have tried to proceed gently, giving illustrations of a number of basic notions.
For example, x5 contains a discussion of roots and weights, and the related objects
needed for the study of noncompact quotient. To lend Part I an added appearance
of simplicity, we work over the ground �eld Q, instead of a general number �eld F .

The rest of Part I is devoted to the general theme of truncation. The problem is
to modify divergent integrals so that they converge. At the risk of oversimplifying
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matters, we have tried to center the techniques of Part I around one basic result,
Theorem 6.1. Corollary 10.1 and Theorem 11.1, for example, are direct corollaries
of Theorem 6.1, as well as essential steps in the overall construction. Other results
in Part I also depend in an essential way on either the statement of Theorem 6.1
or a key aspect of its proof. Theorem 6.1 itself asserts that a truncation of the
function

K(x; x) =
X


2G(Q)

f(x�1
x); f 2 C1
c

�
G(A)

�
;

is integrable. It is the integral of this function over G(Q)nG(A) that yields a trace
formula in the case of compact quotient. The integral of its truncation in the general
case is what leads eventually to the coarse trace formula at the end of Part I.

After stating Theorem 6.1 in x6, we summarize the steps required to convert
the truncated integral into some semblance of a trace formula. We sketch the proof
of Theorem 6.1 in x8. The arguments here, as well as in the rest of Part I, are
both geometric and combinatorial. We present them at varying levels of generality.
However, with the notable exception of the review of Eisenstein series in x7, we have
tried in all cases to give some feeling for what is the essential idea. For example,
we often illustrate geometric points with simple diagrams, usually for the special
case G = SL(3). The geometry for SL(3) is simple enough to visualize, but often
complicated enough to capture the essential point in a general argument. I am
indebted to Bill Casselman, and his 
air for computer graphics, for the diagrams.
The combinatorial arguments are used in conjunction with the geometric arguments
to eliminate divergent terms from truncated functions. They rely ultimately on that
simplest of cancellation laws, the binomial identity

X

F�S

(�1)jF j =

(
0; if S 6= ;,
1; if S = ;,

which holds for any �nite set S (Identity 6.2).
The parallel sections x11 and x15 from the later stages of Part I anticipate the

general discussion of x16{21 in Part II. They provide re�ned formulas for \generic"
terms in the coarse trace formula. These formulas are explicit expressions, whose
local dependence on the given test function f is relatively transparent. The �rst
problem of re�nement is to establish similar formulas for all of the terms. Because
the remaining terms are indexed by conjugacy classes and representations that are
singular, this problem is more di�cult than any encountered in Part I. The solution
requires new analytic techniques, both local and global. It also requires extensions
of the combinatorial techniques of Part I, which are formulated in x17 as properties
of (G;M)-families. We refer the reader to x16{21 for descriptions of the various
results, as well as fairly substantial portions of their proofs.

The solution of the �rst problem yields a re�ned trace formula. We summarize
this new formula in x22, in order to examine why it is still not satisfactory. The
problem here is that its terms are not invariant under conjugation of f by elements
in G(A). They are in consequence not determined by the values taken by f at
irreducible characters. We describe the solution of this second problem in x23. It
yields an invariant trace formula, which we derive by modifying the terms in the
re�ned, noninvariant trace formula so that they become invariant in f .
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In x24{26 we pause to give three applications of the invariant trace formula.
They are, respectively, a �nite closed formula for the traces of Hecke operators on
certain spaces, a term by term comparison of invariant trace formulas for general
linear groups and central simple algebras, and cyclic base change of prime order for
GL(n). It is our discussion of base change that provides the opportunity to review
Langlands’ principle of functoriality.

The comparisons of invariant trace formulas in x25 and x26 are directed at
special cases of functoriality. To study more general cases of functoriality, one
requires a third re�nement of the trace formula.

The remaining problem is that the terms of the invariant trace formula are not
stable as linear forms in f . Stability is a subtler notion than invariance, and is
part of Langlands’ conjectural theory of endoscopy. We review it in x27. In x28
and x29 we describe the last of our three re�nements. This gives rise to a stable
trace formula, each of whose terms is stable in f . Taken together, the results of
x29 can be regarded as a stabilization process, by which the invariant trace formula
is decomposed into a stable trace formula, and an error term composed of stable
trace formulas on smaller groups. The results are conditional upon the fundamental
lemma. The proofs, conditional as they may be, are still too di�cult to permit more
than passing comment in x29.

The general theory of endoscopy includes a signi�cant number of cases of func-
toriality. However, its avowed purpose is somewhat di�erent. The principal aim of
the theory is to analyze the internal structure of representations of a given group.
Our last application is a broad illustration of what can be expected. In x30 we
describe a classi�cation of representations of quasisplit classical groups, both local
and global, into packets. These results depend on the stable trace formula, and
the fundamental lemma in particular. They also presuppose an extension of the
stabilization of x29 to twisted groups.

