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Introduction

The Fundamental Lemma is a Set of
combinatorial identities which have been
formulated by Langlands-Shelstad.

It is a key tool in proving many cases
of Langlands functoriality.

Some earlier works:

- SL(2) by Labesse-Langlands,

- SL(n) by Waldspurger, |

- Sp(4) by Hales and Weissauer,

- U(3) by Kottwitz and Rogawsky,

- unramified equal valuation case by
Goresky-Kottwitz-MacPherson.



General statement
A(v,6) 05 (1) = SO (1 gcm)-

Main entries:
- F non archimedean local field
([F : Qpl<+oo or [F : Fp((t))] <+o00),
- G reductive group over F,
- H endoscopic group of G,
- § € H elliptic G-regular semisimple,
- oﬁ’“(lK) k-orbital integral,
- SOH(1,.1) stable orbital integral,
- A(v,98) transfer factor.



Orbital integrals for full linear groups

- (E;)ieg finite family of finite
separable extensions of F, |

- v; € EX such that F[v;] = E;,

- B = ®jer £

-y = (nie1 €T = E* C G = Autp(E),

- Py(t) € F[t] minimal polynomial of ~;.

Assume P;(t) # P;(t) Vi # j, so that T
is the centralizer of v in G.

- 1y characteristic function of

K = Aut@F((’)E) CG O, - CO¢ -
e
= orbital integral ' G (igx,g
S

1 \d
Of (1) = [ 1x (g™ 1),
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Orbital integrals as counting lattices

- Op-lattices L in E & rank n (free)

Opr-submodules L of E,

. _ L O
- [L : 0g] = Igth (1:5) — lgth (105-),
- L ={Op-lattices LC E|vL =L and
[L: Og] =0},
- wpg, uniformizer of E;,
-AN={\ € Z! | ;e \; = 0} acts freely
_)\Z-
on Lby A\ L= (sz- )icrL.

LEMMA We have

O%(1x) = |L/N.



Unitary groups

- F'/F quadratic unramified extension,
- (E;);c; finite family of finite separable
extensions of F,
- ¢; € B, ¢ = (¢p)ier
Assume E; disjoint of F’.
- E,Z = E,F’,
- Gal(E!/E;) = Gal(F'/F) = {1,7},
- ®c(z,y) = Siertrgyp(er()yi)
non degenerate Hermitian form
on the F’-vector space E' = ®;c E;.
= unitary group

G = U(de) C Autm(E").



Orbital integrals for unitary groups

- Bt ={z; € B | 7(z)zi = 1},

- ~; € E! such that E} = F'[v],

- v = (W)ier € T = Ter B} C U(Po),

- P;(t) € F'[t] minimal polynomial of ;.

ASsume:

- Pi(t) # Pj(t) Vi # 7,

- disc(c) = Ziervr(Nrg,  r(c;)) even.
= orbital integral

_ d
OY(1g) = fT\G 1k (g 179)-5%

which is the number Of, of Opr-lattices
L C E’ such that:

- L is self-dual with respect to g,

- ~vL = L. |






