Linear equations in the primes: past,
present and future

Goldbach (1750): Is every even integer the
sum of two primes? e.g. 5+7 = 12, 17 +
19 = 36.

Vinogradov (1937, building on work of Hardy
and Littlewood): Every sufficiently large odd
number is the sum of three primes.

Van der Corput (1939): There are infinitely
many triples of primes in arithmetic progres-
sion. E.g. (5,11,17), (19,31,43).

Heath-Brown (1981): There are infinitely many
4-term progressions g1 < g2 < g3 < g4 Such
that three of the q; are prime and the other
is either prime or a product of two primes.

G.— Tao (2004): There are arbitrarily long
arithmetic progressions of primes.




Erd6s-Turan (1936): Do the primes contain
arithmetic progressions of length &k on density
grounds alone?

Define ri(N) to be the size of the Iargest
A C {1,...,N} containing no k elements in
arithmetic progression. Is rp,(N) < N/log N7

Less optimistically, is r,(N) = o(N)?

Roth (1953): Yes when k = 3.
In fact r3(N) = O(N/loglog N).

Szemerédi (1969): Yes when k = 4.
Szemerédi's Theorem (1975): Yes for all k.

Furstenberg (1977): Yes for all k, using er-
godic theory.

Gowers (1998): Yes for all k, using harmonic
analysis. The first “sensible bound”
r(N) = O(N/(log log N)e(k)),




A relative Szemerédi Theorem?

? {1,...,N}

Primes AC{1,...,N}
has density o > O.

G.—Tao 2004 Szemerédi

The mystery object is a function

v:{1,...,N} = [0,00).




.

The function v. Fix k = 4. We need:

1. v dominates the primes. If p < N is prime
then v(n) > 1. For all n < N, v(n) > 0.

2. The primes have positive density in v:

3. v satisfies the correlation and linear forms
conditions. For example if hy,...,h3o <
N then we can find a nice asymptotic for

> v(n+hi)...v(n+ h3o).

n<N




The appropriate definition of v, and the veri-
fication of properties 1, 2 and 3 comes to us
from work of Goldston and Yildirnm.

Set R := N1/20 and define

. —_— 1 2
(n) = o R)Q( > @ log(R/d))

d<R
if R<n <N, and v(n) = 1 otherwise.