As a means for investigating the general principle of functoriality, the theory
of endoscopy has very de�nite limitations. We have devoted a word after x30 to
some recent ideas of Langlands. The ideas are speculative, but they seem also to
represent the best hope for attacking the general problem. They entail using the
trace formula in ways that are completely new.

These notes are really somewhat of an experiment. The style varies from section
to section, ranging between the technical and the discursive. The more di�cult
topics typically come in later sections. However, the progression is not always
linear, or even monotonic. For example, the material in x13{x15, x19{x21, x23, and
x25 is no doubt harder than much of the broader discussion in x16, x22, x26, and
x27. The last few sections of Part II tend to be more discursive, but they are also
highly compressed. This is the price we have had to pay for trying to get close to
the frontiers. The reader should feel free to bypass the more demanding passages,
at least initially, in order to develop an overall sense of the subject.

It would not have been possible to go very far by insisting on complete proofs.
On the other hand, a survey of the results might have left a reader no closer
to acquiring any of the basic techniques. The compromise has been to include
something representative of as many arguments as possible. It might be a sketch of
the general proof, a suggestive proof of some special case, or a geometric illustration
by a diagram. For obvious reasons, the usual heading \PROOF" does not appear
in the notes. However, each stated result is eventually followed by a small box
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�, when the discussion that passes for a proof has come to an end. This ought to
make the structure of each section more transparent. My hope is that a determined
reader will be able to learn the subject by reinforcing the partial arguments here,
when necessary, with the complete proofs in the given references.



Part I. The Unre�ned Trace Formula

1. The Selberg trace formula for compact quotient

Suppose that H is a locally compact, unimodular topological group, and that �
is a discrete subgroup of H . The space �nH of right cosets has a right H-invariant
Borel measure. Let R be the unitary representation of H by right translation on
the corresponding Hilbert space L2(�nH). Thus,

�
R(y)�

�
(x) = �(xy); � 2 L2(�nH); x; y 2 H:

It is a fundamental problem to decompose R explicitly into irreducible unitary
representations. This should be regarded as a theoretical guidepost rather than a
concrete goal, since one does not expect an explicit solution in general. In fact,
even to state the problem precisely requires the theory of direct integrals.

The problem has an obvious meaning when the decomposition of R is discrete.
Suppose for example that H is the additive group R, and that � is the subgroup
of integers. The irreducible unitary representations of R are the one dimensional
characters x! e�x, where � ranges over the imaginary axis iR. The representation
R decomposes as direct sum over such characters, as � ranges over the subset 2�iZ

of iR. More precisely, let bR be the unitary representation of R on L2(Z) de�ned by

� bR(y)c
�
(n) = e2�inyc(n); c 2 L2(Z):

The correspondence that maps � 2 L2(ZnR) to its set of Fourier coe�cients

b�(n) =

Z

ZnR

�(x)e�2�inxdx; n 2 Z;

is then a unitary isomorphism from L2(ZnR) onto L2(Z), which intertwines the

representations R and bR. This is of course the Plancherel theorem for Fourier
series.

The other basic example to keep in mind occurs where H = R and � = f1g.
In this case the decomposition of R is continuous, and is given by the Plancherel
theorem for Fourier transforms. The general intuition that can inform us is as
follows. For arbitrary H and �, there will be some parts of R that decompose
discretely, and therefore behave qualitatively like the theory of Fourier series, and
others that decompose continuously, and behave qualitatively like the theory of
Fourier transforms.

In the general case, we can study R by integrating it against a test function
f 2 Cc(H). That is, we form the operator

R(f) =

Z

H

f(y)R(y)dy

7
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on L2(�nH). We obtain

�
R(f)�

�
(x) =

Z

H

�
f(y)R(y)�

�
(x)dy

=

Z

H

f(y)�(xy)dy

=

Z

H

f(x�1y)�(y)dy

=

Z

�nH

�X


2�

f(x�1
y)
�
�(y)dy;

for any � 2 L2(�nH) and x 2 H . It follows that R(f) is an integral operator with
kernel

(1.1) K(x; y) =
X


2�

f(x�1
y); x; y 2 �nH:

The sum over 
 is �nite for any x and y, since it may be taken over the intersection
of the discrete group � with the compact subset

x supp(f)y�1

of H .
For the rest of the section, we consider the special case that �nH is compact.

