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ABSTRACT. A number is normal in base b if every sequence of k symbols in the letters 0,1,...,0—1
occurs in the base-b expansion of the given number with the expected frequency b=*. From an informal
point of view, we can think of numbers normal in base 2 as those produced by flipping a fair coin,
recording 1 for heads and 0 for tails. Normal numbers are those which are normal in every base.
In this expository article, we recall Borel’s result that almost all numbers are normal. Despite the
abundance of such numbers, it is exceedingly difficult to find specific exemplars. While it is known
that the Champernowne number 0.123456789101112131415 - - - is normal in base 10, it is (for example)
unknown whether v/2 is normal in any base. We sketch a bit of what is known and what is not known
of this peculiar class of numbers, and we discuss connections with areas such as computability theory.

1. Introduction

Let x be a real number between zero and one. We can write it, in binary form, as ¢ = 0.z129 - - -,
where each z; takes the values zero and one. We are interested first of all in “balanced” numbers—
numbers x such that half of their binary digits are zeros and the remaining half are ones. More
precisely, we wish to know about numbers x that satisfy

1<j<n:z;,=1 1

n—oo n 2 ’

where # denotes cardinality.

Equation (1) characterizes some, but not all, numbers between zero and one. For example, z = 0
and z = 1 do not satisfy (1), whereas the following do: 0.10,0.01,0.001011. The last three examples
are eventually periodic. It is therefore natural to ask whether there are numbers that satisfy (1) whose
digits are not periodic. Borel’s normal number theorem gives an affirmative answer to this question. In
fact, Borel’s theorem implies, among other things, that the collection of non-normal numbers has zero
length. Surprisingly, this fact is intimately connected to diverse areas in mathematics (probability,
ergodic theory, b-adic analysis, analytic number theory, and logic) and theoretical computer science
(source coding, random number generation, and complexity theory).

In this article, we describe briefly a general form of Borel’s normal-number theorem and some of its
consequences in other areas of mathematics and computer science. Our discussion complements some
related papers by Berkes, Philipp, and Tichy [3], Harman [15], and Queffélec [21].

2. Borel’s theorem

Given an integer b > 2 and a number = between zero and one, we can always write x = Z;il x]-b_j ,
where the z;’s take values in {0,...,b—1}. This representation is unique for all but b-adic rationals;
for those we opt for the representation for all but a finite number of digits x; are zero.

¢

We may think of {0,...,b— 1} as our “alphabet,” in which case a “word” of length m is nothing
but the sequence o7 ...0,,, where each o; can take any of the values 0,...,b— 1.

continued on page 27
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