The operator R(f) then acquires two properties that allow us to investigate it
further. The �rst is that R decomposes discretely into irreducible representations
�, with �nite multiplicities m(�;R). This is not hard to deduce from the spectral
theorem for compact operators. Since the kernel K(x; y) is a continuous function on
the compact space (�nH)�(�nH), and is hence square integrable, the corresponding
operator R(f) is of Hilbert-Schmidt class. One applies the spectral theorem to the
compact self adjoint operators attached to functions of the form

f(x) = (g � g�)(x) =

Z

H

g(y)g(x�1y)dy; g 2 Cc(H):

The second property is that for many functions, the operator R(f) is actually of
trace class, with

(1.2) trR(f) =

Z

�nH

K(x; x)dx:

If H is a Lie group, for example, one can require that f be smooth as well as
compactly supported. Then R(f) becomes an integral operator with smooth kernel
on the compact manifold �nH . It is well known that (1.2) holds for such operators.

Suppose that f is such that (1.2) holds. Let f�g be a set of representatives of
conjugacy classes in �. For any 
 2 � and any subset 
 of H , we write 

 for the
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centralizer of 
 in 
. We can then write

tr
�
R(f)

�
=

Z

�nH

K(x; x)dx

=

Z

�nH

X


2�

f(x�1
x)dx

=

Z

�nH

X


2f�g

X

�2�
n�

f(x�1��1
�x)dx

=
X


2f�g

Z

�
nH

f(x�1
x)dx

=
X


2f�g

Z

H
nH

Z

�
nH


f(x�1u�1
ux)du dx

=
X


2f�g

vol(�
nH
)

Z

H
nH

f(x�1
x)dx:

These manipulations follow from Fubini’s theorem, and the fact that for any se-
quence H1 � H2 � H of unimodular groups, a right invariant measure on H1nH
can be written as the product of right invariant measures on H2nH and H1nH2

respectively. We have obtained what may be regarded as a geometric expansion
of tr

�
R(f)

�
in terms of conjugacy classes 
 in �. By restricting R(f) to the irre-

ducible subspaces of L2(�nH), we obtain a spectral expansion of R(f) in terms of
irreducible unitary representations � of H .

The two expansions tr
�
R(f)

�
provide an identity of linear forms

(1.3)
X




aH� (
)fH(
) =
X

�

aH� (�)fH(�);

where 
 is summed over (a set of representatives of) conjugacy classes in �, and
� is summed over (equivalence classes of) irreducible unitary representatives of H .
The linear forms on the geometric side are invariant orbital integrals

(1.4) fH(
) =

Z

H
nH

f(x�1
x)dx;

with coe�cients
aH� (
) = vol(�
nH
);

while the linear forms on the spectral side are irreducible characters

(1.5) fH(�) = tr
�
�(f)

�
= tr

� Z

H

f(y)�(y)dy
�
;

with coe�cients
aH� (�) = m(�;R):

This is the Selberg trace formula for compact quotient.
We note that if H = R and � = Z, the trace formula (1.3) reduces to the

Poisson summation formula. For another example, we could take H to be a �nite
group and f(x) to be the character tr �(x) of an irreducible representation � of H .
In this case, (1.3) reduces to a special case of the Frobenius reciprocity theorem,
which applies to the trivial one dimensional representation of the subgroup � of H .
(A minor extension of (1.3) specializes to the general form of Frobenius reciprocity.)
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Some of Selberg’s most striking applications of (1.3) were to the group H =
SL(2;R) of real, (2�2)-matrices of determinant one. Suppose that X is a compact
Riemann surface of genus greater than 1. The universal covering surface of X
is then the upper half plane, which we identify as usual with the space of cosets
SL(2;R)=SO(2;R). (Recall that the compact orthogonal group K = SO(2;R) is
the stabilizer of

p
�1 under the transitive action of SL(2;R) on the upper half

plane by linear fractional transformations.) The Riemann surface becomes a space
of double cosets

X = �nH=K;

where � is the fundamental group of X , embedding in SL(2;R) as a discrete sub-
group with compact quotient. By choosing left and right K-invariant functions
f 2 C1

c (H), Selberg was able to apply (1.3) to both the geometry and analysis of
X .

For example, closed geodesics on X are easily seen to be bijective with conju-
gacy classes in �. Given a large positive integer N , Selberg chose f so that the left
hand side of (1.3) approximated the number g(N) of closed geodesics of length less
than N . An analysis of the corresponding right hand side gave him an asymptotic
formula for g(N), with a sharp error term. Another example concerns the Laplace-
Beltrami operator � attached to X . In this case, Selberg chose f so that the right
hand side of (1.3) approximated the number h(N) of eigenvalues of � less than N .
An analysis of the corresponding left hand side then provided a sharp asymptotic
estimate for h(N).

The best known discrete subgroup of H = SL(2;R) is the group � = SL(2;Z)
of unimodular integral matrices. In this case, the quotient �nH is not compact.
The example of � = SL(2;Z) is of special signi�cance because it comes with the
supplementary operators introduced by Hecke. Hecke operators include a family of
commuting operators fTpg on L2(�nH), parametrized by prime numbers p, which
commute also with the action of the group H = SL(2;R). The families fcpg
of simultaneous eigenvalues of Hecke operators on L2(�nH) are known to be of
fundamental arithmetic signi�cance. Selberg was able to extend his trace formula
(1.3) to this example, and indeed to many other quotients of rank 1. He also
included traces of Hecke operators in his formulation. In particular, he obtained a
�nite closed formula for the trace of Tp on any space of classical modular forms.

Selberg worked directly with Riemann surfaces and more general locally sym-
metric spaces, so the role of group theory in his papers is less explicit. We can
refer the reader to the basic articles [Sel1] and [Sel2]. However, many of Selberg’s
results remain unpublished. The later articles [DL] and [JL, x16] used the language
of group theory to formulate and extend Selberg’s results for the upper half plane.

In the next section, we shall see how to incorporate the theory of Hecke oper-
ators into the general framework of (1.1). The connection is through adele groups,
where Hecke operators arise in a most natural way. Our ultimate goal is to describe
a general trace formula that applies to any adele group. The modern role of such
a trace formula has changed somewhat from the original focus of Selberg. Rather
than studying geometric and spectral data attached to a given group in isolation,
one tries to compare such data for di�erent groups. In particular, one would like
to establish reciprocity laws among the fundamental arithmetic data associated to
Hecke operators on di�erent groups.
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2. Algebraic groups and adeles

Suppose that G is a connected reductive algebraic group over a number �eld
F . For example, we could take G to be the multiplicative group GL(n) of invertible
(n � n)-matrices, and F to be the rational �eld Q. Our interest is in the general
setting of the last section, with � equal to G(F ). It is easy to imagine that this
group could have arithmetic signi�cance. However, it might not be at all clear
how to embed � discretely into a locally compact group H . To do so, we have to
introduce the adele ring of F .

Suppose for simplicity that F equals the rational �eld Q. We have the usual
absolute value v1(�) = j � j1 on Q, and its corresponding completion Qv1

= Q1 =
R. For each prime number p, there is also a p-adic absolute value vp(�) = j � jp on
Q, de�ned by

jtjp = p�r; t = prab�1;

for integers r, a and b with (a; p) = (b; p) = 1. One constructs its completion
Qvp = Qp by a process identical to that of R. As a matter of fact, j � jp satis�es an
enhanced form of the triangle inequality

jt1 + t2jp � max
�
jt1jp; jt2jp

	
; t1; t2 2 Q:

This has the e�ect of giving the compact \unit ball"

Zp =
�
tp 2 Qp : jtpjp � 1

	

in Qp the structure of a subring of Qp. The completions Qv are all locally compact
�elds. However, there are in�nitely many of them, so their direct product is not
locally compact. One forms instead the restricted direct product

A =

restY

v

Qv = R�
restY

p

Qp = R� A�n

=
�
t = (tv) : tp = tvp 2 Zp for almost all p

	
:

Endowed with the natural direct limit topology, A = AQ becomes a locally compact
ring, called the adele ring of Q. The diagonal image of Q in A is easily seen to be
discrete. It follows that H = G(A) is a locally compact group, in which � = G(Q)
embeds as a discrete subgroup. (See [Tam2].)

A similar construction applies to a general number �eld F , and gives rise to a
locally compact ring AF . The diagonal embedding

� = G(F ) � G(AF ) = H

exhibits G(F ) as a discrete subgroup of the locally compact groupG(AF ). However,
we may as well continue to assume that F = Q. This represents no loss of generality,
since one can pass from F to Q by restriction of scalars. To be precise, if G1 is
the algebraic group over Q obtained by restriction of scalars from F to Q, then
� = G(F ) = G1(Q), and H = G(AF ) = G1(A).

We can de�ne an automorphic representation � of G(A) informally to be an
irreducible representation of G(A) that \occurs in" the decomposition of R. This
de�nition is not precise for the reason mentioned in x1, namely that there could be
a part of R that decomposes continuously. The formal de�nition [Lan6] is in fact
quite broad. It includes not only irreducible unitary representations of G(A) in the
continuous spectrum, but also analytic continuations of such representations.
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The introduction of adele groups appears to have imposed a new and perhaps
unwelcome level of abstraction onto the subject. The appearance is illusory. Sup-
pose for example that G is a simple group over Q. There are two possibilities:
either G(R) is noncompact (as in the case G = SL(2)), or it is not. If G(R) is
noncompact, the adelic theory for G may be reduced to the study of of arithmetic
quotients of G(R). As in the case G = SL(2) discussed at the end of x1, this is
closely related to the theory of Laplace-Beltrami operators on locally symmetric
Riemannian spaces attached to G(R). If G(R) is compact, the adelic theory re-
duces to the study of arithmetic quotients of a p-adic group G(Qp). This in turn is
closely related to the spectral theory of combinatorial Laplace operators on locally
symmetric hypergraphs attached to the Bruhat-Tits building of G(Qp).

These remarks are consequences of the theorem of strong approximation. Sup-
pose that S is a �nite set of valuations of Q that contains the archimedean valuation
v1. For any G, the product

G(QS) =
Y

v2S

G(Qv)

is a locally compact group. Let KS be an open compact subgroup of G(AS), where

AS =
�
t 2 A : tv = 0; v 2 S

	

is the ring theoretic complement of QS in A. Then G(FS)KS is an open subgroup
of G(A).

Theorem 2.1. (a) (Strong approximation) Suppose that G is simply connected,
in the sense that the topological space G(C) is simply connected, and that G0(QS)
is noncompact for every simple factor G0 of G over Q. Then

G(A) = G(Q) �G(QS)KS:

(b) Assume only that G0(QS) is noncompact for every simple quotient G0 of G
over Q. Then the set of double cosets

G(Q)nG(A)=G(QS)KS

is �nite.

For a proof of (a) in the special case G = SL(2) and S = fv1g, see [Shim,
Lemma 6.15]. The reader might then refer to [Kne] for a sketch of the general
argument, and to [P] for a comprehensive treatment. Part (b) is essentially a
corollary of (a). �

According to (b), we can write G(A) as a disjoint union

G(A) =
na

i=1

G(Q) � xi �G(QS)KS ;

for elements x1 = 1, x2; : : : ; xn in G(AS). We can therefore write

G(Q)nG(A)=KS =

na

i=1

�
G(Q)nG(Q) � xi �G(QS)KS=KS

�

�=
na

i=1

�
�iSnG(QS)

�
;



2. ALGEBRAIC GROUPS AND ADELES 13

for discrete subgroups

�iS = G(QS) \
�
G(Q) � xiKS(xi)�1

�

of G(QS). We obtain a G(QS)-isomorphism of Hilbert spaces

(2.1) L2
�
G(Q)nG(A)=KS

� �=
nM

i=1

L2
�
�iSnG(QS)

�
:

The action of G(QS) on the two spaces on each side of (2.1) is of course by right
translation. It corresponds to the action by right convolution on either space by
functions in the algebra Cc

�
G(QS)

�
. There is a supplementary convolution algebra,

the Hecke algebra H
�
G(AS);KS

�
of compactly supported functions on G(AS) that

are left and right invariant under translation by KS. This algebra acts by right
convolution on the left hand side of (2.1), in a way that clearly commutes with the
action of G(QS). The corresponding action ofH

�
G(AS);KS

�
on the right hand side

of (2.1) includes general analogues of the operators de�ned by Hecke on classical
modular forms.

This becomes more concrete if S = fv1g. Then AS equals the subring A�n =
ft 2 A : t1 = 0g of \�nite adeles" in A. If G satis�es the associated noncompact-
ness criterion of Theorem 2.1(b), and K0 is an open compact subgroup of G(A�n),
we have a G(R)-isomorphism of Hilbert spaces

L2
�
G(Q)nG(A)=K0

� �=
nM

i=1

L2
�
�inG(R)

�
;

for discrete subgroups �1; : : : ;�n of G(R). The Hecke algebra H
�
G(A�n);K0

�
acts

by convolution on the left hand side, and hence also on the right hand side.
Hecke operators are really at the heart of the theory. Their properties can be

formulated in representation theoretic terms. Any automorphic representation � of
G(A) can be decomposed as a restricted tensor product

(2.2) � =
O

v

�v;

where �v is an irreducible representation of the group G(Qv). Moreover, for every
valuation v = vp outside some �nite set S, the representation �p = �vp is unrami�ed,
in the sense that its restriction to a suitable maximal compact subgroup Kp of
G(Qp) contains the trivial representation. (See [F]. It is known that the trivial
representation of Kp occurs in �p with multiplicity at most one.) This gives rise to
a maximal compact subgroup KS =

Q
p=2S

Kp, a Hecke algebra

HS =
O

p=2S

Hp =
O

p=2S

H
�
G(Qp);Kp

�

that is actually abelian, and an algebra homomorphism

(2.3) c(�S) =
O

p=2S

c(�p) : HS =
O

p=2S

Hp �! C:
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Indeed, if vS =
N
p=2S

vp belongs to the one-dimensional space of KS-�xed vectors for

the representation �S =
N
p=2S

�p, and hS =
N
p=2S

hp belongs to HS , the vector

�S(hS)vS =
O

p=2S

�
�p(hp)vp

�

equals

c(�S ; hS)vS =
O

p=2S

�
c(�p; hp)vp

�
:

This formula de�nes the homomorphism (2.3) in terms of the unrami�ed represen-
tation �S . Conversely, for any homomorphism HS ! C, it is easy to see that there
is a unique unrami�ed representation �S of G(AS) for which the formula holds.

The decomposition (2.2) actually holds for general irreducible representations
� of G(A). In this case, the components can be arbitrary. However, the condition
that � be automorphic is highly rigid. It imposes deep relationships among the
di�erent unrami�ed components �p, or equivalently, the di�erent homomorphisms
c(�p) : Hp ! C. These relationships are expected to be of fundamental arithmetic
signi�cance. They are summarized by Langlands’s principle of functoriality [Lan3],
and his conjecture that relates automorphic representations to motives [Lan7].
(For an elementary introduction to these conjectures, see [A28]. We shall review
the principle of functoriality and its relationship with unrami�ed representations
in x26.) The general trace formula provides a means for analyzing some of the
relationships.

The group G(A) can be written as a direct product of the real group G(R) with
the totally disconnected group G(A�n). We de�ne

C1
c

�
G(A)

�
= C1

c

�
G(R)

�

 C1

c

�
G(A�n)

�
;

where C1
c

�
G(R)

�
is the usual space of smooth, compactly supported functions on

the Lie group G(R), and C1
c

�
G(A�n)

�
is the space of locally constant, compactly

supported, complex valued functions on the totally disconnected group G(A�n).
The vector space C1

c

�
G(A)

�
is an algebra under convolution, which is of course

contained in the algebra Cc
�
G(A)

�
of continuous, compactly supported functions

on G(A).
Suppose that f belongs to C1

c

�
G(A)

�
. We can choose a �nite set of valuations

S satisfying the condition of Theorem 2.1(b), an open compact subgroup KS of
G(AS), and an open compact subgroup K0;S of the product

G(Q1
S ) =

Y

v2S�fv1g

G(Qv)

such that f is bi-invariant under the open compact subgroup K0 = K0;SK
S of

G(A�n). In particular, the operator R(f) vanishes on the orthogonal complement
of L2

�
G(Q)nG(A)=KS

�
in L2

�
G(Q)nG(A)

�
. We leave the reader the exercise of

using (1.1) and (2.1) to identify R(f) with an integral operator with smooth kernel
on a �nite disjoint union of quotients of G(R).

Suppose, in particular, that G(Q)nG(A) happens to be compact. Then R(f)
may be identi�ed with an integral operator with smooth kernel on a compact man-
ifold. It follows that R(f) is an operator of trace class, whose trace is given by
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(1.2). The Selberg trace formula (1.3) is therefore valid for f , with � = G(Q) and
H = G(A). (See [Tam1].)

3. Simple examples

We have tried to introduce adele groups as gently as possible, using the re-
lations between Hecke operators and automorphic representations as motivation.
Nevertheless, for a reader unfamiliar with such matters, it might take some time to
feel comfortable with the general theory. To supplement the discussion of x2, and
to acquire some sense of what one might hope to obtain in general, we shall look
at a few concrete examples.

Consider �rst the simplest example of all, the case that G equals the multi-
plicative group GL(1). Then G(Q) = Q�, while

G(A) = A� =
�
x 2 A : jxj 6= 0; jxpjp = 1 for almost all p

	

is the multiplicative group of ideles for Q. If N is a positive integer with prime
factorization N =

Q
p
pep(N), we write

KN =
�
k 2 G(A�n) = A�

�n : jkp � 1jp � p�ep(N) for all p
	
:

A simple exercise for a reader unfamiliar with adeles is to check directly that KN

is an open compact subgroup of A�
�n, that any open compact subgroup K0 contains

KN for some N , and that the abelian group

G(Q)nG(A)=G(R)KN = Q�nA�=R�KN

is �nite. The quotient G(Q)nG(A) = Q�nA� is not compact. This is because the
mapping

x �! jxj =
Y

v

jxvjv; x 2 A�;

is a continuous surjective homomorphism from A� to the multiplicative group (R�)0

of positive real numbers, whose kernel

A1 =
�
x 2 A : jxj = 1

	

contains Q�. The quotient Q�nA1 is compact. Moreover, we can write the group
A� as a canonical direct product of A1 with the group (R�)0. The failure of Q�nA�

to be compact is therefore entirely governed by the multiplicative group (R�)0 of
positive real numbers.

An irreducible unitary representation of the abelian group GL(1;A) = A� is a
homomorphism

� : A� �! U(1) =
�
z 2 C� : jzj = 1

	
:

There is a free action

s : � �! �s(x) = �(x)jxjs; s 2 iR;
of the additive group iR on the set of such �. The orbits of iR are bijective
under the restriction mapping from A� to A1 with the set of irreducible unitary
representations of A1. A similar statement applies to the larger set of irreducible
(not necessarily unitary) representations of A�, except that one has to replace iR
with the additive group C.

Returning to the case of a general group over Q, we write AG for the largest cen-
tral subgroup ofG over Q that is a Q-split torus. In other words, AG is Q-isomorphic
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to a direct product GL(1)k of several copies of GL(1). The connected component

AG(R)0 of 1 in AG(R) is isomorphic to the multiplicative group
�
(R�)0

�k
, which

in turn is isomorphic to the additive group Rk. We write X(G)Q for the additive
group of homomorphisms � : g ! g� from G to GL(1) that are de�ned over Q.
Then X(G)Q is a free abelian group of rank k. We also form the real vector space

aG = HomZ

�
X(G)Q;R

�

of dimension k. There is then a surjective homomorphism

HG : G(A) �! aG;

de�ned by


HG(x); �

�
=
�� log(x�)

��; x 2 G(A); � 2 X(G)Q:

The group G(A) is a direct product of the normal subgroup

G(A)1 =
�
x 2 G(A) : HG(x) = 0

	

with AG(R)0.
We also have the dual vector space a�

G = X(G)Q
Z R, and its complexi�cation
a�
G;C = X(G)Q 
 C. If � is an irreducible unitary representation of G(A) and �

belongs to ia�
G, the product

��(x) = �(x)e�(HG(x)); x 2 G(A);

is another irreducible unitary representation of G(A). The set of associated ia�
G-

orbits is in bijective correspondence under the restriction mapping from G(A) to
G(A)1 with the set of irreducible unitary representations of G(A)1. A similar as-
sertion applies the larger set of irreducible (not necessary unitary) representations,
except that one has to replace ia�

G with the complex vector space a�
G;C.

In the case G = GL(n), for example, we have

AGL(n) =

8
><
>:

0
B@
z 0

. . .

0 z

1
CA : z 2 GL(1)

9
>=
>;
�= GL(1):

The abelian group X
�
GL(n)

�
Q

is isomorphic to Z, with canonical generator given

by the determinant mapping from GL(n) to GL(1). The adelic group GL(n;A) is
a direct product of the two groups

GL(n;A)1 =
�
x 2 GL(n;A) : j det(x)j = 1

	

and

AGL(n)(R)0 =

8
><
>:

0
B@
r 0

. . .

0 r

1
CA : r 2 (R�)0

9
>=
>;
:

In general, G(Q) is contained in the subgroup G(A)1 of G(A). The group
AG(R)0 is therefore an immediate obstruction to G(Q)nG(A) being compact, as
indeed it was in the simplest example of G = GL(1). The real question is then
whether the quotient G(Q)nG(A)1 is compact. When the answer is a�rmative, the
discussion above tells us that the trace formula (1.3) can be applied. It holds for
� = G(Q) and H = G(A)1, with f being the restriction to G(A)1 of a function in
C1
c

�
G(A)

�
.
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The simplest nonabelian example that gives compact quotient is the multiplica-
tive group

G = fx 2 A : x 6= 0g
of a quaternion algebra over Q. By de�nition, A is a four dimensional division
algebra over Q, with center Q. It can be written in the form

A =
�
x = x0 + x1i+ x2j + x3k : x� 2 Q

	
;

where the basis elements 1, i, j and k satisfy

ij = �ji = k; i2 = a; j2 = b;

for nonzero elements a; b 2 Q�. Conversely, for any pair a; b 2 Q�, the Q-algebra
de�ned in this way is either a quaternion algebra or is isomorphic to the matrix
algebra M2(Q). For example, if a = b = �1, A is a quaternion algebra, since
A
Q R is the classical Hamiltonian quaternion algebra over R. On the other hand,
if a = b = 1, the mapping

x �! x0

�
1 0
0 1

�
+ x1

�
1 0
0 �1

�
+ x2

�
0 1
1 0

�
+ x3

�
0 1
�1 0

�

is an isomorphism from A onto M2(Q). For any A, one de�nes an automorphism

x �! �x = x0 � x1i� x2j � x3k

of A, and a multiplicative mapping

x �! N(x) = x�x = x0 � ax2
1 � bx2

2 + abx2
3

from A to Q. If N(x) 6= 0, x�1 equals N(x)�1 �x. It follows that x 2 A is a unit if
and only if N(x) 6= 0.

The description of a quaternion algebraA in terms of rational numbers a; b 2 Q�

has the obvious attraction of being explicit. However, it is ultimately unsatisfactory.
Among other things, di�erent pairs a and b can yield the same algebra A. There
is a more canonical characterization in terms of the completions Av = A
Q Qv at
valuations v of Q. If v = v1, we know that Av is isomorphic to either the matrix
ring M2(R) or the Hamiltonian quaternion algebra over R. A similar property
holds for any other v. Namely, there is exactly one isomorphism class of quaternion
algebras over Qv, so there are again two possibilities for Av. Let V be the set of
valuations v such that Av is a quaternion algebra. It is then known that V is a
�nite set of even order. Conversely, for any nonempty set V of even order, there
is a unique isomorphism class of quaternion algebras A over Q such that Av is a
quaternion algebra for each v 2 V and a matrix algebra M2(Qv) for each v outside
V .

We digress for a moment to note that this characterization of quaternion al-
gebras is part of a larger classi�cation of reductive algebraic groups. The general
classi�cation over a number �eld F , and its completions Fv, is a beautiful union of
class �eld theory with the structure theory of reductive groups. One begins with a
group G�

s over F that is split, in the sense that it has a maximal torus that splits
over F . By a basic theorem of Chevalley, the groups G�

s are in bijective correspon-
dence with reductive groups over an algebraic closure F of F , the classi�cation
of which reduces largely to that of complex semisimple Lie algebras. The general
group G over F is obtained from G�

s by twisting the action of the Galois group
Gal(F=F ) by automorphisms of G�

s . It is a two stage process. One �rst constructs
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an \outer twist" G� of G�
s that is quasisplit, in the sense that it has a Borel sub-

group that is de�ned over F . This is the easier step. It reduces to a knowledge
of the group of outer automorphisms of G�

s, something that is easy to describe in
terms of the general structure of reductive groups. One then constructs an \inner

twist" G
 �! G�, where  is an isomorphism such that for each � 2 Gal(F=F ), the

composition
�(�) =  � �( )�1

belongs to the group Int(G�) of inner automorphisms of G�. The role of class �eld
theory is to classify the functions � ! �(�). More precisely, class �eld theory
allows us to characterize the equivalence classes of such functions de�ned by the
Galois cohomology set

H1
�
F; Int(G�)

�
= H1

�
Gal(F=F ); Int(G)�(F )

�
:

It provides a classi�cation of the �nite sets of local inner twists H1
�
Fv; Int(G�

v)
�
,

and a characterization of the image of the map

H1
�
F; Int(G�)

�
,!
Y

v

H1
�
F; Int(G�

v)
�

in terms of an explicit generalization of the parity condition for quaternion algebras.
The map is injective, by the Hasse principle for the adjoint group Int(G�). Its image
therefore classi�es the isomorphism classes of inner twists G of G� over F .

In the special case above, the classi�cation of quaternion algebras A is equiva-
lent to that of the algebraic groups A�. In this case, G� = G�

s = GL(2). In general,
the theory is not especially well known, and goes beyond what we are assuming for
this course. However, as a structural foundation for the Langlands program, it is
well worth learning. A concise reference for a part of the theory is [Ko5, x1-2].

Let G be the multiplicative group of a quaternion algebra A over Q, as above.
The restriction of the norm mapping N to G is a generator of the group X(G)Q.
In particular,

G(A)1 =
�
x 2 G(A) : jN(x)j = 1

	
:

It is then not hard to see that the quotient G(Q)nG(A)1 is compact. (The reason
is that G has no proper parabolic subgroup over Q, a point we shall discuss in
the next section.) The Selberg trace formula (1.3) therefore holds for � = G(Q),
H = G(A)1, and f the restriction to G(A)1 of a function in C1

c

�
G(A)

�
. If �(G)

denotes the set of conjugacy classes in G(Q), and �(G) is the set of equivalence
classes of automorphic representations of G (or more properly, restrictions to G(A)1

of automorphic representations of G(A)), we have

(3.1)
X


2�(G)

aG(
)fG(
) =
X

�2�(G)

aG(�)fG(�); f 2 C1
c

�
G(A)

�
;

for the volume aG(
) = aH� (
), the multiplicity aG(�) = aH� (�), the orbital integral
fG(
) = fH(
), and the character fG(�) = fH(�). Jacquet and Langlands gave a
striking application of this formula in x16 of their monograph [JL].

Any function in C1
c

�
G(A)

�
is a �nite linear combination of products

f =
Y

v

fv; fv 2 C1
c

�
G(Qv)

�
:

Assume that f is of this form. Then fG(
) is a product of local orbital integrals
fv;G(
v), where 
v is the image of 
 in the set �(Gv) of conjugacy classes in G(Qv),




